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VIII 

FLOW IN PIPES AND CHANNELS AND ALONG 
FLAT PLATES (< continued ]) 

SECTION III 
TURBULENT FLOW 

152. Calculations of velocity distributions of mean flows. 

For the calculation of velocity distributions of mean flows in turbu¬ 
lent motion the various methods described in Chap. V, §§ 81, 82, 83, 
and 85 may be used. We consider investigations carried out first 
on Prandtl’s momentum transfer theory, then on Taylor’s vorticity 
transfer theory, and finally on Karman’s ‘similarity theory’. 

153. The velocity distribution near a wall: momentum trans¬ 
fer theory. Experimental results from flow through smooth 
circular pipes. 

In a two-dimensional mean motion in which the mean velocity 
U is in the ^-direction and is a function of y only (where the axes 
of x and y are at right angles), the shearing stress r (= p^ v ) at any 
point in the fluid is given by 

v d U m 

(1) 

on the momentum transfer theory) - if purely viscous stresses are 
neglected. V is a certain length, v is the root-mean-square velocity 
fluctuation parallel to the axis of y, and p is the density. Following 
Prandtl, we putf I'v = l^dU/dyl and 



n dU dU 

(2) 

But 

dr dp 

dy dx* 


(3) 

so that 

p Sx 8y\ 

dXJ 

dy 

dU\ 

dy) 

W 


Before (2) or (4) can be solved for any particular problem it is 
necessary to make some assumption regarding the form of l. 

In a turbulent flow along a wall there is, near the wall, a thin 
so-called ‘laminar sub-layer’ in which the rate of shear is very 

t Chap. V, equations (22), (26) (pp. 206, 207). 

3837.8 II Ti 
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great, while the turbulent velocity component perpendicular to the 
wall is very small, f so that the apparent Reynolds stress is insigni¬ 
ficant compared with the viscous stress. Farther from the wall 
there is another region in which the Reynolds stresses and the 
viscous stresses are of the same order of magnitude. This region and 
the laminar sub-layer together form the region in which viscosity 
is of importance, and the two together may be called the Viscous 
layer’. Finally (for sufficiently high Reynolds numbers) there is a 
region in which the viscous stresses may be neglected in comparison 
with the Reynolds stresses. 

For sufficiently high Reynolds numbers the viscous layer is very 
thin, and the value of dU/dy at any point within it (where U is the 
velocity parallel to the wall, and y is distance from the wall) is very 
large. For a first approximation for very large Reynolds numbers 
we may therefore neglect its finite thickness, and simply solve the 
equations for turbulent flow with viscosity neglected, if we suitably 
modify the boundary conditions at the wall. We can no longer 
retain the condition of zero slip: we replace it by the condition that 
dXJjdy must be very large (since there is no abrupt change in dU/dy 
as we pass out of the viscous layer). The exact value of dUjdy 
depends on the thickness of the viscous layer; for a first approxima¬ 
tion we take it to be infinite. 

Consider now the flow along an infinitely long plane wall in the 
absence of a pressure gradient. We can apply dimensional argu¬ 
ments to determine a form for l . If we suppose that l is deter¬ 
mined by the configuration of the boundaries and by the physical 
constants (and not by the local distribution of mean velocity as 
in the similarity theory (see p. 347 et seq.)), then l and y are the 
only lengths which enter directly into the problem. The other 
quantities which enter are p } and the constant value t 0 of the shear¬ 
ing stress 4 Only two independent dimensionless combinations can 
then be formed, which we may take to be Ijy and yU r lv, where 
U T = V( t o/p) an< l has the dimensions of a velocity. When the in¬ 
fluence of viscosity is neglected (as in the equations for the ‘fully 
turbulent’ region) then l[y must be a constant. We therefore put 

l - Ky , (5) 

f See, for example, the report of the experiments of Fago and Townond in § 172. 

j Since there is no pressure gradient, the shearing stress is necessarily constant 
and equal to the value, r 0 , of the intensity of the wall friction. 
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so that, from (2), t 0 = pK 2 y 2 (dU /dy) 2 . (6) 

(For positive values of t 0 , dU/dy is positive and equal to its modulus.) 
We find by integrating (6) that 

u == S:iog e 2/4-const.! ( 7 ) 

This expression for U automatically satisfies the condition that 
dUjdy should be infinite at the wall. 

Equation (7) may be written 

^ = 4+Blog 10 fi ] 

i ^ 1 , (8) 

0r U T A+ K l ° ge V ’ J 

where A and B are constants, and B is K~ x log e 10. 

When there is a pressure gradient along the wall equation (7) or 
(8) will still give a first approximation to the velocity distribution 
near the wall. For we may suppose r and l expanded in powers of 
the distance from the wall, and only the first terms retained. The 
first term in r is r 0 , the intensity of the wall friction; l presumably 
vanishes at the wall, so that we may expect the first term to be of 
the form Ky]% thus for a first approximation equation (6) remains 
unaltered, so that equation (7) or (8) should give a first approxima¬ 
tion to the flow in the neighbourhood of a plane boundary in the 
presence of a pressure gradient along it. 

Further, when the mean motion is in a fixed direction parallel to 
the solid boundary and the magnitude of the velocity is a function 
only of the normal distance y from the boundary, then the equa¬ 
tion (2) is still valid on the momentum transfer theory (with assump¬ 
tions similar to those made before) when the boundary is curved 
in a plane at right angles to the direction of mean motion—when 
it is cylindrical, for example, as in flow through a circular pipe,—r 
now being the shearing stress over surfaces parallel to the boundary. 
First approximations to r and l near the wall will still be r 0 (the 

t Prandtl, Zeitschr. des Vereines deutscher Ingenieure , 77 (1933), 107, 108. The 
result was first found by Karm&n, who used his formula for l {G&ttinger Nachrichten 
(1930), pp. 58-76; Proc. 3rd Internat. Congress for Applied Mechanics , Stockholm , 
1930, 1, 85-92; Hydromechanische Probleme des Schiffsantriebs (Hamburg, 1932), 
pp. 50-73). See Chap. V, § 82 (pp. 208, 209), and § 158 infra . 

X It is possible that the first term is of the form K'y n ( n zfi 1), but it seems 
unlikely that the presence of the pressure gradient will alter the exponent. 
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intensity of the wall friction) and Ky , so that (7) or (8) should still 
give the velocity distribution near to the wall. 

The experimentally observed velocity distributionsf for flow 
through a number of circular pipes are shown in Fig. 92 by curves 
of U/U r plotted against yUJv. (The three curves correspond to the 
three different scales shown for the abscissae.) The same results 
are shown in Fig. 93 by plotting UIU r against log 10 yU T /v. In the 
neighbourhood of the wall the plotted points in Fig. 93 lie closely 
about the broken line whose equation is 

U/U r = 5*8+5-5 log 10 y UJv: (9) 

the unbroken line, whose equation isj 

U/U r = 5-5+5-751og 10 ^>, (10) 

is in fairly good agreement with the entire experimental curve 
between the wall and the axis.. It is a matter of good fortune rather 
than of sound reasoning that the equation (10) (which is of the same 
form as (8)) holds to a good approximation throughout the entire 
pipe. 

Since there is a viscous layer adjacent to the wall we cannot expect 
an equation of the form (8) to hold right up to the boundary. For 
values of y less than Z0vlU r it appears experimentally that an equa¬ 
tion of this form is not valid. 

154. The logarithmic resistance formula for flow through a 
smooth pipe or channel. The relation between the velo¬ 
city at the axis and the average velocity over a section of a 
pipe. 

For two-dimensional flow through a straight channel or for flow 
through a straight circular pipe it has been experimentally estab- 
lished|| (and is also a theoretical result: see §§ 156, 157, and 159) that 

a sMf) - $ 

respectively, where h is the half-width of the channel or a the radius 
of the pipe, U is the velocity at the normal distance y from the solid 

t Nikuradse, Ver. deutsch. IngForschungskeft 356 (1932). 
j The values of K corresponding to equations (9) and (10) are 0*417 and 0*400 
respectively, and are taken from Prandtl, Aerodynamic Theory (edited by Durand), 
3 (Berlin, 1935), 140. 

|| Cf. Darcy, Mimoires dee Savants Strangers, 15 (1858), 265-342; Stanton, Proc . 
Roy. Soc . A, 85 (1911), 366-376; Fritsch, Aachener Abhandlungen f 8 (1928), 45-62, 
or Zeitschr.f. angew Math . u. Mech. 8 (1928), 199-216. 
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boundary, U c is the velocity at the middle of the pipe or channel, 
U T = a/(t 0 /p), and t 0 is the intensity of the wall friction. For suffi¬ 
ciently high Reynolds numbers F and / are universal functions 
independent both of the Reynolds number and of any roughness 
of the walls. 

Quite generally Ijy is a function of y/h (or y/a) and yU T /v. If the 
influence of viscosity is neglected, then Z/y is a function of yjh (or y/a) 
only. From experimental velocity measurements the relation between 
l[a and y/a for flow through a pipe can be obtained ;f this relation 
ceases to depend on viscosity for Reynolds numbers greater than 10 5 . 
Presumably (11) is valid at any rate above the same limit. 

With the help of (11) we can obtain a resistance formula for flow 
through a pipe. Fairly near the wall 

= constant -f ^ log e ^ (12) 

(compare equation (8)). Since (11) must reduce to (12) for small 
values of y, it must be of the form 


U e -U . . 1. y 

-* 0 — = constant--log, | ( 13 ) 

for small values of y. By adding (12) and (13) we find that 

jf = constant+log, ( 14 ) 

Since it follows from (11) that 


U c ~U m ^ 

- jj = constant, ( 15 ) 

where U m is the mean value of U over a section, it is equally true that 
= constant + Ilog e ~r. ( 16 ) 


Putting 
we find that$ 
where 




and y = 


7 2 

m 


ipU\ 

constant-]— B r log^Q 


2 U* 

ui ’ 


B' = 


log, 10. 


(17) 


t Figs. 103 and 104 (p. 357). 

t Karman, Gottinger Nachrichtm (1930), pp. 58-76; Prandtl, Zeitschr. des Vermin 
deutscher Ingenieure , 77 (1933), 105-114. 
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Similarly, equation (17) with, a replaced by h is obtained for 
two-dimensional flow through a channel. 

Equation (11) will not hold in the viscous layer, since it is valid 
only if viscosity has no effect. The width of this layer decreases 
when the Reynolds number of the flow increases. The validity of the 
resistance formula depends on the Reynolds number being sufficiently 



Fig. 94. 


large for the following two assumptions to hold:— (a) a region exists 
in the centre of the pipe or channel where the motion is unaffected 
by viscosity; (6) this region extends as far as the region where the 
result (12) for the velocity distribution near a wall is valid. 

In Kg. 94 the experimentally obtained values for a circular pipe 
of UJU T (= V(2/y)) and log 10 2 aU T /v (= log 10 ^V(ir))t are plotted 
against each other. The linear relation predicted by the theoretical 
arguments is well substantiated: when we choose the constants to 
obtain a good fit we find the straight line shown, whose equation is 

Ss = 0-29+5-66 log 10 ^. (18) 

In terms of the resistance coefficient y and the Reynolds number JR 
this equation becomes 

y -i = -0*40+4*00 log 10 jRy*. (19) 

f The observed points ate due to Nikuradse, Ver. deutsch. IngPorschungsheft 
356 (1932); Stanton and Panned, Phil. Trans. A, 214 (1914), 199-224. 
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The value 4-00 for B'. corresponds to K — 0-408, which should be 
compared with the value 0-417 derived from equation (9). 

It may be mentioned that the value of U c —U m for a pipe, as 
deter min ed from Nikuradse’s experiments, is about 4-07 f/ T .f With 
U T calculated from equation (18), Stanton and Pannell’s measure¬ 
ments:!: lead to the relation U c — U m = 4-7 U T . 


155. Blasius’s resistance formula for smooth pipe flow: 
power formulae for the velocity distribution. 

Blasius[| gave the formula 

y = 0-0791(2i7 OT a/v)-l = 0-0665(Z7 m a/v)-* (20) 


as an empirical result for the resistance coefficient for pipe flow. 
The formula is valid for Reynolds numbers less than 10 5 . 

Let us consider first the more general form 



Then since r 0 = \ypU? m — pV%, we have 


i.e. 


or 


V 2 t = \AV^ ln a-^v lfn , 

T ^=B^\ mn ^ 


( 22 ) 


where B = (2 /A) nl( - 2n '- 1) . 

We can, by means of plausible assumptions, deduce a form of the 
velocity distribution for flow in a pipe corresponding to (22). The 
mean velocity in a pipe is known to increase rapidly near the wall 
and not to vary much over the middle of the pipe; and (22) depends 
largely on the velocity distribution in the neighbourhood of the 
walls. Near the walls a first approximation is obtained by assuming 
t constant and equal to the intensity of the wall friction; if, instead 
of simply putting l proportional to the distance y from the wall, 


t Nikuradse, Ver. deutsch. IngForschungshcjt 356 (1932); Prandtl, Zeitschr. dee 
Vereines deutscher Ingenieure, 77 (1933), 110. 
t Phil. Trans. A, 214 (1914), 205, Fig. 1. 

|| Porschung8arbeiten des Ver. deutsch. Ing., No. 131 (1913). 
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we put l — yf(yU r /v) in accordance with the dimensional argument 
in § 153 (p. 332), we find from equation (2) that 


U_ f 
U T “ . 


dy 


say. We try 


yftyujv ) 

I-(f) 


- 4.1VS 


(23) 


as an approximation to the velocity distribution right across the 
pipe. We shall find that m is small, so that (23) makes the variation 
of U small in the middle of the pipe. From (23) it follows that 


_ !£. _ 

U T \ v / (m+l)(^+2) 

Comparing this result with (22) we see that 

r> _ n(4n-l )/2\^n-i) 

2 »—1’ (2n—1 ) 2 U/ 


When n = 4, m — and with the numerical coefficient given in 
(20) C — 8-6. If we slightly alter the numerical value and write 


U 

U r 



(25) 


the result is in rather surprisingly good agreement with measured 
velocity distributions over the entire pipe for the range of Reynolds 
numbers for which (20) is valid. 

The value of U T given by (25) is 

U T = 0-MUWy-K 1 

so that r 0 — pUl — 0-0225pU 2 (v/Uy) i . i 

For Reynolds numbers greater than 10 5 , m must be taken as J, 
etc. successively in order to maintain agreement with experiment. 


156. Velocity distributions in two-dimensional pressure flow 
between smooth or rough parallel walls, and in flow through 
a smooth or rough circular pipe:f momentum transfer 
theory. 

In two-dimensional flow under a pressure gradient between parallel 
walls, when the flow at any one section is the same as that at any 
other (i.e. far away from the ends), the velocity U parallel to the 
central plane is a function only of the distance from that plane, and 

t The theory in §§ 156, 157, and 159 should apply whether the pipes are smooth 
or (moderately) rough. 
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r vanishes along the central plane, and 

(27) 


dp 
"dx ’ 


equations (2) and (3) hold. 

, ^ = Lo = I 

h h y‘ 

where h is the half-width of the channel, y is distance measured from 
a wall and y r is distance measured from the central plane, so that 
y = h—y \r is = — p xV ' (so that it is positive), and r 0 is the wall 
friction. Equation (27) is the integral of equation (3), and is the 
equation of momentum for a symmetrically situated slab of fluid 
of unit length parallel to the central plane and of width 2 y r . 

By dim ensional arguments we have already seen that when the 
influence of viscosity is neglected l/(h~y') is a function of y'jh only. 
Furthermore, near the wall a first approximation is obtained by 
taking l[(h—y') constant. The simplest assumption we can make in 
the present problem is that IjQb—y') is constant throughout, and 
since we have no further guide to the form of l we shall make this 
assumption. That is to say we put Z = K x (Ji—y'), so that (2) 
becomes , 

P8) 

The integral of (28) with the condition U - 

l+O/'W 


U c when y' = 0 isf 


U-U 


K. 


1 i [\ i- 




-2(y:ih)i 


(.29) 


This integral automatically satisfies the conditions dU/dy' = 0 at 
y’ — 0, dU/dy' = co at y' = h. It gives an infinite value for U at 
y' = h. A comparison with the experimental measurements of 
DonchJ and Nikuradse|| is shown in Tig. 95, the value 0-23 of the 
constant K x being chosen to produce agreement at y'jh — 0-7.|| The 
crosses reproduce Nikuradse’s results, found at U m h/v equal to 6 X 10 4 
approximately (U m being the average value of U over a cross-section), 
and the circles Donch’s results at U m hjv equal to 10 6 approximately. 
The agreement is good except near the walls. 

Consider now flow through a circular pipe. Tor flow in one direc¬ 
tion symmetrical about an axis, with the velocity U a function 


t Taylor, Proa. Roy. Soc. A, 159 (1937), 496-506; see especially pp. 504, 505. 
t Forschungsarbeiten des Ver. deutsch. Ing., No. 282 (1926). 

|| Ibid., No. 289 (1929). 

tf A more satisfactory method would be to choose K x by the motliod of loast 
squares: this method has not been used owing to the labour involved. Tho samo 
remark applies to all subsequent comparisons of theory and experiment in this soction 
and in §§ 157 and 159. 
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only of r, the distance from the axis, equation (2), when written in 
the form 


- P l> 


d_U_ dU 
dr dr 9 


(30) 


where r = —p rx , is valid with the same assumptions as before on 
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1= 0-23 (h-y'j 

Fxo. 95. 



the momentum transfer theory. (The sign of t is chosen in order 
that it should be positive throughout the fluid for flow in pipes.) 

The equation of momentum for a cyli nder of fluid of radius r is 

2p^ == 2ro == 2r == ,„ n 

a a r 8x' ' ' 

Combining (31) with (30), assuming that l = K 2 {a—r), and denoting 
as before the value of U on the axis by XJ C , we obtain equation 
(29) with K x replaced by K 2 and y'jh by r/a. 

In Fig. 96 this theoretical result is compared with Stanton’s 
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experiments! in smooth pipes by choosing K 2 to give agreement at 
r/a = 0-7. The value of K 2 is 0-20. The crosses, squares, and circles 
in Fig; 96 refer to Stanton’s three series of experiments, the value 
of 2aU m /v being about 4T X 10 4 for the first two and 9T X 10 4 for the 


UcyU 

U T 


r / a 

Pipe. Momentum Transfer 
1-0-20 (a-r) 

Pig. 96. 

third. The dots refer to a selection of the results published by Niku- 
radse in 1932,$ namely those for 2 aUJv equal to 4-34X10 4 and 
1-05x 10 s , the larger value of {U c —U)jU r corresponding to the larger 
Reynolds number. Nikuradse’s values are definitely lower than 
Stanton’s. The values published by Nikuradse in 1933|| are still 
lower, and would give a value 0-24 for 
t Proc.JRoy.Soc. A, 85 (1911), 366-375. 

t Ver. deutsch. Ing., Forschungsheft 356 (1932). || Ibid. 361 (1933). 

ft Stanton’s measurements and Nikuradse’s early measurements (Proa. 3rd Interned. 
Congress for Applied Mechanics, Stockholm, 1930, 1, 239-248) aro in fairly good 
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Since two-dimensional flow is a limiting case of flow symmetrical 
about an axis, the values of K 1 and K<, should be identical: they are, 
in fact, rather different. 


157. The vorticity transfer theory and the velocity distribu¬ 
tions for pressure flows between parallel walls and through 
circular pipes (smooth or rough surfaces). 

If the vorticity of a fluid element is conserved until mixing takes 
place, we may, for a two-dimensional motion in the ^-direction with 
the velocity U a function of y only, take the equation of motion to be 


1£p_ 7 2 1 ^| d?U , 
p 8x dy dy 2 


(32) 


instead of (4) (see Chap. V, §§ S3, 85. If we assume the disturbances 
as well as the mean flow to be two-dimensional, vorticity is neces¬ 
sarily conserved if we neglect viscosity; alternatively, if the dis¬ 
turbances are three-dimensional, the assumption that vorticity is 
conserved will be untrue in detail but may lead to satisfactory 
results for the mean velocity distribution). 

The vorticity transfer theory does not give a satisfactory result 
for the velocity distribution near a plane wall. If dp/dx — 0 in (32), 

then U = Ay+B (33) 

whatever be the form of Z. (An investigation to determine in a 
particular case how near to the boundary the vorticity transfer 
theory may apply is described in § 165.) 

If, as before, we take Z proportional to the distance from the nearer 
wall, we can find the velocity distribution for flow under pressure 
between parallel walls at a distance 2 h apart according to the 
vorticity transfer theory. When we use the formula 


A h El 

p dx ph h 9 


(34) 


and put 


Z = K z (h—y')j 


(35) 


agreement. Formulae such as (29) should theoretically hold for either smooth or 
rough pipes. Stanton’s measurements and Niknradso’s earlier measurements were 
made on smooth pipes; Nikuradee’s 1933 measurements wore made mainly on pipes 
artificially roughened with a certain kind of sand. 

Recent experiments by Fago on smooth pipos at 2aU m /v « 1*9 X 10 4 (.Phil, Mag . 
(7), 21 (1936), 80-105) show results in good accord with Stanton’s measurements. 

f In this expression Prandtl’s hypothesis I'v ~ l 2 \dU/dy\ has been applied. Bee 
Chap, V, equation (36) (p, 210). 



VIII. 157] CHANNEL: VORTICITY TRANSFER THEORY 345 

we find the following integral of (32) with the boundary conditions 
U — U c and dU/dy' = 0 at y’ = 0 (where y' = h-y and is dis¬ 
tance measured from the central plane) :f 



Fig. 97. 


This result is compared with experiment in Mg. 97, K z being chosen 
to produce agreement at y’jh = 0-7; the value of K 3 is 0-23. The 
experimental points are the same as in Mg. 95. The agreement is 
good except in the neighbourhood of the wall. The solution leads to 
a finite value of TJ and an infinite value of dUjdy at the wall. 

We consider next the velocity distribution in a circular pipe 
according to the vorticity transfer theory. The mean motion is in 
the ^-direction and is symmetrical about the x-axis; in such a case, 
either of the two following forms of the vorticity transfer theory leads 
to a simple equation of motion. 

(i) We may make the assumption of the modified vorticity transfer 

t Taylor, Proc. Roy. Soc. A, 159 (1937), 501. 
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theory that the vorticity of a fluid element is conserved until mixing 
takes place; this, together with the assumption that the turbulence 
is isotropic, leads to the equationf 


1 dpt 2U 2 \ „ dU j(PU' 1 dU\ 

p dx \ a j dr \ dr 2 r dr y 


(37) 


where r is distance from the axis of symmetry. 

(ii) An alternative form may be obtained by assuming that the 
eddying motion is also symmetrical about the axis. An application of 
Cauchy’s equations to determine how the vorticity of an element 
changes as it moves through its mixing length leads to the equation J 
idp(__2m ==]2 du(dm_ i du\ 
pdx\ 'a) dr (dr 2 r dr)' K 1 

We shall refer to this form of the vorticity transfer theory as the 
vorticity transfer theory with symmetrical turbulence. 

We again take l to be proportional to the distance from the wall. 
With l — K A (a—r), and with the boundary conditions V — U c , 
dUjdr = 0 at r — 0, we find that the integral of (37) is|| 


U-U_2_ 
U T ~K, 


ij—i+2io g (i—,j)_|___L_"p 

1 —r?J v 


(39) 


This solution automatically satisfies the condition dUjdr = co at 
r = a, and it gives a finite value of the velocity at the wall. It is 
compared with Stanton’s measurements in Fig. 98 (the experimental 
points being the same as in Fig. 96) by choosing /f 4 so that agreement 
is obtained at rja = 07. The agreement is very good everywhere; 
the value of K A is 0-19. Here again the values of K from pipes and 
channels are not in agreement. (With Nikuradse’s 1933 measure- 
mentsft the value of K i would be 0-227.) 

On the vorticity transfer theory with symmetrical turbulence, with 
l proportional to a—r, dUjdr is imaginary on the axis and no real 
solution can be obtained. A real solution can be obtained with the 


flow confined to axial planes if l is allowed to become infinite on 
the axis. (Cf. §159 (pp. 354, 355).) 


t Chap. V, equations (37) and (50) (pp. 210, 214). Prandtl’s hypotliosis has again 
been applied. 

t This result follows easily from equations (38) and (44) of Chap. V. See Goldstein, 
Proc. Oarnb . Phil, Soc. 31 (1935), 358, equations (43), The result is easily obtained 
ab initio, since for motion symmetrical about an axis oo 0 [r is constant for any element, 
where cu d is the vorticity. 

|| Taylor, op. cit„ p. 503. 


ft Loc . cit* (p. 343). 
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From Figs. 95, 96, 97 and 98 it can be seen that the vorticity 
transfer theory gives results in better agreement with observation than 
does the momentum transfer theory for pipe flow, and that there is 
nothing to choose between the two theories for flow between parallel 



0*1 0-2 0-3 0-4 '0*5 0*6 0 7 0*8 0'9 1*0 

r/a 

Pipe. Vorticity Transfer 
1=0*19 (a-r) 

Fig. 98. 

planes; but in view of the arbitrary nature of the assumption that 
l is proportional to the distance from the wall at all points in the 
pipe or the channel, no definite conclusion should be drawn. 

158. The similarity theory, f 

For simplicity we consider the case of a mean motion in the 
^-direction, with the velocity U a function of y only, and we assume 

t K&rmdn, Gottinger Nachrichten (1930), Math.-Phys. Klasse , pp. 58-76; Proc. 
3rd Internal Congress for Applied Mechanics , Stockholm , 1930, 1, 85-93. 

3837.8 xi _ 
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that the eddying motion is also two-dimensional in the (x, y) plane.f 
Then the equation for the vorticity is 


uW+&+*+u*£.+v d JL~ 0 , 

dy' 8t ' 8x^ 8y 


(40) 


where £ and £' are the ^-components of the mean and the eddy 
vorticity respectively (the other components being zero), and u , v are 
the turbulent velocity components in the directions of x and y. 
There is a stream-function such that 


U = 


d\jj 

W 



dijj 
dx ’ 


(41) 


We now consider the eddying motion in the neighbourhood of a 
certain value of y 7 say y = j/ 0 , and assume that the disturbances 
due to this eddying motion may be considered confined to a narrow 
range of values of y in the neighbourhood of y 0 . The assumption of 
similarity is that, referred to axes moving with the mean velocity at 
the value of y under consideration, the eddying motions at all such 
points are similar and differ only in the scales of length and time 
(or velocity). The scales of length and velocity are introduced by 

writinB y = i,„+¥ 

x = const.+fo' 

t — const. -i-lH'/A 


The assumption of dynamical similarity, mathematically expressed, 
is that when these substitutions are made the resulting equation 
for / is independent of l, A, y 0 , U and the derivatives of U at y 0 . 
On the assumption that the eddying motion is limited to a small 
range of values of y, we take d£/dy equal to its value at y = y 0 , and 
we write 

tr - V(f) +1^. (43) 

in this range of values of y, where £ 0 is the value of £ at y y 0 . 
Also we find from (42) that 


V -- A £ 

I 8y” l dx' 1 


V 



(44) 


t It is not necessary to assume the eddying motion two-dimensional in order to 
obtain the results of this paragraph. It is assumed here merely for simplicity* 
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8 2 /8x' 2 +8 2 j8y' 2 . The equation for / is therefore, from 


where V 2 
(40), 


_A 2 f± 

Z 4 [df 


+ 


<$_£ 

8y' 8x' 


&;•' dy 


7 ]v 2 / = o. 


This equation is independent of .4, Z, to and y {] provided that 


and 


constant Z 2 ^, 
dy 


(45) 


(46) 


(47) 


where K is a constant and the zero suffix has been dropped as no longer 
necessary. The value of A. together with (44) leads immediately to 
the result that u and v 4 are proportional to IdU[dy. 

Two different methods of procedure are now possible: we may 
use the the preceding results to obtain either (a) a local value of r or 
(6) a local value of drjdy. 

(a) r = — puv, 


so that 


9 l 2 8y' 8x' 


constant 


(48) 


(49) 


]o Jduyy8i 

9 \dy) dy'8x' 

Since the constant K in 1 is undetermined we may write 

jauy 

' = pP w) ■ 

where the unknown constant is supposed absorbed in K in the 
formula for Z. Equation (49) is identical with the equation (2) of 
the momentum transfer theory. (There appears to be a possible 
difference of sign, but from the derivation it is evident that it 
may be necessary to change the sign of r in (49), so we can regard 
(2) and (49) as identical.) Here we have in addition a theoretical 
form for Z, whereas in mixture length theories it is necessary to 
assume a form. 

< 4) 


so that 


dr _ p ji_/4_ 2 _§/ jg/\ 
dy l dy' \ Z 2 dy' dx'J 

iduy 

\dy) 


= constant pi 


dy'\dy' dx'J' 


(50) 
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Here again, since K is unspecified, we may write the result as 

„KiF v 


dy 


\dy 


(51) 


where the unknown constant is supposed absorbed in K in the 
formula for l. From equation (46) we see that (51) is equivalent to 


dr pdUd^U 
8y~ P dy dy 2 ’ 


(52) 


so that 


p 8x\ h ) dy dy 2 ’ 


(53) 


In this case we obtain the same equation as on the vorticity transfer 
theory (with the same proviso about sign as in the previous case. 
Cf. equations (32) and (53)). 

If we consider the application of result (a) to the problem of flow 
along a plane wall under no pressure gradient, we should expect, 
since y is the only length which appears in the problem, that the 
length l found from (46) would be a multiple of y. If we substitute for l 
from (46) in (49) and integrate, using the condition dU/dy = oo when 
y == 0, we find, in fact, precisely the same result (7) as by Prandtl’s 
method,! and on substituting this result back again into (46) we find 
that l — Ky. There is no significant result to be obtained from (6). 

If the viscosity were not neglected in (40), it would be impossible 
to satisfy the condition of similarity. It has in fact been pointed out 
in Chap. V, § 90 (p. 221) that for similar flow patterns the rate of dissi¬ 
pation of energy of the turbulent motion would be proportional to 
fxuH - 2 , whereas the rate at which work is done by the Reynolds 
stresses per unit volume is proportional to puH -1 . (u denotes V v?). 

The similarity theory is the only theory so far proposed which 
yields a formula for the length involved; but the assumptions of the 
theory are still largely untested, and moreover, oven in the cases 
of the fairly simple mean motions to which the theory has been 
applied, there are regions in the field of flow where the assumptions 
break down. For example, if u, v, w are the turbulent velocity 
components, the assumption of similarity implies constant values 
of the ratios u 2 : v 2 : w 2 : uv : mb : wu. From Chap. V, Fig. 47 (p. 194), 
it will be seen that for pressure flow between parallel planes 'iiv/u 2 is 


t Cf. K&rm&n, he. tit.; also Hydromechanische ProhUme dm ftckiffmntrielw (Ham¬ 
burg, 1932), pp. 63 et seq.; Journ. Aero. Sciences, X (1934), 8, 9; Proc. 4th Internal . 
Congress for Applied Mechanics , Cambridge , 1934, pp. 67 el seq. 
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fairly constant except near the walls and over the middle three- 
tenths of the distance between the walls. Near the walls, there is a 
marked departure from a constant value only when the viscous 
layer is approached. In the middle of the channel the ratio falls to 
zero, showing that there is no correlation between u and v, a result 
to be expected from considerations of symmetry. 

The restriction of the consideration of the turbulent mechanism at 
any point to the immediate neighbourhood of the point requires that 
l should be small compared with a typical linear dimension of the 
system under examination—the half-width of a channel or the radius 
of a pipe, for example. In the cases considered in § 159 l is, at best, 
only moderately small compared with the length involved, so that 
the results can, on this account, be only approximate. (A similar 
remark applies, however, to mixture length theories, since the mixture 
length is also assumed to be small.) 

It has been pointed out in Chap. V, § 82 (p. 208), that the formula 
for l can be found simply by dimensional arguments, without making 
the full assumption of similarity, by assuming that the value of l 
at any point depends only on the distribution of mean velocity in 
the neighbourhood. Since a frame of reference moving with the 
mean velocity at the point may be taken, the value of U itself cannot 
enter into the formula for l. The restriction to the immediate neigh¬ 
bourhood then implies that l depends only on dUjdy and d 2 Ujdy 2 , 
and the formula follows. But the derivation in full from the principle 
of similarity is not without some interest, and a similar method can 
be applied to more complicated cases—to give formula (56) on p. 354, 
for example. 

If the restriction to the immediate neighbourhood is removed, 
then l may depend on \TJ'IU"\, |J7"/U*|, \U W /U m \, etc., where dashes 
denote differentiation with respect to y. The only case in which the 
simpler previous result would still be valid would be when the 
quotients were all proportional. This happens for flow in the absence 
of a pressure gradient, when r is a constant and V is given by (7). 
The turbulence flow patterns at different points may then be said 
to be strictly similar. Thus equation (7) when found by K&rm&n’s 
method depends on fewer assumptions than the velocity distribu¬ 
tions in § 159, for example. For any such case, the formula for l 
will cease to be even a useful approximation near points where either 
U r = 0 or U\ = 0: the formula must therefore be expected to break 
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down near the middle of a pipe or channel, whether we regard it as 
derived from the principle of similarity or simply from dimensional 
reasoning. 


159. Velocity distributions for pressure flows between parallel 
walls and through circular pipes on the similarity theory 
(smooth or rough surfaces). 

From (a) of the previous section (equations (46) and (49)) the 
velocity U in a channel is obtained by integrating (27) (r/y' — pXJljh) 
with use of the condition dXJjdy' = oo at y' = h, where y' is distance 
from the middle of the channel. The integral is 


U-U 

U T 



(54) 


where K is given the suffix 5 to distinguish it from previous constants, 
and b is an additive constant. 

The comparison between experiment and this calculated result is 
shown in Fig. 99,t with K s (= 0-295) and b (= —0-172) chosen to 
give agreement at y'fh — 0-3 and 0-7; the agreement is good. (The 
experimental points are the same as in Figs. 95 and 97.) The value 
of Ijh is 2K i [(y'jh) i —y'/h], and a graph of l/h is shown in the inset. 
The solution makes U infinite at the walls. 

Using (6) of the previous section (equations (46) and (53)), we can 
similarly obtain U by integration with the condition dUjdy' — oo 
at y' = h. The solution is 


U-U 

~vT 



(55) 


and is compared with experiment in Fig. 100 by choosing K n (— 0-165) 
and b (= —0-736) to give agreement at y'jh — 0-3 and 0-7; the 
agreement between the theoretical and experimental results is poor 
elsewhere. I = 2K e (h—y'); U is finite at the walls. The form of l 
is the same as Prandtl’s form, but in using Prandtl’s form with 
the vorticity transfer theory we imposed the conditions U — U c , 
dUldy 1 ~ 0 at y‘ — 0, and the solution automatically made dU jdy' — oo 
at y' = h. 

In order to calculate the velocity distribution for flow through a 


f K&rm&n, Gdttinger Nachrichten, loc . ciL 
% Goldstein, Proc . Roy. Soc. A, 159 (1937), 480-483, 
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circular pipe, we set out below the formulae of the similarity theory 
for parallel flow symmetrical about an axis. The mean velocity is 
in the ^-direction, and its magnitude U is a function of r, the distance 
from the a;-axis, only. Dashes denote differentiation with respect to r. 
An analogous treatment to that given above for the two-dimensional 
problem (except that dynamical similarity is now considered to hold 
in the frame of reference related to cylindrical polar coordinates) 
leads to the following results :f 

(i) the velocity fluctuations are proportional to IU'; 

(ii) l = KU'l(U"—U'lr)-, (56) 

(iii) the local value of |r| is pl 2 U' 2 ; 

(iv) the local value of r- 1 d(rr)/dr is pl 2 U'{U"—U'jr). . (57) 

By using (iii) we arrive at the same equation of motion for flow 
through a pipe as on the momentum transfer theory (cf. equations 
(30) and (31)); integration with the use of equation (56) for l and with 
the boundary condition U' = oo at r = a leads tof 

= J;A<>■/»)+». 

where 

A(*) = ilog e ( 1 +^ 4 -^)+^{tan- 1 -^( 14 - 2 ! rl)-~J 

—£log e (l-**)-- x*. 

(58) is compared with Stanton’s experimental results|| in Fig. 101, 
by choosing K 7 (= 0-171) and b (= 0-420) so that the results agree 
at rja — 0-3 and 0-7; the agreement is poor elsewhere. The solution 

gives an infinite value for U at the wall. Also - = i kJ - 

a \V r a 

and a graph of l is shown in the inset. To fit (58) to Nikuradse’s 
1933 measurements!| we should take K 7 — 0-241 and b — 0-578; 
but the agreement is still poor. 

By using (iv) (equation (56)) we arrive at the same equation 
of motion as on the vorticity transfer theory with symmetrical 

f Goldstein, op * cit ,, pp, 483-487, It is necessary in order to satisfy the con¬ 
dition for similarity to take only the first approximation for U t and not the second 
as in (43). Thus all terms of comparable magnitude have not, strictly speaking, been 
retained. 

t Goldstein, op , cit., pp. 487-491. 

|| See p. 343. 
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turbulence (equation (38)); with. I as in (56) and with the boundary 
condition U' = oo at r = a we find on integration thatf 



Fig. 101. 


(59) 


a result which is in excellent agreement with experiment when 
JTg (= 0*128) and b (= 0*251) are chosen so that the theoretical 
result agrees with experiment when rja = 0*3 and 0*7: the com¬ 
parison is shown in Tig. 102. The solution (59) gives a finite value 
for the velocity at the walls, and Ija = §j K Q (a 2 jr 2 —rja ); a graph of 
Ija is shown in the inset. To fit (59) to Nikuradse’s 1933 measure¬ 
ments we must take K s = 0*181, b = 0*459, and good agreement is 
then obtained except near the wall. 

The values found for K in the two-dimensional and the three- 
dimensional cases are again different. 

t Goldstein, op. cit pp. 491, 492. 

E 
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We may also note explicitly that the form of the theory which takes 
from the similarity hypothesis an expression for the rate at which 
momentum is communicated to unit volume, and which gives an 
equation of motion of the type of the vorticity transfer theory 
with symmetrical turbulence, leads to a result in excellent agreement 



Fro. 102. 

with observation for pipe flow, whereas the form which takes an 
expression for the shearing stress and gives an equation of motion 
of the type of the momentum transfer theory leads to a result in 
disagreement with observation; but that for pressure flow between 
parallel walls exactly the opposite is true. 

160. Experimental determination of the mixture length. 

Starting from the experimentally determined velocity distribu¬ 
tion, and using the formula r — r 0 rja, Nikuradset has calculated 
f Fer. deutscL Ing., Forschungshtift 356 (1932), p. 21, 
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from equation (30) the value of the mixture length for smooth pipe flow 
on the momentum transfer theory. The results for various Reynolds 
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o 1110.103 
©" 1959.103 

e ' 3240.103 
Fig. 103. 



• ” Z3-3.10 3 
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Fig. 104. 


numbers are shown in Figs. 103 and 104 (wherein y = a—r and de¬ 
notes distance from the wall): there ceases to be any apparent scale 
effect on l for values of E ^ 10 5 . A curve similar to that in Fig. 103 
has been given by Nikuradsef for pressure flow between parallel 

t Forschungsarbeiten des Ver . deutsch. Ing ., No. 2S9 (1929), p. 42. 
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walls: curves for this case have also been given by Fritschf and 
Donch.J A numerical differentiation of the experimental velocity 
distribution is necessary in order to obtain Z; this process is usually 
inaccurate, since minor irregularities in the curve produce consider¬ 
ably greater irregularities in the value of the differential coefficient. 
The value of l determined in this way cannot, therefore, be regarded 
as very reliable. Moreover, towards the middle of the pipe or channel 
it is necessary to calculate the ratio of two small quantities to 
determine Z. On the other hand, if we start from either Prandtl’s or 
Karman’s form for Z, the velocity distribution is obtained by one or 
two integrations, so even if the assumed values are not quite right 
the calculated value of the velocity may not be far wrong. Thus 
we see why different values of Z may lead to values of U very nearly 
the same. 

161. Straight pipes of non-circular cross-section. Resistance. 
Secondary flow. 

The resistance to turbulent flow has been measured in various 
smooth non-circular pipes: if four times the hydraulic mean depth 
and the mean velocity are used in the definition of R it is found 
that when y is plotted against R the results do not lie far from 
the'results for a circular pipe. For example, for an annular pipe|| 
having internal and external diameters in the ratio 0-833 the 
deviation from the resistance formula of Blasius (see equation 
(20)) is about 2J per cent, for values of R between 2,000 and 8,000. 
Similar results hold for various shapes of rectangularff and tri- 
angularJJ pipes. 

In turbulent flow through straight pipes of other than circular 
cross-section a type of secondary flow occurs (as mentioned in Chap. 
II, §28 (p. 87)). The existence of this secondary flow is suggested 
by an examination of the experimental contours of constant velocity. 
The contours|||| for flow in a smooth rectangular pipe and in an equi¬ 
lateral triangular pipe are shown in Figs 105 and 106, whereon the 
velocities are marked in metres per second: it will be noticed that 

t ZeiUchr.f. angew. Math . u. Mech. 8 (1928), 215. 

J Forschungsarbeiten des Ver. deutsch. Ing. t No, 282 (1920), p. 57. 

|| Winkel, Zeitschr. /.* angew. Math. u. Mech. 3 (1923), 251 “257. 
tt Schiller, ibid ,, pp. 2-13; White and Davies, Proc. Boy. Soc. A, 119 (1928), 
92-107; Nikuradse, Ingenieur~Archiv f 1 (1930), 300-332. 
tt Schiller, loc. cit. ; Nikuradse, loc, cit. 

IHI Nikuradse, Forschungwrbetien des Ver. deutsch. Xng No. 281 (1020), pp. 13, 14. 
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instead of rapidly assuming an oval shape the contours near the walls 
of the rectangular pipe, for example, show marked indentations near 



Pig. 106. 


the corners. These indentations may be explained']- if secondary 
flows of the types shown in Pigs. 107 and 108 exist. (The marked 
curvature of the velocity contours implies a mean velocity com¬ 
ponent normal to the velocity contours from the concave to the 

t This explanation was first given by Prancltl, Verhandlungen des 2. intcrnationakn 
Congresses fHr technische Mechanik, Zurich, 1926, pp. 70-74. 
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convex side.) Direct experimental verification of the existence of 
secondary flows of the type shown has been obtained by a photo¬ 
graphic method, f 




162. The inlet length for turbulent flow in smooth circular 
pipes. 

If care is taken to have the fluid free from disturbances at 
entry, the flow in a smooth pipe for some distance x from the 
entry will be laminar even though turbulence develops farther 
downstream. The Reynolds number Ux/v at which the transition 
to turbulence occurs may be expected to have the same order of 
magnitude as the Reynolds number for transition in flow along a 
flat plate (see Chap. VII, § 151, p. 325); i.e. Ux/v will be of the order 
of 10 5 . After the transition to turbulence takes place, a further dis¬ 
tance is required before the velocity distribution across a section 
takes its final form. When the conditions at the entry are disturbed 
the distance from the entry to the section where the velocity dis¬ 
tribution first takes its final form is less than when there are no 
disturbances: the distance required is, therefore, dependent on the 
disturbances introduced at the entry. The only case where any 
attempt at calculation can be made is when the flow is fully turbulent 
at entry. Calculations from the momentum equation (of the type 
mentioned in Chap. VII, § 139 (p, 301), for laminar flow) have been 
made, using the ^th power law for the velocity distribution in the 
boundary layer (equation (25), p. 340); the result obtained| for 
the inlet length, is 0•69&LR 1 , where d is the pipe diameter and Ji is 

f Nikuradso, Jngenieur»ArcJtw, 1 (1930), 306 332. 
j Latzko, Zeit'Hchr.f. angew , Math. u. Me eh. 1 (1921), 277*280, 
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U m djv . This result gives a shorter inlet length than any yet found 
in practice: the nearest result is 40 diameters found by Nikuradsef 
for disturbed entry conditions at a Reynolds number of 9 X 10 5 , the 
theoretical result for this Reynolds number being 21 diameters..f It 
is possible, however, that no experiments have yet approached fully 
turbulent conditions at entry. 


163. Frictional intensity and resistance for turbulent flow 
along a smooth flat plate. 

For flow in a smooth pipe the formulae 

UIU T =8-7(yUM \ m 

and t 0 = pU\ — Q-Q225pU 2 (vjUy) i f 

were deduced in § 155 (see eqns. (25) and (26)) for a certain range 

of Reynolds numbers from Blasius’s empirical formula for the 

resistance. If we suppose that similar results hold throughout a 

boundary layer along a flat plate parallel to' the steam, we may 

write 

U/U x = ft/ 8)* (61) 

and r 0 / P U 2 = {U T /U X )* = 0-0225(v/t7 1 S) i , (62) 

where S is the thickness of the boundary layer and U ± is the velocity 
in the main stream at the edge of the boundary layer. These formulae 
are in moderate agreement with experiment for a certain range of 
Reynolds numbers.|| 

With the velocity distribution in (61) 

3 


and 


Sx = 


# = 


/KK-* 


(63) 


t Ver . deutsch . Ing., Forschungsheft No. 356 (1932). 

t For further details and references see Schiller, Iiandbuch der Fxperimentalphysik , 
4, Part 4 (1932), 82-92. 

|| Burgers ( Proc . 1st Internat. Congress for Applied Mechanics , 'Delft, 1924, p. 121) 
states that (61) is in good agreement with experiment but that the coefficient 0*0225 
in (62) is too large. According to Hansen ( Zeitschr . /. angew . Math, u. Mech . 8 
(1928), 185-199) the index \ in (61) is in good agreement for measurements near the 
plate, but for general agreement throughout the boundary layer a larger index is 
preferable. Dryden (N.A.C.A. Deport No. 562 (1936), Figs. 18, 19) finds that at 
UiCr/v — 1*6 x 10® and 2*1 x 10 6 power law representations of the velocity distribution 
are unsatisfactory, but that a logarithmic formula represents the experimental results 
well as far as the data allow a comparison. See the footnote on p. 363. 
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Since U x is constant, the momentum equation of the boundary layer 
(Chap. IY, equation (38), p. 133) is 

d&ldx = t 0 /( P UI). (64) 

If we substitute for r 0 and & from (62) and (63) and integrate, we find 
with the boundary condition 8 = 0 when x = Of that 

8 = 0-37(v/i U^x. (65) 

The result obtained by substituting this value for 8 in (62) is 

r 0 / P Ul = 0-0289^/^ x)K (66) 

Tor a plate of length Z the frictional resistance coefficient C f 
(= Fj{\pTJ\l), where F is the force per unit breadth on one side 
of the plate) is 0-07212-*, where R = U x ljv.% When the experi¬ 
mental conditions ensure turbulence practically right from the lead¬ 
ing edge, this formula is in good agreement with experiment up to 
R — 3x 10 6 if the coefficient 0-072, obtained by a rough estimation 
from pipe flow, is altered to 0-074 to obtain a better fit with the plate 
experiments. Correspondingly the coefficient 0-0289 in- (66) would 
be altered to 0-0296. The effect of the laminar portion of the 
boundary layer near the leading edge can be allowed for, and good 
agreement obtained with experiment, by writing 

C f = 0-074i?-*-^i2- 1 , 

where A is a suitably chosen number.|| (See p. 366.) 

Karman. has applied a slightly modified form of the logarithmic 
law (equation (8)) to the calculation of the skin-friction drag of a 
flat plate by means of the momentum integral equation.tf Tor the 
velocity distribution throughout the boundary layer he writes 

| = |{i° g /f T +%/s ) }, m 

where h is an unknown function which may depend on the Reynolds 

t We assume here that the flow is turbulent right from the leading edge, 
t K&rm&n, Zeitschr.fangew. Math. u. Mech, 1 (1921), 237--244. 

|[ Prandtl, Ergebnisse der Aerodynamischen Vermchmimtalt zu Gfittingen, 3 (1927), 
3-5* The comparisons were with experiments by WioHolsborgor (G fitting er MrgeMnme, 
1 (1925), 121-126) and Gebers (Schiffbau, 9 (1908), 435-452; 475-4B5) respectively, 
the value of A which gives agreement with Gebers’s results being 1,700. This value 
corresponds to a comparatively lato transition to turbulence. (Boo p. 366.) 

ft Proc. 3rd Intemat. Congress for Applied Mechanics , Etockholm> 1930, X, 90-92; 
Hydromechanische Probleme des tichiffmntriebs (Hamburg, 1932), pp. 09 73. Bee 
also Prandtl, Gfittinger Ergebnisse, 4 (1932), 18-29; Aerodynamic Theory (edited by 
Durand), 3 (Berlin, 1935), 145-154. 
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number: this function is introduced in order to improve the repre¬ 
sentation in the neighbourhood of the edge of the boundary layer. 
When y = 8, U = U v so that 

t-ihv+w) 

Subtracting (68) from (67) we find that 

U = U^UJiy/ 8), 

where 


( 68 ) 

(69) 


f(y! S) = i[iogi+fc(i )-%/8) 

-ft. l y 


•t 


We substitute from (69) into the momentum equation (64) and we 
find that r 8 8 

dWi) # -4§J /(y/8) J [/(y/S)] 2 dy ,$ 


i.e. 


(70) 

where 

1 

c x = J f(v) dy> v = yl 8 > 

0 


and 

c z = jU(y)fdr,. 

0 


Now from (68) 

DhUJv = e 2 . 

(71) 

where logD — 

h( 1) and KUJU T = z ; 

(72) 

and from (70) 


(73) 


Integrating (73) as it stands, we find that 


DRK* 

-±- 'T = 


a? = 2 2 c 


— J 2z(c 1 —Q~^e z dz + constant 
z^Cj — ^pje 2 — 2c 1 (z—l)e 2 + 2i£c 2 e 2 +constant. (74) 


t Dryden ( N.A.C.A. Report No. 562 (1936), Fig. 18) finds that the formula 
U — U x -~{U 7 IK)\og e (hly) 

represents well the not very extensive experimental data at UiXlv = l*6x 10® and 
2-1x10®. 

t It was pointed out when the logarithmic formula was derived that it is 
inapplicable for yU 7 /v < 30. However, J XJ dy and j V 2 dy, when U is given by (67), 
converge at y == 0, and the error introduced by retaining this form as far as the wall 
is small. 

3837.8 II ^ 
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U x 

so that log fi -~— : = constant+z+2 log z, 

i-e- cfl = A' B' log 10 (R x c / ), (77) 

where c f = U 2 r ]{\Uf) — t 0 /(|/>D|), B x — xUJv, and A' and IS’ are 
constants. 

In Fig. 109 c f -l is plotted against log w (R x c,), the results being 
obtained from measurements by Kempf.j The theoretically pre¬ 
dicted linear relation is in good agreement with experiment; the 
values of A' and B' found from the experiments are 1*7 and 4*15 
respectively. The experiments are remarkable in that local values 
of the skin-friction coefficient c ; were determined at points of a long 
plank by the direct measurement of the force on small movable 
plates. 

If C f is the coefficient of mean friction (i.o. Fj(\pXJ\ l), where F is 
the frictional force per unit breadth on one side of a plate of length l) 
we can obtain a result for C, of precisely similar form to (77) by 

t Here again we make the assumption, that the flow is turbulent from the leading 
edge. 

t Ktento, Joum. Aero. Sciences, X (1934), 12; Kompf, Werft, Jleederei, Hafen, 10 
(1929), 234-239; 247-263. 




VIII. 163] RESISTANCE OF FLAT PLATES 365 

starting from the integrated form of (70). Schoenherrf gives the 
result Cfi = ±. mogioiB C t ) (R = lUJv), 

the constants being chosen to give best agreement with experiment. 
For B between 10 6 and 10 9 PrandtlJ finds that the formula 
Gj = O*455(log 10 i?)“ 2 58 , 

which is easier for the purposes of calculation, gives satisfactory 1 
values for G f . A corresponding interpolation formula for c f is|| 

Cy = (21og 10 i?—0*65)~ 2 ' 3 . 

Fig. 110, which is reproduced with some modifications from 
Schoenherr’s paper,ff shows the results of various experimental in¬ 
vestigations;!: % of the frictional resistance of flat surfaces, together with 
the curves for C f represented by the formulae, quoted above, due to 
Schoenherr and to Prandtl. The curve corresponding to C f = 0-074i2"* i 
(see p. 362), and Blasius’s theoretical curve C f = l-328i?~* for laminar 
flow, are also shown. 


f Karman, loc. cit.; Schoenherr, Trans. Soc. Naval Architects and Marine Eng. 
40 (1932), 279-313. 

i Gottinger Ergebnisse , 4 (1932), 27; Aerodynamic Theory (edited by Durand), 
3 (1935), 153. 

|| Schlichting, Ingenieur-Archiv, 7 (1936), 29. 
ft Loc. cit. 

ff The key to the plotted points is as follows: 

A Froude, British Association Report, Brighton (1872), pp. 118-124. 

<8> Zahm, Phil. Mag. (6), 8 (1904), 58-66. 

• Gebers, Schiffbau, 9 (1908), 435-452; 475-485. 

+ Froude Tank, N.P.L., Trans. N.E. Coast Inst. Engineers and Shipbuilders, 
32 (1915), 42-53; Trans. Inst. Naval Architects, 58 (1916), 65-73. 

▲ Gibbons, N.A.C.A. Report No. 6, part 2 (1915); N.A.C.A. First Annual 
Report (1915), pp. 176-184. 

0 Gebers, Schiffbau, 22 (1919), 687, 713, 738, 767, 791, 842, 899, 928. 

0 Wieselsberger, Gottinger Ergebnisse, 1 (1925), 121-126. 

0 Kempf and Kloess, Werft, Reederei, Hafen, 6 (1925), 435-443. 

□ Kempf, ibid. 10 (1929), 234-239; 247-253. 
o Schoenherr, loc. cit., 3-foot plane, smooth. 

•fr Ibid., 3-foot plane, leading edge roughened. 

0 Ibid., 6-foot plane, smooth. 

Q Ibid., 6-foot plane, artificial turbulence. 

X Washington, unpublished (but see Schoenherr, loc. cit.) 

The points attributed to Kempf were obtained from his values of the local 
coefficient c f . For any length x, 

X x 

F — ipUlxCf — J r 0 dx = ipUl J Cfdx; 

o 0 

hence c ; - — d(xCf)/dx. If Cj% = 4*131og 10 (# a . Gf), as in Schoenherr’s formula above, 
it follows after a little calculation that 0/(0*558+ 2Cfi) = 0*558 C p and this relation 
was used to obtain values of C from Kempf’s values of C/. ; 
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Near the leading edge of a plate at zero incidence the flow in the 
boundary layer is laminar; mathematically simple methods (which 
are at any rate approximately correct) for determining both the posi¬ 
tion of and the conditions at the point of transition to turbulence 
were discussed in Chap. VII, § 151. For a given value of B xT 
we can, therefore, determine the total skin-friction of a plate of 
length Z, since we can determine the skin-friction in the laminar 
portion, the point of transition, and the skin-friction in the tur¬ 
bulent portion. We use Prandtl’s condition that once transition has 
occurred the boundary layer behaves as though it had been tur¬ 
bulent right from the leading edge. Then an approximate correction 
may be found for the influence of the laminar portion by subtracting 
from F (the frictional force per unit breadth) the turbulent frictional 
force for a length x and adding the laminar frictional force for the 
same length, where the transition to turbulence is supposed to occur 
at the section x. The correction to F is therefore — ip XJ\ x[C /T — C),], 
where C JT and G n are the turbulent and laminar coefficients of mean 
friction, and the square brackets indicate that values are to be 
taken at B xT . The correction to 0 } is therefore —{xjl)[C /T —C fl ] 
or — ( B xT jB ) \C JT —CyJ. We thus derive Prandtl’s semi-empirical 
formulat 

0, = 0-455(log w B)~™-AjB, 

where A depends on B xT , being equal to B xT [C /T —C /t ]. 

Three curves of C f against B (= lUJv) according to this formula 
are drawn in Fig. 110; the different curves arise from choosing 
different values of B xT . Prandtl chooses, as before (p. 362), a value 
1,700 for A to give agreement with Gebers’s results for a smooth 
plate. The curve obtained by using this value of A is drawn in 
Fig. 110; it corresponds to a value of B xT of about 5-3 XlO 6 . The 
values of A chosen for the other two curves shown in Fig. 110 are 
600 and 300, which correspond to B xT — l-9x 10 s and 10 5 respectively. 

Owing to our limited knowledge of the transition region it is 
usually considered essential to use large values of the Reynolds 
number lUJv for measurements of turbulent skin-friction, in order 
that the laminar and transition regions should be as small as possible. 
Values of B exceeding 10® appear advisable.J The phenomena 

t Ergebniase dcr Aerodynamischen VerauchmnstaU zu Q&ttingm, 3 (1927), 3-5; 
4 (1932), 27. 

t See, for example, Bairatow, Trans, Inst. Naval Architects, 76 (1934), 329. 
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•noil be similar for shapes which have a slight curvature, such as 
ship models, so that in determining frictional resistance in model 
experiments the Reynolds number should be high enough to bring 
the experimental points, outside the transition region if extrapolation 
to full scale is not to be difficult. It has been suggested! that fairly 
small models may be used if turbulence is induced by fixing, at the 
extreme forward end of the model, a transverse strip roughened with 
relatively coarse sand of uniform grain. The roughness itself causes 
an extra resistance, which can be eliminated by using two or more 
strips of different breadths and extrapolating the results to zero 
breadth. 

164. The resisting moment on a smooth rotating disk. 

The resisting moment on a smooth rotating disk has been con¬ 
sidered by methods similar to those used in § 163.J The results 
are compared with experiment in Fig. Ill, where B = coaPjv, a> is 
the angular velocity, a the radius, M the resisting moment, and 
C M = MI($ P aW). Theoretical and experimental results for laminar 
flow are also included. (See Chap. Ill, §43, for the theoretical 
results.) 

165. The calculation of the velocity distribution for flow along 

a flat plate on mixture length theories. 

The methods we have used to obtain the frictional resistance in 
turbulent flow along a flat plate are based on a velocity distribution 
which is empirical for a large part of the boundary layer. It seems 
desirable to seek a more satisfactory theoretical form for this velocity 
distribution. 

The measurements of Fliasj] suggest that the velocity and tempera¬ 
ture distributions for the flow in the boundary layer along a heated 
plate are (as near as can be ascertained from the somewhat scattered 
experimental values) of the same form. The momentum transfer 
theory predicts that these two distributions should be identical, 
whereas according to the vorticity transfer theory they are not 

t See, for example, K. S. M. Davidson, Journ. Applied Mechanics , 3 (1936), 
A 41~a 46. 

x K&rmdn (Zeitschr. f. angew. Math. u. Mech. 1 (1921), 247-250) uses the fth 
power velocity distribution. Goldstein (Proc. Carnb. Phil. Soc . 31 (1935), 232-241) 
uses the logarithmic form and adjusts the constants to agree with experiment. 
See also Schultz-Grunow, Zeitschr. f. angew. Math. u. Mech. 15 (1935), 191-204. 

|| Ibid. 9 (1929), 434-453; 10 (1930), 1-14. 
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identical. This fact has been taken as an indication of the 
superiority of the momentum transfer theory for this particular 
motion. It has, however, been shownf that by a suitable choice 



-2.Q5 L 1—1 I I --J I A I _1_J_Cvj_L JSi 

4-0 4*2 44 4*6 4*8 5*0 5 * 2 . 54 5*6 5*8 6*0 6*2 6*4 


Logi 0 K 

-Theoretical curve for laminar motion (Cm=3;B7 RT /2 *) 

-Turbulent motion, n power law (Cm = 0 *146 

--— Turbulent motion,logarithmic formula (C^ z ~ 1*97 log t QRCj^ + 0*03j 

Fig. 111. 

of certain constants the velocity distribution calculated by the 
vorticity transfer theory can be brought into excellent agreement 
with experiment except in the immediate neighbourhood of the wall, 
and that the corresponding temperature distribution (with a suitable 
f Howarth, Proc. Roy . Soc . A, 154 (1936), 364-377. 
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choice of a constant) is very nearly the same as the velocity dis¬ 
tribution, the difference being less than the scatter of the experi¬ 
mental points. The calculations, however, are not all that could be 
desired. 

The equation of motion on the momentum or vorticity transfer 


.theory is 


TJ—+V— 
8x T dy 



(78) 


or 


TJ™ 4 - = — 

dx dy dy dy 2 


(79) 


respectively, where V is the velocity perpendicular to the plate. 
(Although the vorticity transfer theory does not give a velocity 
distribution in agreement with experiment in the immediate neigh¬ 
bourhood of a plane wall (cf. § 157, p. 344), it does not follow that 
the theory will not give satisfactory results over a large part of the 
turbulent boundary layer.) 

The calculations are much simplified if it is assumed that the 
velocity distributions at different sections are similar: that is, that 

^ = ( 80 ) 

where rj = yj 8 and 8 is the boundary layer thickness. For large 
Reynolds numbers this assumption is probably inaccurate, on 
the other hand, for the range of Reynolds numbers to which the 
published experimental data refer, the somewhat scattered experi¬ 
mental points satisfy the assumption of similarity within the 
experimental error. 

The simplest assumption for l would again be l — Ky, but this 
leads to a boundary layer thickness increasing linearly with the 
distance from the leading edge and to a constant skin-friction. It is, 
in fact, evident dimensionally that the skin-friction must be constant 
if we neglect viscosity, since the boundary conditions we apply, 
U = U 1 and dU/dy — O&trj — 1,V— 0 and dXJ/dy = do at rj = 0, 
are also independent of the viscosity. In order to include the effect 
of viscosity we must either include the viscous term in the equation 
of motion near the wall and use the condition r 0 = y,(8U/8y) at the 
wall, or we must obtain a solution of the equations without visco¬ 
sity which can be joined smoothly to the logarithmic velocity distri¬ 
bution (equation (8)) near the wall. Neither of these methods of 
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attack is simple. We can, however, obtain a solution if we modify the 
form of l by writing p = ay ^ x)} (81) 

and then we find that we must take 

x(x) — dSjdx (82) 



— and — 

U, 9| 


Exa. 112. 


if the velocity distributions are to be similar, an unknown constant 
being included in a in (81). The form of 8 is not determined by the 
calculations, which give the velocity distribution as a function of 
y/8. Thus we can compare the calculated and experimental velocity 
distributions only by plotting UjU^ against y/8. If 8 is required it 
must be found from the experimental results. 

With the modified form for l in (81), the original partial differential 
equations reduce to ordinary third-order linear equations. In either 
case the solution is of the form 

Ujty i = 

the third independent solution being absent because if it were present 
it would be impossible to make V vanish at the plate. The boundary 
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conditions UjU x = 1 and dU/dy = 0 at r\ = 1 serve to determine 
and jB in terms of a, which may in turn be found by making the 
observed and calculated curves of TJjTJ x against 7? pass through the 
same point when rj has a particular value. 

Solutions for U(U X obtained in this way on both theories are 
shown in Fig. 1 12 and are compared with Elias’s measurements. The 
corresponding calculated temperature distributions are also shown, f 
The vorticity transfer theory seems, on the whole, to be in better 
agreement with experiment than the momentum transfer theory. 

166. Flow in convergent and divergent channels. 

Experiments have been carried out J on pressure flow in smooth 


JU 

U c 


Fig. 113. 

channels with various angles between the walls. Some of Nikuradse’s 
results for the velocity distributions across various channels are repro¬ 
duced in Fig. 113 (negative angles refer to channels converging in the 

t l 11 the original paper the formula, 6 = 0'81x(xU 0 lv)~i was assumed in order to 
complete the solution. The comparison given in Fig. 112, however, in no way depends 
on this formula. The smallest value of y at which the experimental value of U could 
not be distinguished from U x was taken as the value of 8 in determining yjS. 

t Forschungsarbeiten des Ver. deutsch. Ing Nikuradse, No. 289 (1929); Donch, No. 
282 (1926); Kroner, No. 222 (1920). Reference may also be made to Gruschwitz, 
Ingenieur-Archiv, 2 (1931), 321—346; Demontis, Publications scientifiques et techniques 
du minist&re de Vair , No. 87 (1936). 
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direction of flow; U c is the velocity in the middle of a channel; h is 
the half-width and y' the distance from the middle of the channel 
at any section). The symmetrical flow is stable when the channel 
is convergent or slightly divergent—even with a divergence of 4° 
there is no trace of instability. The velocity distributions for diver¬ 
gences of 5°, 6°, and 8°, shown in Kgs. 114, 115, and 116, are no 
longer symmetrical about the middle plane. No region of back 

flow at either wall is evident in 
Kg. 114; separation of the for¬ 
ward flow in the boundary layer 
along one of the walls is just be¬ 
ginning to occur at 5° (Nikuradse 
found that the first occurrence 
happened between 4*8° and 5-1°, 
but could not be more exactly 
specified). At 6° the separation be¬ 
comes apparent from the measure¬ 
ments taken: at which wall the 
3*2 2*4 1*6 0*8 0*8 1*6 2-4 3*2 separation occurs is a question 

a== 5° settled by incidental changes in 

Pl °' 114 ‘ pressure, and once it occurs the 

pressure gradients are altered. Tor divergences of 5° and 6° there 
is no apparent tendency for separation to occur at the second wall, 
and the asymmetrical flow once established seems to be quite stable. 
At 8° a tendency appears for the asymmetrical distribution to 
switch over from wall to wall; each configuration is usually main¬ 
tained for some time—long enough to allow measurements to be 
taken before a change occurs. 

The existing methods of calculation of flow in turbulent boundary 
layers with pressure gradients are based largely on empirical rela¬ 
tions obtained from experimental results for flow in convergent and 
divergent channels. It is therefore appropriate that at this stag© we 
should discuss the various parameters involved. 

For laminar flow along a flat plate in the absence of a pressure 
gradient 

rJ{pUl) oc or B$r 0 /(pUl) = constant, 

where S UJv, U x is the velocity in the main stream at the 

edge of the boundary layer and h is the boundary layer thickness. 
The parameter used for the discussion of a general problem of flow 
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Fig. 115. 



Fig. 116. 


in a laminar boundary layer is, in the Karman-Pohlhausen method, 
dU t & 
dx v 


A 


(l d 3 s )s s = ( 

_LM 

Wt dx ) 8 [ 

P U\dx ) 




$> 


and for laminar flow in the presence of a pressure gradient, jR$t 0 /(p XJ\) 
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is a function, of A. For flow in a turbulent boundary layer in the 
absence of a pressure gradient, the empirical assumption of the i=th 
power velocity distribution leads to the relation 

rol(pUl) a Rf* 

(see eqn. (62)). It is a reasonable analogy to employ the parameter 



for flow with a pressure gradient in the turbulent case: T is positive 
for flow in a converging channel or for any accelerated flow, and is 
negative for flow in a diverging channel or for any retarded flow. 
When the flow in a channel is fully developed the boundary layer 
must be taken to reach to the middle, and the boundary layer thick¬ 
ness must be replaced by half the width of the channel. 

If the analogy is to hold T will be a form parameter,—i.e. the value 
of r will fix the velocity graph, so that, in particular, 8 a and# defined by 

wV > - *-/(*-» 

0 0 

will be functions of T only,f and so also will S x /#. Also the analogous 
form for r 0 is to take £, defined by 

£ = -Bf *ol(pUl), 

to be a function of F only: this assumption is the same as replacing 
the constant 0-0225 in the approximate empirical power-law formula 
(62) for flow in the absence of a pressure gradient by a function of F 
when a pressure gradient is present. 

The length 8 is somewhat indefinite, and in order to be precise S 
may be replaced by $ in the definition of F and £. This we suppose 
done, so that henceforward we put 

r = t and C = Mr 0 /(pUD, 

where B# = U^/v. 

A test of the analogies used here is whether definite curves for 
S# and £ are obtained by plotting against T. Some results are shown 
in Figs. 117 and 118, f the values of 8J-&, F and £ being obtained from 

t This property cannot hold exactly (just as the corresponding property of A is 
approximate) since the velocity distribution at any section depends on conditions 
upstream. Since 8x and # are integrals depending on the velocity distribution, any 
slight variations in the dependence of the velocity on F will have less effect on B x and 
t These figures are taken from a paper by Howarth, Proc. Boy* $oc. A, 149 (1035) 
558-586 (Figs. 10 and 11). 




o Nikuradse’s results,as corrected by Buri 
X Buri’s results 

Fig. 117. 



o Nikuradse’s results, as corrected by Buri 
x Buri’s results 

Fro. 118. 






376 FLOW IN PIPES AND CHANNELS, ETC. [VIII. 166 

measurements by Nikuradse and Buri.f The results are only 
moderately satisfactory; some scatter of the points occurs, and 
many more experimental points are required before we can have 
confidence that F is in fact a form parameter. On the assumption 
that r is a form parameter a method of solution of the turbulent 
boundary layer equations is given in Chap. IX, § 194. 

Only a few isolated experiments have been performed on turbulent 
flow in convergent and divergent pipes, f 

167, The resistance and the velocity distribution near a wall 
in flow through rough pipes. 

The theoretical results given in (29), (36), (54), and (55) for channels 
and in (29) (with K 2 instead of K x and rja instead of y'jh), (39), (58), 
and (59) for pipes hold equally whether the walls are smooth or rough, 
but in neither instance do they hold right up to a wall: in the 
neighbourhood of a wall viscosity in the one case and roughness in 
the other are the important factors. The form of the velocity distri¬ 
bution near a smooth wall was given in (8) and the resistance formula 
for smooth pipes in (18) and (19); we now consider the corresponding 
results for rough walls and rough pipes. Equation (7) is still appro¬ 
priate, but the modification given in (8) is not. 

In considering even geometrically similar roughnesses it is to be 
expected that it will be necessary to take into account not only a 
linear dimension e of the roughnesses but also a dimension specifying 
their spacing. We should expect that for geometrically similar 
roughnesses in a pipe or channel, U m /U r and the resistance coefficient 
y would be functions of the Reynolds number R and of these two 
parameters. For closely packed roughnesses only R and e enter; 
and y becomes independent of R for sufficiently large values of R, 
the smallest permissible value of R decreasing as e/a (or e/h for a 
channel) increases. When y is independent of R , the resistance varies 
as the square of the velocity; and we shall restrict our attention in 
the main to this region, for which we shall set out formulae for 
the distribution of velocity near a wall and for the variation of y 
( or U m !U r ) with €/a (or efk). According to Nikuradse’s results|) for a 
certain kind of sand roughness, eU T lv > 100 in this region (cf. Fig. 
120). On the other hand, if eUJv < 4 the surface is to be counted 

t Zurich Dissertation, 1931. J For references see p. 400. 

II Fer. deutsch. Ing., Forschungsheft 361 (1933). The pipes were artificially roughened 
by means of uniform sand grains giving the values of a/e shown in Fig. 119. 
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hydraulically smooth. (If the roughnesses do not project beyond the 
laminar sub-layer, an argument of the type given in Chap. VII, § 142 
still applies; even if the roughnesses project into the layer in which 
the viscous stresses and the Reynolds stresses are of comparable 
magnitude, the result should not be much altered. The estimate thus 
found for the upper limit of eU T jv was 5-5: the experimental result is 



0-4 0-8 1-2 1-6 20 2-4 28 

Lo 3ioy / 6 

Fig. 119. 


We now confine our attention to flows in which the skin-friction is 
proportional to the square of the velocity. Then in the neighbour¬ 
hood of a wall e is the important linear dimension, and we may write 
UjU T = g(yle). In virtue of (7) it follows that 

UIU T = constant +if- 1 log e y / e (84) 

in the neighbourhood of the wall. Equation (84) is the form of the 
universal velocity distribution near a rough wall. Nikuradse’s experi¬ 
mental results for pipe flow with a quadratic resistance law are shown 
in Fig. 119, together with the line 

UIU T = 8-48+5-75 log 10 y/e. (85) 

By combining (84) with (11) we find for flow in a pipe (in exactly 
the same way as we found (14)) that 

UJU r = constant+if -1 log e a/e, 




a/e= 15 









3837,8 II 


Log ,o R 
, 121 . 
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or, since (15) is still true, 

UJU T = constant+ K~ r log e a(e.\ (86) 

This result applies also to a channel if a is replaced by h. 

If we write B = log, 10, then UJU r -Blog 10 a/e should be 
constant in the region of the quadratic resistance law. More generally 
it is a function of eU T jv. In Fig. 120 it is shown plotted against 
log io eUJv for that value of B (5-66) which gives the best agreement 
for the resistance to flow through a smooth pipe. It will be seen that 
for eUJv > 100, UJU T — 5-66log 10 a/e is constant and equal to 4-9. 
For smooth pipes, according to (18), the value of V m jU r 5-66 log 10 a/e 
is 0-29+5-66 log 10 2eC r I /v. This relation is shown by the straight line 
in Fig. 120, and it appears that for eU r /v <4a pipe may be regarded 
as hydraulically smooth. The relation 

UJU T = 4-9+5-66 log 10 a/e, 

which holds in the region of the quadratic resistance law, is, since 
y — 2U*[U‘l n , equivalent to 

y~* = 3-46+4-00 log 10 a/e. 

More generally the manner in which y depends on the Reynolds 
number for various values of a/e is shown in Fig. 121, where 
log 10 (400y) is plotted against log 10 JR. The steeper straight line 
shows the theoretical relationship (y = 16-B- 1 ) for laminar flow; the 
less steep straight line is Blasius’s interpolation formula (20) for 
turbulent flow in smooth pipes4 

168. The frictional intensity and resistance for flow along 
rough flat plates. The ‘equivalent sand roughness’. 

Provided that the size of the roughnesses is such that eU r fv < 4, 
they probably have little effect on flow in a turbulent boundary layer 
along a flat plate. On the other hand, if ^U T jv + 100 the phenomena 
here (as in pipes and channels) are independent of the Reynolds 
number. In the latter regime we may start from the result (84) 

t This result is also due to Kdrmdn. See the references on p. 350. 
t In oast or wrought iron or galvanized steel pipes the transition from the 
‘smooth’ law to the ‘rough’ (quadratic resistance) law is much more gradual than 
in Nikuradse’s artificially and uniformly roughened pipes: the gap between the two 
has been bridged by using artificial non-uniform roughness. See Colebrook and 
White, Proc . Roy. Soc , A, 161 (1937), 367-381. 
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for the universal velocity distribution near a wall and then pro¬ 
ceed as in § 163, but with yU r lv replaced by yje. We thus obtain 
the approximate result 

cyi = A "+ B" log 10 (c) x/e), (87) 

where c f = r 0 /(|pi!7f) as on p. 364. Karmanf gives A " = 5*8 
and B n = 4*15 as the result of calculation based on data from 
rough pipes and channels. A corresponding formula to (87) holds 
for C f . 

More elaborate calculations have been carried out by Prandtl and 
Schlichting,J who also took into account the region in which the 
skin-fnetion is not proportional to the square of the velocity. They 
took from pipe experiments the velocity distribution near a wall, 
and for purposes of calculation replaced it by the distributions 
UjU r — A-f-5*751og 10 y/e, where 

A = 5*5+5-75log 10 e?7> {eU r /v < 7-08), 

= 9*58 (7*08 < eUJv < 14*1), 

T/ ( 88 ) 

= ll-50-l-621og 10 6f7 T /v (14-1 < eUJv < 70-8), 

= 8-48 (70-8 < eU T /v), 

the two middle equations replacing the transition from the 'hydrau¬ 
lically smooth 5 to the 'completely rough’ regime. (It will be seen 
that the values of eUJv at the limits of this transition region, as 
taken by Prandtl and Schlichting, are rather different from those 
(4 and 100) mentioned above.) If 8 is the boundary layer thick¬ 
ness and U x the velocity at the edge of the boundary layer, then 
(88) holds when U = U t and y = 8. Thus we obtain a relation 
between UJU^ eUJv, and S/e. The momentum integral with the 
velocity distribution given by (88) provides a further relation 
between these quantities and x . Elimination of 8 between these 
two relations leads to the determination of U r IU t as a function of 
x[e and xXJJv. Reference may be made to the original paper for 
further details.|| 

According to Schlichting,ft in the 'completely rough’ regime 
(skin-friction proportional to the square of the velocity), the results 

t Journ. Aero. Sciences , 1 (1934), 18. 

J Werft, Beederei , Hafen, 14 (1934), 1-4. 

H See also Prandtl, Aerodynamic Theory (edited by Durand), 3 (1935), 153, 154. 
ft Ingenieur-Archiv, 7 (1936), 29. 
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of these calculations are well represented by the interpolation 
formulae C/ = (2-87-f l-58log 10 £/e)- 2 ' 5 , 

C f — (1 -89+1 • 62 log 10 x/e) ~ 2 ' 5 , 

where c f , C f are the coefficients of local skin-friction and of mean 
frictional intensity for a length x, respectively, as defined on p. 364. 

Schlichting has also carried out experiments on roughnesses of 
different kinds in the region in which the resistance is independent 
of the Reynolds number, and introduces a length e s , called the 
‘equivalent sand roughness’, which is such that a uniform roughness 
formed by sand grains of this size and of the type used by Nikuradse 
in his pipe experiments would produce the same resistance as that 
actually found, f If e s is known for any type of roughness, then the 
formulae and calculations for rough pipes, channels, and plates set 
out above may be applied with in place of e. Schlichting also in¬ 
vestigated the influence of the density of the roughnesses: it appears 
that the greatest resistance does not always correspond with the 
greatest possible density. 


169. Turbulent flow under pressure in curved channels. 

Consider the flow under pressure in a channel whose walls are 
concentric cylinders, the pressure gradient being parallel to the 
walls and perpendicular to their common axis. In the fully developed 
region (where the velocity distribution at any one section is identical 
with that at any other) the angular momentum of a portion of the 
fluid about the axis of the cylinders is constant, and the sum of the 
moments of the pressures and shearing stresses acting on the portion 
of fluid must vanish. Hence 


e_ 

dr 



(89) 


where r is distance measured from the axis, 9 is angular distance 
round the axis, and r is the shearing stress p^ e . On the momentum 
transfer theory (a fluid element being supposed to keep unaltered its 
moment of momentum about the common axis of the cylinders) 

V()= ~ 4 (? + 7) and = (90) 

where L r and % are the components of the mixture length vector 
t Ingenieur-Archiv, 7 (1936), 1-34. See also Colobrook and White, Zoo. c it. 
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and the turbulent velocity in the direction of r increasing, v$ Is 
component of the turbulent velocity in the direction of 6 increasing, 
and U is the mean velocity in the direction of motion, i.e. in the 
direction of 9 increasing. The two-dimensional (or modified) vorticity 
transfer theory leads to the equation 


I 1 dp __ j—d (dU 
p r 36 rVf dr \ dr 



(91) 


since the mean vorticity is dU/dr+Ujr. The first difficulty is to find 
a satisfactory assumption for L r v r . If we proceed as in two-dimen¬ 
sional straight flow we should put v r oc Vq and 


iM+Z 

\ dr r , 


but this assumption is even more doubtful than in the case of straight 
flow. Until a form for L r v r is chosen we cannot even deduce the form 
of Z from experimental velocity distributions. Further, the fact that 
the flow is curved would in any case necessitate some modification 
of the forms, used for Z in straight flow. 

By integration of (89), we find that 



where r m is the value of r for which r vanishes. Now according to 
(90) r vanishes when dZ7/dr+ U\r = 0, whatever assumption we make 
about L r v r . It can, however, be shown experimentally) - that r does 
not vanish either when dU/dr+U/r — 0 or when dTJ\dr—XJ\r = 0. 
The experimental results are shown in Fig. 122, in which U/U m and 
rjr i are plotted against distance from the centre of curvature of the 
walls, where U m is the average of U over a cross-section and T i is the 
wall friction at the inner wall. The points where dUjdr — ±U/r, 
found by drawing the curves Ujr — constant and rU — constant 
and choosing the constants so that the curves are tangential to the 
observed curve of U, are shown by arrows. 

For flow in a straight channel 

(U-U)l^rjp) 

is a universal function of ylh, where h is the half-width (see equation 
(11)). Alternatively r 0 jp may be replaced by —(hjp)dpl8x. For a 

t Wattendorf, Proa. Roy. Soc. A, 148 (1935), 565-598. 
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possible extension to curved channels we may take as reference 
velocity the potential velocity U p given by V p r = (Ur) mSbX . The 
point where the actual velocity coincides with U P may be taken as 
origin, thus dividing the channel into two unequal parts. Denoting 
by h c the width of one of these, Wattendorf plots 

(U P —(hjpr p )(dp/d$)} 
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against y/h c , where r p is the radius of the circle at which U p = U. 
For each channel two curves are obtained, one for each part of the 
channel: these are shown in Fig. 123 for Wattendorf ? s two channels, 
and are compared with the corresponding result for straight flow. The 
squares and triangles refer to the inner portions of two different 
channels: the circles and crosses to the outer portions. The four 
curves for curved flow coincide but are quite different from that for 
straight flow: this clearly indicates the need for experiments with 
channels of weaker curvature. (The inner and outer radii in Watten¬ 
dorf ? s experiments were 45 and 50 cm. in one experiment and 20 and 
25 cm. in another.) 

170. Turbulent flow between coaxial rotating cylinders. 

(a) Taylorf has considered both theoretically and experimentally 
turbulent motion between two rotating cylinders under no pressure 
gradient, and Wattendorf ( loc . cit.) has also made measurements of 
such a motion. On the vorticity transfer theory (equation (91)) the 
mean vorticity is constant throughout the fluid whatever be the 
form of L r v r , and the velocity U = Ar+B/r, where A and B are 
constants. From the measurements of Taylor and Wattendorf with 
the inner cylinder rotating and the outer one at rest it is apparent 
that rU is constant over about 80 per cent, of the region between 
the cylinders (but not near to the walls). Thus the solution above 
is satisfactory for 80 per cent, of the channel if A vanishes. On the 
momentum transfer theory (equation (90)) d(rU)/dr is a non-zero 
constant (a multiple, in fact, of the couple applied to the cylinders); 
and this is in definite contradiction to the experimental result 
rU = constant. It can, however, be shown to be in better agreement 
with experiment than the result rU = constant near the walls. 
Fig. 124 shows the observed velocity distribution between two rotat¬ 
ing cylinders together with the observed velocity distributions for 
pressure flow in curved and straight channels, the measurements 
being taken by Wattendorf (loc. cit.). The squares refer to the 
measurements in flow between rotating cylinders, the circles to 
pressure flow in a straight channel, and the crosses and triangles to 
pressure flow in curved channels. (For the flow between rotating 
cylinders, ( Ur) mSLX must be taken to denote the maximum value of Ur 
when the region near the inner cylinder is excluded.) 

t Proc. Boy . See. A, 151 (1935), 494r-512; 157 (1936), 546-578. 
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It should be added that on the momentum transfer theory the 
distribution of temperature in the fluid, when the cylinders are 
maintained at different temperatures, should be identical with the 
distribution of Ur, but that, when the rotating inner cylinder was 
maintained at a higher temperature than the outer one, Taylor 



o Straight flow 
x Channel 1,210° section 
a Channel E, 210° section 
□ Concentric cylinders 

Fig. 124. 

found a continuous decrease of temperature outwards, the variation 
being 22 per cent, over the region where the variation in Ur is less 
than 0-4 per cent. (See Chap. XV, §283.) 

(6) Fig. 125 shows the distribution of velocity in water contained 
between cylinders of radii R 1 = 4-05 cm. and R % = 3-13 cm. when 
only the outer cylinder rotates. U is the velocity at a distance r from 
the common axis, and N is the number of revolutions per sec. 
Measurements were made at N — 33-3, 30 0, 26-7 and 23-3. 

Unlike most cases of turbulent motion past solid surfaces, this is a 
case in which the slope of the velocity distribution curve at the outer 
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cylinder is easily measurable, so the tangential stress r 0 at the outer 
cylinder can be calculated from the formula 
t 0 _ ix IdU m 
pVf 4vr 2 pBl N 2 \ dr rj r=Bi ’ 

where U x is the velocity of the outer cylinder, and is equal to 2 n;R x N. 



Eig. 125. 


The results obtained by applying this formula to the measurements 
shown in Fig. 125 are given in the following table. 


N 

T o 

pUf 

tXJ x 

V 

2 3‘3 

2 * 4 X io~ c 

5*4 X io 4 

26*7 

2*6 Xfo ” 5 

6-2 X io 4 

30-0 

2*6 X io ~ 5 

7*0 X io 4 

33*3 

. 2*5 X io ~ 5 

7*7 X 10 4 


3837.8n 
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For comparison with, the results of direct torque measurements 
described below, the values of tUJv, where t (= R x —R 2 ) is the thick¬ 
ness of the annulus between the two cylinders, are given in the 
table in addition to those of rJpUl , and are marked in Fig. 126 
below (; t/R x = 0-227). 



-5-0 sm*. 

1*5 2-0 2*5 5-0 3*5v\;., 4*0 4*5 5*0 5*5 

LogiO^t/v) 

Fm. 126. 

(c) The results of torque measurements made by balancing the 
torque acting on one cylinder when the other rotates are shown in 
Mg. 126. In that figure log 10 r 0 jpTJ\ is shown plotted against 
logio(DWv), where U x is the velocity of the outer cylinder relative to 
the inner one. Separate curves are given for each value of tjR x , the 
full lines representing values when the inner cylinder rotates and the 
dotted lines when the outer cylinder rotates. The straight lines at 
45° to the axes are theoretical results for non-turbulent flow. The 
effect of the stability which characterizes the motion when the outer 
cylinder rotates is to reduce the friction. The instability caused by 
the curvature when the inner cylinder rotates does not seem to 
affect the resistance appreciably. 

(d) The critical speed at which vortices begin to be produced when 
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the inner cylinder rotates has been calculated. When tjB 1 is small 
it can be expressed by the equation - ) - 


2 P°gio ^i^/ v ]crit^~l 0 §io^/^i — 3'232. 

This relationship, which represents well the observed critical speeds 



-35 -3-0 -2-5 -20 -15 -10 -05 

l°Cj 10 (t/R|) 

Fig. 127. 

when the inner cylinder is rotating, is shown as a straight .line in 
Kg. 127, where a curve representing the observations of the speeds 
at which turbulence sets in when the outer cylinder is rotating is 
also shown. 

The effect of rotation on the critical speed is very great. When 
log 10 t/R 1 = —1, so that t = 0-1 B v it will be seen that the critical 
speed with the outer cylinder rotating is about 60 times as great as 
when the inner cylinder rotates. When t/R 1 = ^ this ratio is about 
10. In the case of the smallest value of tjB 1 for which results have 

t Taylor, Proc. Roy. Soc. A, 157 (1936), 558. The relation is deduced from the 
results of the calculations referred to in Chap. V, § 75. 
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been published—namely those of Couettef for which t/E 1 = 0-0168— 
the critical speed with the outer cylinder rotating is still about 6 times 
as great as when the inner cylinder rotates. To estimate the ratio 
tjB 1 at which rotation will have no effect on the critical speed the 
upper curve in Fig. 127 may be produced backwards in two plausible 
ways, shown as dotted lines in Fig. 127. These meet the lower line, 
corresponding with the critical condition when the inner cylinder 
rotates, at the points X 1 and X 2 corresponding with values of f/F x 
equal to 10- 3 and £x 10~ 3 respectively. If therefore it is desired to 
approximate to the hydrodynamical conditions between two planes 
in relative movement by using the space between two rotating 
cylinders, it seems that it will be necessary to use cylinders with radii 
so large that if/l? x is less than 10 _3 4 

171. Pressure loss in curved pipes. Curved flow along a plane 

wall. 

No theoretical investigations have been published on flow in 
curved pipes, and the experimental investigations cannot yet be con¬ 
sidered as systematic except perhaps for 90° bends. Very often two 
sets of published results are apparently in conflict. It is clear that 
conditions at the entry and the exit to the bend have a considerable 
effect on the flow in the bend. Some typical results obtained with 
90° bends are shown in Figs. 128, 129, and 130, in which L denotes 
the radius of curvature of the axis of the bend and a the radius of the 
pipe. In Fig. 128 various ways of plotting the results for a particular 
Reynolds number are shown. The variable £ is defined as Ap/(4p?7 3 t ), 
where Ap is taken to have various meanings, defined as follows: 

(1) Ap is the pressure drop in a straight pipe of the same axial 
length as the bend. 

(2) Ap is the excess pressure drop in an otherwise straight pipe 
containing the bend over that in a straight pipe of the same axial 
length. 

(3) Ap is the total pressure drop due to the bend, i.e. (1) plus (2). 

(4) Ap is the total pressure drop in a fixed axial length of the 
pipe, defined as the curved axial length when Lja = 40. For other 
values of the ratio L/a this fixed length will include a portion of 
straight pipe at each end of the bend, 

f Ann. de Chimie et Ac Physique (6) 21 (1S90), 433-510, especially pp. 457-465. 

t Figures 125, 126, 127 are due to Taylor, Proc. Roy. Soo. A, 157 (1936), 546- 
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(5) Ap is the total pressure drop between two fixed points joined 
by different arrangements of two straights and one 90° bend. The 
two fixed points are one on each axis of two straight lengths of pipe 
perpendicular to each other, and the points are at the ends of a bend 
with Lja — 40. This method of plotting shows the effect of joining up 
two perpendicular lengths of straight pipe by bends of different radius. 



Fig. 128. 


(6) Ap is the excess pressure drop in the pipe line over that in a 
straight length equal to the sum of the two straights up to the point 
of intersection. 

The experiments from which these results are taken were per¬ 
formed by Davisf using bends of malleable, cast and wrought iron 
and long straight inlet and exit pipes of lap-welded iron. Care was 
taken to have these straight pipes sufficiently long to include the 
whole loss. The internal diameter of the pipe was 2-j^ inches,| and 
on an estimation of v the Reynolds number was about 183,000. 

In Fig. 129 i, defined as in (2) above, is plotted against the 

t Trans. Amer. Soc. Civil Engineers, 62 (1909), 97-112. 

% There is included here one result which was obtained by using a tee bond with 
one side plugged and with an internal diameter of 2f inches, the diameter of the 
straight being inches as before. 
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Reynolds number for a particular pipe; the various curves arise from 
the diff erent distances downstream at which the pressure loss was 
measured, the distances being specified, in the figure. In Rig. 130 



Fig. 129. 



Fig. 130. 

| has the same meaning; the pressure loss is measured 50 diameters 
downstream from the bend for various pipes. The measurements 
were taken by Gregorig.f 


t Zurich Dissertation, 1933. 




VIII. 171] VELOCITY FLUCTUATIONS IN PIPES 393 

Experiments! have been carried out on curved flow along a plane 
wall, the streamlines of the flow in the main stream outside the 
boundary layer being parallel to the boundary. 

172. Velocity fluctuations in turbulent flow through a pipe. 

Various methods of measuring velocity fluctuations in turbulent 
flow were described in Chap. VI,—namely use of the hot wire anemo¬ 
meter (§119), the ‘Schlieren’ method with a kinematograph camera 
(§134), and use of the ultramicroscope (§136). The last method 
measures observed maxima, whilst the others, by taking records 
of the fluctuations, can be used to determine either the observed 
maxima or the root-mean-square values of the turbulent velocities. 
The distribution of the turbulent velocities has been shown experi¬ 
mentally to follow the error law.J 

The maxima measured by the ultramicroscope method seem to be 
roughly three times the root-mean-square values as found by the 
other methods. Typical results for the maxima u v v v w v of the 
velocity fluctuations at any point in a circular pipe of radius a, in 
the axial, radial, and circumferential directions, are shown in Fig. 131,|| 
where uJU, vJU, wJU ( U being the mean velocity at the point) are 
plotted against rja. 

Eage and Townendff have determined %, v v w x for flow along a 
square pipe (% now denoting the maximum fluctuation along the 
pipe, v x the maximum fluctuation normal to one of the walls, and 
w x the maximum component perpendicular to u x and v x ): they 
conclude that near the wall % X \U tends to a constant value, vJU 
tends to zero, and wjU increases to a maximum value. (The measure¬ 
ments in Eig. 131 for a circular pipe would have to be carried nearer 
the wall before we could be sure whether or not corresponding 
results are true.) The results indicate that the fluctuating pressure 
gradients parallel to the axis of the pipe are negligible compared 
with the transverse gradients in a thin layer near the wall.JJ In the 
laminar sub-layer, apart from pressure gradients and inertia, U+u % 
and w x increase linearly with the distance y measured normally 
from the wall; further (since U also increases approximately linearly 

f Gruschwitz, Ingenieur-Archiv , 6 (1935), 355-365. 

t Simmons and Salter, Proc. Boy. Soc. A, 145 (1934), pp. 212-234; Townend, 
ibid., pp. 180-211. 

|| Fage, Phil. Mag. (7), 21 (1936), 100, Fig. 13. 

ft Proc. Boy. Soc. A, 135 (1932), 657-677. 

It The argument is due to Taylor, ibid . 135 (1932), 678-684. 
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with y) we should expect uj U and wJU to remain finite at the wall 
and d(u 1 /U)/dy and d(w 1 /U)ldy to be zero there. The presence of 
local turbulent pressure gradients parallel to the axis of the tube 
probably produces increasing values of uJU as the surface is 




Fig. 131. 


approached, and similarly fox local transverse pressure gradients 
and wJU. Thus the fact that d(w l [U)jdy is much greater than 
d(u 1 /U)ldy suggests that the transverse turbulent pressure gradients 
are much greater than the gradients parallel to the axis, and to 
that extent justifies the assumption of the momentum transfer 
theory that pressure gradients parallel to the axis of the pipe are 
negligible. Dimensional analysis suggests that this remark will be 
true for values of y less than avjU T , where a. is some constant; and 
we can make an estimate of * from Fage and Townend’s earlier 
measurements. They found that diuJU^dy<d{toJU)ldy for 
y < 0-2s, where a is the half-width of the pipe. The [Reynolds 
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number formed from the hydraulic mean depth (|s) and the mean 
velocity was 1,280; on the assumption that the resistance coefficient 
is the same as that for a circular pipe (again at a Reynolds number 
formed from the hydraulic mean depth and the mean velocity), we 
find that XJ T is 0-07 U m approximately. Thus a == 36, and the region 
where the results of Fage and Townend show that the fluctuating 
pressure gradient parallel to the pipe axis is negligible is little more 
than the viscous layer. 


173. The distribution of the dissipation of energy in a channel 
over its cross-section.f 

For pressure flow in a channel Wattendorf and KuetheJ have 
measured the root-mean-square value, u, of the component velocity 
fluctuation in the direction of the mean flow. Prandtl and Reichardt|| 
have made correlation measurements from which the length A 
(Chap. V, § 91 (p. 224)) can be determined, so the rate of dissipa¬ 
tion W of the energy of turbulent flow can be calculated from the 
formula 

W = 15/rU 2 /A 2 (94) 


(see Chap. V, equation (81) (p. 224)). Denote by y' distance measured 
from the central plane. The rate at which the fluid between y’ — 0 
and y' — Y does work on the fluid between y' — Y and y' = h 
(where h is the half-breadth) is U(Y)r = U(Y)r 0 Yjh, where U(Y) 
denotes the mean velocity at y' — Y. The rate at which the pres¬ 
sure gradient does work on the fluid between y' — 0 and y' = Y is 

0 0 


The difference between these results, which is 
r y . 


30 

h 



n 


, dU , , 

y w dy ’ 


must be equal to the rate of dissipation of energy by viscosity acting 
on the mean flow together with the rate of transformation of the 
energy of the mean flow into energy of turbulent flow. Thus the total 

f Taylor, Proc . Roy . Soc. A, 151 (1935), 455-464. 
t Physics, 5 (1934), 153-164. 

|| Deutsche Forschung, Part 21 (1934), 110-12L 

K 
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rate of transformation of energy of mean flow into energy of turbulent 
flow between y' — 0 and y' — 7 is 


r 0 r , du ,, r (du\ 

i\ y W dy ~ \ ^Wi 


and hence the rate of transformation per unit volume is 
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(95) 


Except in the regions near the 
walls we may write this result as 


r 0 ,dU 

■ Pd : ? 


(96) 
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c 
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approximately. This result for 
the rate of degradation of mean 
energy into turbulent energy is 
compared with the rate of 
dissipation of energy given by 
(94) in Fig. 132. It will be 
noticed that the rate of dissipa¬ 
tion is greater than the rate of 
degradation between y' = 0 and 
y'/h = 0-6, and less for greater 
values of y'/h. Equation (94) is 
based on the assumption of iso¬ 
tropy, and since the flow is no 
longer isotropic for ij'lh > 0-7 
the conclusion as regards dis¬ 
sipation in the region 1 > y’jh > 0-7 should be treated with reserve. 
The result for the degradation will also be affected by viscous action 
in the immediate neighbourhood of the walls. 


0 )- 


2 4 6 8 10 12. 

y'crn. 

u /dU . fiil 15 u —^ 
h y dy /’(" )15 ^ X z 

Fig. 132. 


174. Measurements of correlation between the longitudinal 
turbulent velocity components at the axis and elsewhere in 
flow through a pipe. 

The correlation, JR, between the longitudinal turbulent component 
of velocity u c at the centre of a circular pipe and u at radius r has been 
measured in a pipe 2$- inches diameter. The results are shown in 
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Fig. 133. The experimental points obtained by two methods which 
were described in Chap. VI, § 120 are distinguished in Fig. 133. They 
fall on one curve. 

E falls from its initial value 1-0 at r = 0 to zero at r = 0-6 inch. 



0-2 04 0-6 0-8 1-0 1-2 14 1-6 

r(inches) 

Pro. 133. 


In the outer part of the pipe, between r = 0-6 inch and r = 1-44 
inches, E is negative. It can in fact be proved that E must be 
negative in part of the section if the mean flow across any section 
does not vary with time, for in that case 

a a 

J (U~{-u)rdr — constant = J Ur dr, (97) 

o o 

where U is the time-mean velocity and a the radius of the pipe. 
Hence at each instant „ 

J ur dr = 0, 


( 98 ) 
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a 

and therefore u c j ur dr — 0 

o 

a 

or J u c ur dr — 0, (99) 

o 



Pig. 134. 

since at any instant u c is a constant in the integration. This equation 
is true at each instant of time, and. therefore 

a 

j u^ur dr = 0. (100) 

o 

Since %u = Bu c u, where u c ■= <J(u*) and u = J(u 2 ), it follows that 

a 

u c J Bur dr = 0, 

o 

a 

J Bur dr = 0. 


so 


( 101 ) 
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The values of u were measured by means of the electrodynamo¬ 
meter at the same time as those of R. The results are shown in Fig. 
134. The corresponding values of rRu are shown in Fig. 135, with 
r and u in the same units as in Fig. 134. By measuring the areas under 



r 

F m. 135. 


the positive and negative parts of the curve in Fig. 135 it is found 
that (101) is verified.f 
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FLOW ROUND SYMMETRICAL CYLINDERS. DRAG 

175. Introduction. 

In this chapter we consider flow past long symmetrical cylindrical 
bodies in a stream parallel to a plane of symmetry. The dependence 
of some general flow characteristics on the thickness parameter is 
first considered, with special reference to flow past symmetrical 
aerofoils. The characteristics of flow past a circular cylinder are then 
described. We shall deal exclusively with the drag and the pressures 
experienced by a body, and with the flow in the immediate neigh¬ 
bourhood of the boundary, reserving for Chap. XIII consideration 
of the flow in the wake. 

176. The effect of changes of thickness on the drag of a sym¬ 
metrical aerofoil. 

The dependence of drag on the thickness parameter, which is here 
taken to be the ratio of the maximum thickness (I 7 ) to the chord 
length (c), is best illustrated by comparative measurements on 
sections belonging to the same family. The family of symmetrical 
sections shown in Fig. 136f was derived from a circle by conformal 
transformations of the generalized Joukowski type. J The data to be 
analysed were obtained at the N.P.L. from measurements on large 
models spanning a 7-foot tunnel.f The flow past each model was very 
closely two-dimensional. 

A curve showing the change in C D (drag per unit length/(|p?7j)C), 
where U 0 is the undisturbed stream velocity) with Tic, at a Reynolds 
number U^cjv equal to 4xl0 5 , is reproduced in Fig. 137. C D in¬ 
creases with Tjc, at first slowly and then more rapidly. The curve 
must become much steeper at values of T/c greater than those 
shown, since there is reason to believe that when T/c = 1, C D has a 
value differing only slightly from its value for a circular cylinder. 
This value (for the same Reynolds number) is 0-32, so the rise 
in Cj) over the range 04 < T/c < TO must be from 0-033 to about 
ten times this value.|| 

t Fage, Falkner, and Walker, A.R.C. Reports and Memoranda, No. 1241 (1929). 

J Glauert, ibid.. No. 911 (1924). 

|| The drag per unit length of a very long flat plate normal to the stream and of 
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Included in Fig. 137 are results obtained at Gottingenf on a closely 
similar series of symmetrical sections; these results will be seen to lie 
closely on the curve obtained at the N.P.L. Fig. 137 also shows that 
the value of C D at Tjc = 0, obtained by extrapolation, is very nearly 
the same as the value for laminar flow past a flat plate at the same 
Reynolds number. 

It is often necessary in practice to fair a bluff cylindrical obstacle. 
If the cross-stream breadth of the obstacle is denoted by T, the fair¬ 



ing which will have the lowest drag is the one for which the drag 
coefficient obtained by dividing the drag per unit length by \pUl T 
is a minimum. This drag coefficient (at U 0 c/v = 4x 10 s ) for the 
sections of Fig. 136 is plotted against Tjc in Fig. 138. The section 
which has the lowest drag coefficient is one whose chord length is 
about four times the thickness. If a greater chord length is taken 
the increase in the skin-friction drag more than compensates for the 
slight drop in the form drag, whereas if a smaller chord length is 
taken the drop in the skin-friction drag is smaller than the rise in 
the form drag. 

177. Symmetrical aerofoils. Normal pressure. 

The experiments on the symmetrical sections of Fig. 136 included 
measurements of the distribution of normal pressure. The values 

breadth 6 is about 0*92/7^6—1.6, at a Reynolds number of 4xI0 5 , about 6 times 
the drag of a circular cylinder having a diameter equal to the width of the plate. 

t Brgebnisse der Aerodynamischen Versuchsanstalt zu Gdttingen, 1 (1925), 50-112. 

3837.8 IX t. 
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obtained, expressed in the non-dimensional form (p—p 0 )l(kpUl), 
where p is the pressure on the surface and p Q is the pressure in the 
undisturbed stream, are plotted in Fig. 139 f on a common base repre- 



Fig. 139. 

senting the chord of a model, the abscissae being distances along 
the middle line of a section expressed as fractions of the chord 
length. The pressure distribution undergoes a marked change as 
the thickness parameter increases: whereas the maximum value of 
—{p—Po)li\pUl) is on ly 0-20 for section 1, for section 7 it is 1-44. 
t See footnote f on p. 401. 
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There is also a progressive shift towards the tail of the position at 
which the maximum negative pressure occurs. 

Since these sections are of the standard Joukowski type, it is 
possible' to determine by direct calculation the pressure distributions 
which they would experience in a stream of inviscid fluid on the 
Kutta-Joukowski theory. The theoretical distributions for sections 
3 and 7 (after a small correction has been applied for interference 



arising from constraint of the tunnel walls) are shown in Fig. 140, 
which also includes results obtained from measurements on these 
sections in a 7-foot wind tunnel (shown by crosses). The actual 
pressure distributions in air are very nearly the same, except at 
the tail, as the theoretical distributions in an inviscid fluid: the dis¬ 
crepancy at the tail (due to the presence of a wake) occurs earlier, 
and is more marked, on the thick than on the thin section. It 
should be mentioned that for convenience of manufacture the 
models used were made from the theoretical shapes with short 
lengths of the sharp tails cut off.f The comparisons are, however, 
not vitiated, since they are made on a base representing the chord 
of the model. 


t The lengths cut off were 0-02c (section 3) and 0*005c (section 7). 
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178. Symmetrical aerofoils. Skin-friction drag and form 
drag. 

Values of the frictional coefficient C f for each of the sections of 
Fig. 136 can be obtained by dividing the skin-friction drag per unit 
span by \pTJ\ x the periphery of the section;! these values are 
plotted against log B in Fig. 141, where B is U 0 cjv. The relation 
for a flat plate with laminar flow in the boundary layer is represented 
by the dotted curve A A, and the relation for completely turbulent 



- Fig. 141. 

flow by the dotted curve BB. Laminar flow in the boundary layer 
at the front of a long flat plate breaks down into turbulent flow at 
some distance from the leading edge; and the position of the transi¬ 
tional region depends not only on the speed but also on the turbulence 
in the general stream (cf. Chap. VII, § 151). The value of C f for 
a plate with laminar flow over the forward part and turbulent flow 
over the after part is therefore intermediate between the values for 
completely laminar and completely turbulent flow; the greater the 
length of the plate the closer does the value approach that for turbu¬ 
lent flow. The particular transition curve C f = 0-07412-*— 1700J?- 1 ! 
is shown as a dotted line GC in Fig. 141. 

t The skin-friction, drag was obtained by subtracting the form drag (deduced from 
the measured normal pressure distribution) from the measured total drag. 

The periphery of a thin section is roughly equal to twice the chord, so C D (skin- 
friction) = 20j approximately. 

t See Chap. VIII, § 163, p. 362. 
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An interesting feature of Fig. 141 is that the transition curves 
for the Joukowski sections lie almost entirely within the space 
enclosed by the three dotted lines for the flat plate. The curves for 
the two thinnest sections, 1 and 2, follow closely the general trend 
of the transition curve CC ; with increasing Reynolds numbers they 
approach the turbulent curve for a flat plate. It is to be expected 
from tests on thin sections (Tjc < 0*08) in the Compressed Air 
Tunnel at the N.P.L.,f and from the work of B. M. Jones,;{; that 
at Reynolds numbers well above those covered in the experiments 
the values of C f would fall quite near the turbulent curve for a flat 
plate. But although the average intensity of skin-friction on a thin 
section is not appreciably different from that for a flat plate at the 
same Reynolds number, it does not follow that the distribution on 
the surface is the same. The intensity of friction at any point of 
a surface depends both on the speed outside the boundary layer 
and on the pressure gradient along the surface: in the case of a flat 
plate this speed may be taken as constant and the pressure gradient 
as zero, whereas both the speed and the pressure gradient vary along 
a curved surface. 

Another feature of Fig. 141 is that the curves for the thick 
sections (5, 6, and 7) approach the turbulent curve for a plate in an 
appreciably lower range of Reynolds numbers than those for the thin 
sections. It is not surprising that the curves for a thick section 
should show different tendencies from those for a thin section, since 
the flow experiences important changes as the thickness is increased: 
there is a change in the distribution of normal pressure (see Fig. 139), 
which is associated with a change in the distribution of skin-friction. 
Moreover the curvature of the surface becomes greater with in¬ 
creasing thickness, and eventually a shape is obtained for which 
the boundary layer leaves the surface and a dead-air region is 
formed at the back. In these circumstances it is not to be expected 
that the average frictional intensity on the surface should be the 
same as for a flat plate, and the comparison ceases to have any real 
meaning. 

Since the drag of a flat plate arises entirely from the frictional 
stresses on its surface, and the drag of a circular cylinder (except at 

t Relf, Joum . Roy . Aero . Soc. 39 (1935), 1-30. 

} Ibid, 33 (1929), 357-385;’ also A.R.C. Reports and Memoranda , No 1115 (1928.) 
and No. 1199 (1929). 
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low Reynolds numbers) almost entirely from normal pressures, we 
should expect the contribution of the frictional stresses to the drag 
of a body to become proportionately smaller the greater the thick¬ 
ness parameter. Fig. 142 shows that this is the case with the Jou- 
kowski sections: whereas the frictional drag of the thinnest section 
(T/c = 0-055) is about 85 per cent, of the total drag, that of the 
thickest section (T/c — 0-403) is only about 35 per cent. (The 



Pig. 142. 

frictional drag of a circular cylinder, at the same Reynolds number, 
is only about 3 per cent, of the total drag.) 

The relative contributions of the normal pressures and surface 
stresses to the total drag of a body depend greatly on its shape. 
When the body has a low drag coefficient separation of the boun¬ 
dary layer from the surface occurs late (if at all), and the fric¬ 
tional drag forms a large part of the total drag. On the other hand, 
for a very bluff body the drag is due almost entirely to normal 
pressures. 

It is necessary to emphasize that the shapes of curves such as 
those in Figs. 137,138 and 142 depend both on the family of sections 
and on the Reynolds number chosen. The diagrams serve, however, 
to show that in general the drag coefficient, D/^pUgC), of a cylin¬ 
drical body increases with the thickness parameter; that a large part 
of the drag of a thin section arises from skin-friction; and that form 
drag makes a large contribution to the drag of a thick section. 
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179. The intensity of skin-friction at a symmetrical aero¬ 
foil. 

A complete analysis of the stresses acting on a body involves 
the distributions both of normal pressure and of tangential or fric¬ 
tional stress. Direct measurement of frictional intensity is very 
difficult, and it is found more convenient to use an indirect method 
which involves prediction of the frictional intensity, r 0 , from the 
relation 



where U is the tangential velocity at a distance y from the surface. 
Even then a reliable measure of r 0 can be obtained only when the 
velocity gradient is known from measurements taken very close to 
the surface, and for this purpose surface tubes of the type designed 
by Stanton (see Chap. VI, § 126) may be employed. 

A model has to be specially designed to accommodate these 
surface tubes, and so far very little work has been undertaken with 
them. The distribution of t 0 /(^pUq) around the surface of Joukowski 
section No. 3 has been determined by Fage and Falkner,f using the 
particular form of surface tube shown in Fig. 74, Chap. VI, p. 279. 
The model, whose chord was 39-7 inches, was mounted with very 
small clearances between the walls of a 7-foot tunnel, and observa¬ 
tions were confined to the section midway between the walls, where 
tfye flow was closely two-dimensional. To obtain a smooth surface 
the middle part of the model was formed from a hollow gun-metal 
casting accurately milled to shape and polished. 

Measurements of velocity at distances between 0-002 and 0-003 inch 
from the surface were made with the small surface tubes. At the 
Reynolds numbers of the measurements the velocity gradients at the 
surface could be predicted on the assumption that the velocity in¬ 
creased linearly from zero at the surface to the value measured at these 
small distances. The intensity of skin-friction (r 0 ) was then obtained 
by multiplying the velocity gradient by the viscosity of the air. 
The results obtained at wind speeds of 60 and 80 feet per second 
(B = U 0 cjv — 1-25x10® and 1-66x10®) are reproduced in Fig. 143. 
(Strictly speaking, these results relate to the upper surface of the 
model when the plane of symmetry is inclined at the small angle 


t Proc. Roy. Soc. A, 129 (1930), 378-410. 
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0-18° to the direction of the undisturbed stream; but it is improb¬ 
able that the results for 0° incidence are noticeably different.) The 
intensity of friction rises to a maximum value near the nose, then 
falls, and afterwards rises to a second and greater maximum value. 
Measurements described below show that a transition from laminar 
to turbulent flow takes place in the boundary layer between the two 
maxima: the first peak value is therefore associated with laminar 
flow and the second with turbulent flow. Beyond the second peak 



the frictional intensity falls steadily as the tail is approached. The 
value is still fairly high at the tail itself, whence it would appear 
that the boundary layer remains in contact with the surface right 
to the tail. 

The total drag predicted from measurements of total-head losses 
in the wake was found to be O-OOSipU^c per unit length of span. 
The form drag predicted from the normal pressures was about 
0-0014/3 C/q c, so the frictional drag obtained by subtracting this 
value of the form drag from the total drag was 0-0040/3 U%c. The 
value of the frictional drag obtained from the measurements of 
frictional intensity with the surface tubes was 0-0043pf7gc. 

180. The boundary layer thickness and the velocity dis¬ 
tribution in the boundary layer at a symmetrical aero¬ 
foil. 

The experiments on the model with the symmetrical section No. 3 
also included measurements of the distribution of total head, taken 
with small exploring tubes across several sections of the boundary 
layer. Near the surface there is a loss of total head: with increasing 
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distance from the surface the total head increases and eventually 
reaches a value nearly the same as that in the undisturbed stream. 
From the explorations of total head a rough measure was obtained 
of the thickness S of the boundary layer at several positions on the 
aerofoil section: the results are shown in Fig. 144. The layer thickens 
rapidly in the region 0*25c < x < 0*30c, where x is distance from the 
nose parallel to the chord: this rapid thickening, which is a common 



0*1 0*2 0*3 0*4 0*5 0*6 0*7 0*8 0*9 1*0 


x/c 

Fig. 144. 

feature of flow in a boundary layer, is associated with a transition 
from laminar to turbulent flow. There is no indication in Fig. 144 
of the rapid thickening of the boundary layer near the tail which 
would occur if the layer separated from the surface. The thickness 
of the laminar layer over the front of the model was found to decrease 
with speed, and the transition occurred earlier as the speed was 
increased. 

The velocity distribution in the boundary layer can be predicted 
directly from explorations of total head, if it is assumed that the 
static pressure is constant through the layer and equal to the value 
measured on the surface. The distributions obtained (i.e. as 
a function of y/c, where U is the velocity in the layer at a normal 
distance y from the £ rface and U Q is the velocity of the undisturbed 
stream) are shown in Fig. 145. The change in the character of the 
velocity distribution in the layer with increasing values of xjc is 
perhaps more clearly shown by the curves in Fig. 146 relating UIU x 
with yj 8, where XJ x is the velocity just outside the layer. The curves 

3837.8 II M 
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for the front part of the layer have shapes commonly associated 
with laminar flow, whereas those for the rear part are typical of 
turbulent flow. 


Uo'80ft./SCC (R=1'66 x10 6 ) 



181. The effect of shape on drag and on scale effect. 

The drag of a smooth aerofoil section depends on its shape as well 
as on the thickness parameter. The measurements which have been 
made to determine the effect of shape on drag are very numerous. 








o 



Fig. 146, 
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Those made in the Variable Density Tunnelf in America bring out 
clearly the effect of the shape at the nose, and show that at a 
Reynolds n um ber U 0 cjv equal to 3xl0 6 the drag increases with 
the bluffness at the nose. A summary of a large number of older 
measurements of the drag of long symmetrical aerofoils is to be found 
in a paper by Powell ;$ and although most of these measurements 
were made at fairly low Reynolds numbers, and before the impor¬ 
tance of boundary layer flow was fully realized, yet they serve 
to indicate very conclusively that the effect of shape depends oh 
Reynolds number. Later experiments] | made in the Compressed Air 
Tunnel at the N.P.L. show that at a high Reynolds number very 
thin aerofoil sections all tend to have the same drag coefficient, and 
that the shape at the nose is then of small importance, ff 

It was explained in Chap. II, § 24 that there is a critical range of 
Reynolds numbers in which the drag coefficient of a circular cylinder 
undergoes a rapid fall, this fall being associated with a marked change 
in the general character of the flow past the cylinder. At the lower 
Reynolds numbers, at which a high drag coefficient is obtained, the 
flow in the boundary layer is laminar, the layer leaves the surface 
abruptly, and a wide dead-air region is formed at the back of the 
cylinder. At the higher Reynolds numbers, at which a low drag 
coefficient is obtained, a transition from laminar to turbulent flow 
takes place in the boundary layer, the turbulent layer clings to the 
forward part of the back surface, and on separation a much narrower 
wake is formed. On the other hand, for a flat plate aligned with its 
plane in the direction of flow the boundary layer, whether turbulent 
or laminar, always separates from the surface at the trailing edge, 
and a critical change of flow of the kind experienced on a circular 
cylinder cannot occur. A progressive change in the character of the 
drag curve must therefore be found with changes in the shape and 
in the fineness ratio (ratio of chord to maximum thickness) of a 
section of a symmetrical cylindrical body. The general nature of 
this change is shown in Fig. 147, which contains drag coefficient 
curves for symmetrical cylindrical bodies of various sections (ellipse, 

t Jacobs, Ward, and Pinkerton, N.A.C.A. Report No. 460 (1933). 

t A.R.C. Reports and Memoranda , No. 416 (1918). 

|| Compressibility effects are assumed to be negligible. 

tt Belf, Journ, Boy . Aero . Soc . 39 (1935), 1-30. 

11 The full line curves have been taken from ‘Resistance of Certain Strut Forms’, 
Warden, A.R.C. Reports and Memoranda, No. 1599 (1934), and the dotted curves 
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lenticular form, strut, oval, and aerofoil) and various fineness ratios. 
The drag coefficient plotted is the drag per unit length divided by 
\pU%T, where T is the maximum thickness. The most noticeable 
feature is the difference between the shapes of the curves for the 
stream-line sections (Gloster, Oval, R.A.F. 30) and those for the 
elliptic sections. Whereas all the curves for the stream-line sections 



4*1 4*2 4*3 4-4 4*5 4*6 4-7 4-8 49 5*0 5*1 5*2 

Log(U 0 T/v) 


Fig. 147. 

lie within a comparatively narrow band and have roughly the same 
shape, a shape characterized by a gradual fall of drag coefficient with 
increasing U 0 Tjv , the curves for the elliptic sections show a rapid 
fall of drag coefficient with increasing U Q T/v over the range tested. 
The curves for the elliptic cylinders were obtained from tests made 
in three aerodynamic laboratories—R.A.E.; Navy Aerodynamic 
Laboratory, Washington; and N.P.L.: for fineness ratios 2*5 and 
3*0 the curves obtained at the R.A.E. are displaced appreciably from 
those obtained at Washington. The differences can be attributed to 
differences in the steadiness of the air-streams in which the models 
were tested. Nevertheless, the series of curves show that for fineness 

from ‘Forces on Elliptic Cylinders in a Uniform Air-Stream’, Zahm, Smith, and 
Louden, N.A.C.A. Report No. 289 (1928). Reference may also be made to *Wind 
Tunnel Tests of Seven Struts’, Hartshorn, A.JR.C. Reports and Memoranda , No. 1327 
(1930); ‘Aerodynamic Theory and Test of Strut Forms’, Smith, N-A.C,A. Report 
No. 311 (Part I) (1929) and No. 335 (Part II) (1929). 
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ratios between 2-0 and 3-5 the fall in the drag coefficient with in¬ 
creasing Reynolds numbers becomes less rapid as the fineness ratio 
is increased. Increasing the fineness ratio from 3-5 to 4-5 has com¬ 
paratively little effect on drag, although the general tendency seems 
to be for the drag to decrease as the fineness ratio is increased. 

The effect of a change of shape at the same fineness ratio (about 
4-0) is shown by the curves e (Ellipse, R.A.E. and U.S.A.), g (Lenti¬ 
cular, N.P.L.), and j (R.A.E. 30 (modified), N.P.L.). As the sectional 
shape changes from elliptic to stream-line the critical region of 
Reynolds numbers occurs earlier, and eventually tends to disappear. 
At the highest Reynolds numbers reached the drag coefficient of a 
bluff elliptic section is still greater than that of a stream-line section: 
this result is largely due to the fact that the form drag of a body 
increases with its bluffness. 

The skin-friction drag coefficient for the Gloster strut, based on the 
total surface area, at U 0 Tjv = 1-06X 10 5 (i.e. at U 0 c/v — 3*6XlO 5 ) 
is about 30 per cent, higher than the corresponding value for a 
flat plate. 

182. The effect of roughness on the drag of an aerofoil. 

The influence of surface roughness on the drag of an aerofoil section 
is especially marked at high Reynolds numbers. The nature of the 
effect is shown by testst in the Compressed Air Tunnel on a sym¬ 
metrical section N.A.C.A. 0012 (8-in. chord) with a smooth surface, 
and with the surface roughened by painting it with a paste made by 
mixing carborundum powder with a suitable lacquer. Two grades 
of carborundum were used; the average size of the particles of the 
first grade (FF) was about 0-001 inch and that of the second (FFF) 
about 0-0004 inch. Curves obtained from these tests are shown in 
Fig. 148 (B = U 0 c[v). It will be seen that roughening causes the 
drag curve to separate from that for the smooth surface at a Reynolds 
number which is lower for the greater roughness, and that sub¬ 
sequently the drag coefficient rises to a value greater than that for 
the smooth surface by an amount which is approximately propor¬ 
tional to the size of the particles constituting the roughness. 

The drag curve for turbulent flow past a smooth flat plate is 
included in Pig. 148. 

t Relf, Joum. Inst. Civil Engineers, 3 (1936), 634, 535; Aircraft Engineering, 8 
(1936), 166. 
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The Reynolds numbers at which the curves for the rough surfaces 
depart from that for the smooth surface are in the neighbourhood of 
the values predicted for a flat plate by Prandtl and Schlichting.f The 
initial rate of increase of drag coefficient is appreciably greater than 
that predicted for the flat plate, but the increase at a Reynolds 



number approaching 10 7 (Reynolds number of flight) is of about the 
same order of magnitude. It is not to be expected that the results 
for a symmetrical section would agree quantitatively with those 
predicted for a flat plate, since the effect of excrescences on boundary 
layer flow will be different on curved and flat surfaces. Nevertheless, 
the qualitative correspondence of the results strengthens the evi¬ 
dence that comparatively small degrees of roughness are of great 
practical importance at high Reynolds numbers. 

183. Flow past a circular cylinder. 

The motion around a long circular cylinder immersed in a fluid 
stream is especially interesting for the variety of changes which 

f Werft t Reederei, Hafen, 15 (1934), 1-4. 
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occur with, an increase in the Reynolds number. At a low Reynolds 
number the effects of viscosity are sensible at large distances from 
the cylinder; in particular the fluid at the back is appreciably re¬ 
tarded. At higher Reynolds numbers two symmetrical standing 
vortices are formed at the back.} With increasing Reynolds numbers 
these vortices stretch farther and farther downstream from the 
cylinder. Eventually the standing vortices are drawn out to a con¬ 
siderable length, become distorted, and break down. Then develops 
the characteristic state of flow in which vortices are shed alternately 
and at regular intervals from the sides of the cylinder, with vortex 
trails behind:} this type of flow persists over a large range of 
Reynolds numbers. Eventually, at or above a Reynolds number 
about 10 5 , another important change of flow occurs: the boundary 
layer becomes turbulent, and leaves the surface farther back on the 
cylinder.|| - - 

184. The drag of a circular cylinder. 

The flow past a cylinder changes from a steady to an unsteady state 
with an increase in the Reynolds number, and the mean drag coefficient 
shows large changes. Curves showing the variation of C D (obtained by 
dividing the mean drag per unit length by \pTJ\d, where d is the dia¬ 
meter of the cylinder and U 0 the undisturbed stream velocity) with 
R (= U 0 d/v) are shown in Fig. 149.}} The full-line curve was obtained 
from measurements by Relf}} at the X.P.L., and the dotted curve 
at high values, of B from measurements at Gottingen.||| Included 
on the left-hand side of Eig. 149 are two curves, due to Lamb}}} 
and to Bairstow}}} respectively, representing theoretical predic¬ 
tions of C D at low values of R. At very low values of R the drag 
is approximately proportional to U 0 , so C D falls rapidly with an in¬ 
crease in R. 

t See Chap. II, § 20, p. 64, Figs. 26 and 27. Photographs of the standing vortices 
have been obtained by Camichel, Engineering, 123 (1927), 27-30; Thom, Proc. Roy. 
Soc. A, 141 (1933), 661-669. See Fage, ibid. 144 (1934), 381-386, for photographs 
of changes from flow of the standing-vortex type to flow of the unsteady type. 

J Chap. I, § 10; Chap. II, § 20; Chap. XIII, § 242. 

|| See Chap. II, §24, p. 72. 

ft For the curve of Nd/l 7 0 in Fig. 149, see § 186 below. 

tt A.R.C. Reports and Memoranda, No. 102(1914). See also Eisner , Mitteilungen der 
Preussischen Versuchsanstalt fur Wasserbau und Schiffbau, No. 4 (Berlin, 1929). 

1111 Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, 2 (1923), 23. 

ttt -PM. Mag. (6), 21 (1911), 112-121; Hydrodynamics (1932), pp. 616, 616. 

ttt Bairstow, Cave, and Lang, Phil. Trans. A, 223 (1923), 383-432. See also 
Southwell and Squire, ibid. 232 (1933-4), 27-64. 
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The value of JR at which the unsteady regime commences is uncer¬ 
tain, but is probably about 50. f As i? increases C D falls steadily 
to the minimum value 0-95 at JR = 1800, and then rises to about 
1*2 at J? = 3x l0 4 . A marked fall from 1*2 to about 0*36 occurs 
at about JR = 10 5 . Fig. 149 shows'that this fall occurs earlier in the 
N.P.L. experiments than in those at Gottingen: this is due to the 
fact that the turbulence is greater in the N.P.L. tunnel than in 
the Gottingen tunnel. 



185. Changes in the pressure distribution at a circular 
cylinder, and in the drag coefficient, for a motion started 
from rest. Oscillating lift. 

In a motion which is started from rest the flow pattern, initially 
the potential flow pattern, changes to the pattern corresponding to 
the final regime. The changes in the pressure distribution during the 
initial period have been found by Schwabe for an impulsive start 
with a constant velocity Z7 0 *J When the regime is that in which two 
symmetrical vortices are formed behind the cylinder the flow closes 
up again behind the vortices, so there is a stagnation point behind 

*(■ The value depends on the steadiness of the general stream: standing vortices 
can be obtained at higher Reynolds number if the flow in the general stream is very 
steady. See also Chap. XIII, § 240, p. 552. 

J Ingenieur-Archiv, 6 (1935), 34-50. The pressure was found from the velocity, 
and the velocity was found from photographs of the flow. The paper includes photo¬ 
graphs of the development of the standing vortices. 

3837.8 n N 
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them; this rear stagnation point, which is on the cylinder for the 
potential flow, moves downstream as the pattern changes. Schwabe’s 
results are shown in Fig. 150 as curves of (p—p 0 )l(ipU o) plotted 
against the angular distance, 8, from the forward stagnation point 
for various values of Dja, where D is the distance of the stagnation 



Fig. 150. 


point in the rear from the centre of the cylinder, and a is the 
radius. The dotted line represents the result for potential flow. 
The Reynolds number U 0 djv was 560, where d is the diameter of the 
cylinder. 

The rise in the drag coefficient (drag per unit length divided by 
ipU%d) from the beginning of the motion, before eddies become 
detached from the cylinder, is shown in Fig. 151, where C D is plotted 
against U 0 tja for a Reynolds number of 580, t being the time. The drag 
coefficient rises to 2-07 at U 0 t/a — 9; its value under steady conditions 
is just over 1, so the consumption of energy in the development of. 
the eddies is large enough to cause the drag coefficient to rise initially 
to nearly double the value it has under steady conditions. 
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When asymmetry has made its appearance the alternating eddy 
formation causes an alternating lift on the cylinder, and from an 
instantaneous pressure distribution Schwabe found at a Reynolds 
number of 735 a lift coefficient of 0-45 at a certain stage. The drag 
coefficient was then 1-09, so the lift was more than 40 per cent, of the 
drag. 



0 2 4 6 

U 0 fc/a 


Fig. 151. 

186. The frequency with which vortices are shed from a 
circular cylinder. 

The motion in the wake when vortices are shed alternately from 
the opposite sides of a cylinder is discussed in Chapter XIII; but, 
the vortices being shed fairly regularly, a brief reference should be 
made here to an interesting connexion between the drag coefficient 
and the frequency ( N) with which the vortices are shed. A curvet 
relating NdjU 0 with R is included with the drag curves in Fig. 149, 
and shows that a drop in C D is accompanied by a rise in vortex 
frequency. This is very apparent for the ranges 10 2 < R < 10 3 and 
10 5 < R < 10 6 . The latter range is that in which the large drop in 
C D occurs, and in it no definite periods can be measured; the fre¬ 
quencies of the most prominent disturbances were, however, recorded, 
and there was no doubt that they increased rapidly with R. For 
the range 10 2 < R < 10 5 the flow in the wake was periodic; above 
R = 10 5 the flow was aperiodic. 

187. The normal pressure at a circular cylinder. 

Curves representative of the distribution of normal pressure on a 
cylinder are shown in Fig. 1524 These curves were obtained from 

■f Rolf and Simmons, A.R.G. Reports and Memoranda, No. 917 (1924). 

J Fago and Falkner, ibid., No. 1369 (1931). 
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observations taken at the median sections of two long cylinders, of' 
diameters 2-93 inches and 5-89 inches, which were mounted in the 
nor mal stream of a 4-foot wind tunnel (N.P.L. type), and also in the 



disturbed stream behind a rope netting.f The curves give the varia¬ 
tion of the pressure coefficient (p—p 0 )/(£p^o) with 9, where p is the 
normal pressure at an angular distance 6 from the forward stagnation 

t For further examples of experimental normal pressure curves see Chap. I, Fig. 4, 
p. 24, which shows measurements by Flachsbart at R = 6-7 x 10 5 and 1-86 x 10 s . 
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point, and p Q is the static pressure in the general wind stream. No 
correction has been made for the interference of the tunnel walls. 
The curves for the 2-93-inch cylinder were taken over a range 
of Reynolds numbers from 0-60 XlO 5 to 1*06 XlO 5 . The pressure 
coefficient falls from a maximum value 1*0 at 6 = 0° to a minimum 
value at about 6 = 70°, then rises slightly, and from about 80° to 
180° remains fairly constant. The curves for the 5*89-inch cylinder 
show the characteristic changes in pressure distribution which occur 
in the critical range of Reynolds numbers (10 5 < R < 2*5 X 10 5 ): 
the coefficient of minimum pressure falls steadily and the point at 
which it occurs moves farther around the cylinder as R increases, 
whilst the pressure coefficient at the back of the cylinder rises. 
Another important feature (to which reference will be made later) is 
the marked inflexion in each curve at the point marked B just beyond 
the region of minimum pressure. 

Curves! showing the normal pressure distribution at lower 
Reynolds numbers are reproduced in Rig. 153. These correspond to 
the range (roughly 3*5 < logit! < 4*5) in which C D increases as R 
increases (Fig. 149), and show the progressive drop in pressure at 
the rear of the cylinder. In this range of R laminar boundary layers 
separate from the surface and are continued as free vortex-layers in 
the main body of the fluid, the flow in which becomes turbulent 
downstream of the position of separation from the solid surface. % As 
the Reynolds number increases the transition to turbulence in the 
free vortex-layers approaches the cylinder surface; the motion in 
the 'dead-water 5 region behind the cylinder is thereby modified 
more and more, with the result that the pressure in the rear decreases 
more than in proportion to the square of the speed.|| Increased 
turbulence in the main stream causes the transition to turbulence in 

t Linke, Physik. Zeitschr. 32 (1931), 900-914; ScMHer and Linke, Zeitschr. /. 
Flugtechn. u. Motorluftschiffahrt, 24 (1933), 193-198. 

t For further details see Chap. XIII, § 241. 

|| The same phenomenon has been observed by Flachsbart (Zeitschr. /. angew . 
Math. u. Mech. 15 (1935), 32-37) for a flat plate normal to the stream. No 
pressure measurements were taken; but it was found that the drag coefficient, 
which was about 1-96 at R = 6,000 (where R is the Reynolds number referred to the 
breadth of the plate), remains constant as R decreases to about 4,000. For values of 
R below 3,000 there is a marked drop, down to 1*67 at R = 1,600, after which, with 
further decrease of R , the drag coefficient rises. The movement away from the plate, 
as R decreases from 3,000 to 1,600, of the transition to turbulence in the vortex- 
layers springing from the edges of the plate was clearly shown by smoke photographs. 
(Below 1,600 the transition to turbulence takes place at a very considerable distance 
from the plate.) See also Chap. XIII, § 241. 
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the free vortex-layers to occur nearer the cylinder, and the rise in 0 D 
then occurs for a range of smaller values of R. The transition to 
turbulence may also be artificially hastened by fixing wires parallel to 
a cylinder generator in the boundary layer near or before the position 



0 (in degrees] 
Fig. 153. 


of separation. Suitably chosen wires in suitable positions cause the 
rise in C D to occur sharply between about R — 2,000 and R = 5,000 
(and also to proceed rather farther than without wires—i.e. some¬ 
what above the value 1-2 shown in Fig. 149).$ 

188. The skin-friction drag and the form drag of a circular 
cylinder below the critical range of Reynolds numbers. 

Fig. 154$ shows the relative contributions to the total drag of a 
circular cylinder made by skin-friction and by normal pressure for 
values of B less than about 2x 10 4 . Except at B — 10 and 20 the 

f Schiller and Link©, loc. cit. 

t Thom, AM.G . Reports and Memoranda , No. 1194 (1929). 
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form drag was predicted from measurements of normal pressure, 
and the skin-friction drag was taken as the difference between the 
total drag and the form drag. The skin-friction and form drags at 
JR = 10 and 20 were determined by Thom from a numerical solution 
of the equations for the flow of a viscous fluid around a cylinder. 
The figure shows that at B = 10 the contribution of the skin-friction 



amounts to about 43 per cent, of the total drag, the contribution 
then falls with increasing J?, and becomes quite small at JR = 10 4 . 
A broken line in the diagrams shows that the skin-friction drag over 
the range 30 < R < 10 4 is closely given by the relation C D = 

This relation is due to Thom,*j* who calculated the skin-friction up 
to 60° from the forward stagnation point by using his approximate 
solution in closed form of the boundary layer equations (see Chap. IV, 
§ 64), and took values between 60° and 90° from experiment, thus 
deducing 3*84J?~^ as the skin-friction drag coefficient for the front 
half of the cylinder. With a small addition for the contribution of 
the rear half, Thom gave 4i?-* as probably a close estimate. The 
relation has been Verified up to B == 4x 10 4 by Schiller and LinkeJ 
within the accuracy obtained by experiment. (See Fig. 155. The 

| Ibid., No. 1176 (1928). 


t Loc. cit. in footnote f on p. 423. 
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skin-friction drag was again obtained as the difference of the total 
and normal pressure drags.) 



Pig. 155. 


189. The intensity of skin-friction at a circular cylinder. 

Curves showing the distribution of the frictional intensity (r 0 ) on 
the smooth surface of the 5* 89-inch cylinder of § 187 are reproduced 
in Fig. 156; these curves were plotted from observations taken by 
Page and Falknerf with small surface tubes. The frictional intensity 
increases from zero at 6 =± 0° to a maximum near 6 = 60°: beyond 
this position the type of distribution depends on the Reynolds num¬ 
ber and on the turbulence in the stream. The intensity measured in 
the normal stream at the lowest Reynolds number (T06 X10 5 ), after 
attaining its maximum value, falls rapidly to zero, whereas in the 
normal stream at the higher Reynolds numbers, and in the disturbed 
stream behind the rope netting, the intensity falls less rapidly to 
a minimum value and then rises to a second maximum before falling 
to zero. The intensity falls to zero at the position on the cylinder 
where the boundary layer separates from the surface; the minimum 
values correspond with transitions from laminar to turbulent flow in 
the boundary layer. The curves of Fig. 156 for It = 1*66 x 10 6 and 
1-68 XlO 5 show that the addition of artificial turbulence into the 
tunnel stream produces a rearward movement of the position of the 
minimum.^ 

t Xoc. c it. in the footnote on p. 422. 

t This result is surprising, since on flat plates and aerofoils increased turbulence 
causes the region of minimum frictional intensity (i.e, the transition to turbulence in 
the boundary layer) to occur earlier. The different behaviour on the circular cylinder 
presumably arises from changes in the normal pressure distribution caused by the 
addition of turbulence in the critical region. (Pigs. 152, 157.) 
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The distributions of frictional intensity in the range 70° < 6 < 140° 
are shown in conjunction with those of normal pressure in Fig. 157. 
The inflexion in each pressure curve (marked B ), just beyond the 
region of maximum negative pressure, occurs where the frictional 
intensity is a minimum: a region of fairly constant pressure at the 
back begins (at G) where the friction falls to zero—that is, imme¬ 
diately after the boundary layer has left the surface of the cylinder. 



Values of the form drag, skin-friction drag, and total drag of the 
5-89-inch cylinder (predicted from the curves of normal pressure and 
of frictional intensity given in Figs. 152 and 156 respectively) are 
given in Table 14. (The Reynolds numbers here are higher than those 

Table 14 


Results for 5-89-inch cylinder in &-foot wind tunnel 


R 

C D ( tunnel) 

Oj). 

Infinite 

stream 

From 

normal 

pressure 

From 

shin- 

friction 

Total 

Standard stream of( 2 J 2Xl ° 

0-524 

o-oio 

0*534 

0-504 

tunnel | 

0-782 

o-oio 

0*792 

0*746 

li*o 6 ' 

1-236 

o-oio 

1*246 

1*174 

Stream behind rope ( 1*68 

0-328 

o -018 

0-346 

0-326 

netting \ 1*08 

0*470 

0-016 

0-486 

0-458 
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considered in §188.) The contribution of skin-friction to the drag 
of the cylinder is small: thus at the lowest Reynolds number 
(1-06 X 10 s : standard stream) the contribution amounts to only 0-8 

5-89" CYLINDER 



per cent, of the total drag, and at the highest Reynolds number 
(2-12 xlO 5 —i.e. above the critical range) to about 2-0 per cent. 

The last column of the table gives the total drag coefficient in an 
infinite stream, obtained by correcting approximately for the inter¬ 
ference of the tunnel walls. 
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190. The velocity distribution in the boundary layer at a 
circular cylinder. 

The velocity distribution within the boundary layer can be deter¬ 
mined from measurements of total head and of normal pressure, 
on the assumption that the static pressure across each section of the 
layer is constant and equal to the pressure on the surface. Velocity 
curves f obtained in this manner for an 8*9-inch cylinder mounted 



Fig. 158. 


between the walls of a 4-foot wind tunnel (N.P.L. type) are shown in 
Fig. 158. The normal pressure curve (Fig. 159) has a marked inflexion 
at 9 — 96*4°, and the earlier discussion leads us to believe that the 
transition from laminar to turbulent flow occurs near this region. 
The velocity curves of Fig. 158 relate and y/S, where 8 is the 
thickness of the layer and U x the velocity just outside the layer, and 
they show the change in the character of the velocity distribution 
which occurs between 8 = 94*8° and 8 == 109*8°. Evidence that the 
flow in the boundary layer is laminar over the front part of the cylinder 
is given in Fig. 160, where the measured velocity distribution is 
seen to be in close agreement with that predicted by theory. This 
comparison has been restricted to the outer part of the layer, since 
no observations were taken nearer the surface because the exploring 
tube, although small, was large compared with the thickness of the 
layer. 

t Fage, A.B.C. Beporta and Memoranda, No. 1179 (1929). 
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191. The effect of turbulence in the stream on the drag of a 
circular cylinder in the critical region. 

We have already seen that the large fall in C D which occurs in the 
critical range of R (i.e., for a tunnel of the N.P.L. type, between 
JR — 8 x 10 4 and R = 2 x 10 5 approximately) is intimately related with 
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changes in the flow in the boundary layer over the front of the 
cylinder, and in particular with the transition from laminar to tur¬ 
bulent flow in the layer. We should expect the flow characteristics in 
this range of R to be influenced both by turbulence in the general 
stream and by surface roughness. The curves in Fig. 161 have been 
plotted from measurements of drag on 6-09-inch and 2*375-inch 
cylinders mounted in the turbulent stream behind a rope netting of 



square mesh:f the diameter of the rope was 0-25 inch, and the hori¬ 
zontal and vertical spacing of the ropes was 1-5 inches. The symbol 
D in Fig. 161 represents, the distance of the axis of the cylinder behind 
the netting. The cylinders extended between the walls of a 4-foot 
wind tunnel (N.P.L. type), and the results in Fig. 161 are uncorrected 
for wall or gap interference effects. Although the resemblance 
between the shapes of the curves obtained in streams with artificial 
turbulence and in the normal stream of the tunnel is noteworthy, the 
outstanding feature is the lateral shift of the c turbulent 7 curve in the 
direction of decreasing Reynolds numbers as the distance from the 
screen decreases—that is, as the turbulence increases. Advantage is 
taken of this phenomenon in comparing the turbulence in wind 
tunnels of different designs. J (A comparison of this kind is to be found 

t Fage and Warsap, A.R.C. Reports and Memoranda , No. 1283 (1930). 

t Dryden and Heald, N.A.C.A. Report No. 231 (1925). The body usually used is 
a sphere. See Chap. XI, §219. 
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in Mg. 149: it will be seen that the critical range occurs earlier in 
the JST.P.L. curve than in the Gottingen curve, from which we infer 
that the flow in the Gottingen tunnel is less turbulent than in the 
N.P.L. tunnel.) 

192. The effects of roughness and of concentrated excrescences 

qn the drag of a circular cylinder in the critical region. 

The effects of systematic changes in surface roughness have been 
investigated by Page and Warsap,f the rough surfaces being obtained, 
by wrapping large sheets of glass paper around a 6-09-inch cylinder. 
Five grades of paper, specified by the makers as Nos. 0, 1, 2 Fine, 
2 Strong, and 3, and also a sheet of 058 Garnet paper were used; 
also, to obtain a greater relative roughness, measurements were made 
on a 2-375-inch cylinder roughened with the coarser papers Nos. 2 
Fine, 2 Strong, and 3. The drag curves (uncorrected for gap and wall 
effects) for these rough cylinders are shown in Fig. 162. The drop in 
Cj) occurs at a lower value of R, and becomes smaller, as the surface 
roughness is progressively increased. There are indications that if 
the roughening had been continued a surface would eventually have 
been obtained for which there is no appreciable fall in C D . 

The work with the glass papers gives a measure of the effect of 
continuous disturbance of the flow in the boundary layer by rough¬ 
ness arising from innumerable small excrescences of unknown size 
and shape; but it gives no information on the effect of a localized 
roughness. It can be shown that the flow becomes particularly 
sensitive to surface roughness as the transition region is approached. 
Measured values of the drag of the 6-09-inch cylinder, when wires of 
various diameters were placed along generators at 6 = ±65°, are 
plotted in Fig. 163: these positions of the wires were forward of the 
transition region. The selected diameters (e) of the wires were 0-001, 
0-002, 0-005, 0-010, and 0-020 inch respectively. The corresponding 
values of e/8, where 8 is the thickness of the boundary layer at 
0 = 65°, may be taken as 0-03, 0-06, 0-14, 0-29, and 0-57, approxi¬ 
mately, so that each of the wires was totally immersed in the 
boundary layer. It will be seen that the shape of a drag curve under¬ 
goes a regular change as the diameter of the wires is increased: even 
the finest wires (of diameter 0-001 inch), which project into the fluid 


| hoc . cit. on p. 43 L 




U 0 (feeb per sec.) 


Fig. 163. 











434 FLOW ROUND SYMMETRICAL CYLINDERS [IX. 192 

a distance of only 3 per cent, of the boundary layer thickness, have a 
large effect. Wires of diameters greater than the thickness of the 
boundary layer at 6 — ±65° caused the layer to leave the surface. 
It does not, however, follow that the layer will always leave the surface 
when the diameter of a wire is greater than the thickness of the 
boundary layer, for obviously the effect of a wire depends not only 
on its diameter but also on the local flow. The disturbance created 
by generator wires becomes less severe when they are moved forward 
and away from the transition region, and it was found that wires of 
diameters 0-016, 0-032, 0-048 inch, placed at the generators 6 = ±25° 
(where the average thickness of the layer is about 0-032 inch) had 
practically no effect, except locally, on the pressure distribution 
around the cylinder. 

Thus the critical range of E, in which the drag coefficient ex¬ 
periences a large drop, can be changed progressively by ordered 
changes in the turbulence of the general stream, in the general rough¬ 
ness of the surface, and by small excrescences (fine generator wires) on 
the surface near the position of maximum negative pressure. 

193. Theoretical results for laminar boundary layer flow at a 

circular cylinder. 

The theoretical distribution of surface friction obtained (by 
methods described in Chap. IV, § 64) for the same measured pressure 
distribution by Thorn, j by Green, J and by Falkner and Skan,|| are 
shown in Fig. 164: the pressure distribution is also shown (6-inch 
cylinder: R = 0-94x 10 5 ). The predictions of Green and of Falkner 
and Skan are seen to be in very close agreement over practically 
the entire range of 9 for which the flow in the boundary layer is 
laminar. At the front of the cylinder the results obtained by Thom’s 
method (approximate solution in closed form) are in close agreement 
with those obtained by the other two methods, but beyond 9 = 46° 
the known limitations of the solution influence the results, which 
are obviously in error. The distributions of t Ji^pUl) on the 5-89-inch 
cylinder, as measured with small surface tubes, are compared with 
those predicted by the method of Falkner and Skan in Fig. 165. 
The agreement is only fair, ft 

f A.R.C. Reports and Memoranda, No. 1176 (1928). 

t Ibid., No. 1313 (1930). || Ibid., No. 1314 (1930). 

ff For a pressure distribution at a circular cylinder, such as that in Fig. 164, the 
method of expansion in series described in Chap. IV, § 58 is probably the best method. 
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194. Semi-empirical calculations for turbulent boundary 
layers. Application to a circular cylinder. 

In the range of Reynolds numbers in which, for flow along a plate 
in the absence of a pressure gradient, the 1th power law for the 
velocity distribution in a turbulent boundary layer may be considered 
an approximate empirical relation, a plausible assumption for making 
approximate calculations in turbulent boundary layers with pressure 
gradients is that SJ-& and £ are functions of F only (see Chap. VIII, 
§ 166), where §! and & are the displacement and momentum thick¬ 
nesses, < 1/717 

£ = Blr 0 /(pUl), r = (!) 

= W, (2) 

U 2L is the velocity just outside the boundary layer, and r 0 the intensity 
of skin-friction. 

If we substitute for r 0 in terms of £ in the momentum equation 
(equation (38) of Chap. IV, p. 133), we find/for steady motion, that 


pi dft , -pi ft dUi 


2 +| 




5 ft 


, (3) 


aid hence (4) 

The right-hand side of this equation is, on the assumptions above, a 
function of T only. The only values so far obtained are those in 
converging and diverging channels (Chap. VIII, § 166): the relation¬ 
ships between £ and T and between SJ& and P will be assumed to 
be the same in all flows; but many more experimental results are 
necessary to determine to what extent and in what circumstances 
these assumptions are approximately correct. 

Burif found that, according to the results of his and Nikuradse’s 
experiments, the function on the right-hand side of (4) was, very 
roughly, a linear function, A—BF, of P. Equation (4) then becomes 

)uw-a. ( 5 ) 

This is a linear equation of the first order for whose integral is 

= A j Uf dx -(-constant. (6) 

t Zurich Dissertation , 1931. See also Prandtl, Aerodynamic Theory (edited by 
Durand), 3 (Berlin, 1935), 155-160, 
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The values of A and B from Nikuradse’s experiments may be taken 
as 0*017 and 5 approximately; the values from Buri’s experiments, 
in which the flow started practically from rest, are 0*015 and 4 
approximately. 

An alternative, and rather less crude, method of solution has been 
used by Howarth,f who solves (3) numerically after reducing it to 
non-dimensional form. If U 0 is a typical velocity, d a typical length, 


and 

b-M, 

V 

77' x’ — X 

Ul ~u 0 ’ x - d’ 

il 

■MW 

(7) 

then 


v X dUi 

U£ dx’ ’ 


(8) 


and after some reduction (3) becomes 


, 5 _2C d£l\2JL.h] — 5 ^ 

dx'^iu; dx' L 4Z7i*’ 


(9) 


U{ is a known function of x', and £ and 8J& are treated as known 
functions of T (see Chap. VIII, Bigs. 117 and 118), so they are 
known functions of x and x'. Hence (9) may be solved numerically 
or graphically if the initial value of x (or #) is known. If the boundary 
layer along the surface of an obstacle in a stream is considered to 
be turbulent right from the forward stagnation point, then, since 
U' x = 0 at the forward stagnation point, it follows from (9) that we 
must take x = 0 there if x is not to be infinite. Equation (9) can be 
solved with this initial value for x- 

When allowance is made for a laminar portion of the boundary 
layer, we must first make some assumption concerning the transition 
to turbulence. In the present state of our knowledge it is usual to 
assume a sudden transition (see Chap. VII, § 151). We may then 
make the assumption that once transition has taken place the con¬ 
ditions in the boundary layer are the same as if it had been turbulent 
right from the forward stagnation point: this is the easiest assump¬ 
tion to work with. An alternative assumption is that ft is continuous 
at transition. 

Once x is known both T and $ are known, and hence also £ and S v 
The values of £ give the skin-friction; separation occurs when £ == 0. 
According to the curve that Buri drew through his experimental 
results, the value of T when £ = 0 is —-0*07; Howarth’s curve makes 


t Proc. Boy. Soc. A, 149 (1935), 558-586, especially 574-579. 
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the corresponding value of Y equal to —0*06. (According to Prandtl, 
in more general circumstances Y may vary within the range —0*05 to 
—0*09 at separation.) 

It is to be remarked that if separation occurs for any fixed value 
of Y, then from ( 8 ) the condition for separation in terms of x is 
independent of the Reynolds number E if U{ does not vary with R. 
Since this is true also for equation (9) and the boundary condition 
X — 0 at x' = 0 , it follows that for a boundary layer turbulent right 
from the forward stagnation point there is no scale effect on the 
position of separation except in so far as U{ alters. When there is 
practically no variation in JJ[ (i.e. in the non-dimensional pressure 
distribution) with Reynolds number, a scale effect on the position 
of separation arises only for boundary layers which are partly laminar 
and partly turbulent, as a result of the conditions for transition to 
turbulence. 

Calculations have been carried out by Howarthf for the case of 
the pressure distribution at a circular cylinder measured by Rage 
and Ealkner at a Reynolds number of 2*12 x 10 5 and reproduced in 
Pig. 152 on p. 422. The transition to turbulence was assumed to take 
place at the point of inflexion in the graph of U v With & continuous 
at transition and with the graph of U x as originally calculated, no 
separation was found. (Calculations for a completely turbulent boun¬ 
dary layer gave separation at 9 = 111 0 .) With a small change in the 
graph of £4 between 0 = 100 ° and 6 — 120 °—a small change well 
within the experimental error—separation was found at 116°; and so 
long as the small change is sufficient to produce separation, the 
position of separation is insensitive to the actual change made.J 
Experimentally it is difficult to estimate with exactness the position 
of separation; it appears to be between 122° and 130°. In view of 
the crudeness of the assumptions in the calculation, the uncertainty of 
the position at which the transition to turbulence should be taken, 
and the experimental difficulties in locating separation, the result 
of the calculation may be considered satisfactory. 

Further applications of this method of calculation (to boundary 
layers at the surfaces of bodies experiencing lift) will be described 

f Proc. Carnb. Phil. Soc. 31 (1935), 585-588. 

t Calculations made in the same way for the pressure distribution measured by 
Flachsbart at a Reynolds number of 6*7 X 10 5 (Chap. I, Fig. 4, p. 24, full line curve) 
gave separation at 6 = 117°. No experimental information concerning the position of 
separation in these experiments is recorded. 
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in Chap. X, § 213, together with an alternative method due to 
Gruschwitzf which has been studied mainly in connexion with 
boundary layers at the surfaces of aerofoils also experiencing lift. 

195. Cylinders of finite span. The effect of aspect ratio on 
drag. 

In this chapter we have so far been concerned exclusively with two- 
dimensional flow. When the span is finite a departure of the flow 
from the two-dimensional pattern occurs towards the ends. The 
effect of this change of flow on the drag coefficient of two bluff 
forms,—viz. a circular cylinder and a flat plate normal to the stream, 
is shown in Table 15. The drag coefficient, obtained by dividing the 


Table 15{ 


Circular cylinder R — 88,000 

Flat plate normal to stream.\\ 

R — 68,000 to 170,000 

Length 

Gj> 

Length 

o D 

Diameter 

Gj) for infinite span 

Breadth 

Gj) for infinite span 

00 

1 

00 

1 

40 

0-82 

17-8 

0-70 

20 

0-76 

12*0 

0-64 

IO 

o-68 

IO'O 

0-64 

5 

0-62 

8*0 

0-63 

2*96 

0-62 

4-0 

o*59 

1-98 

o*57 

2*0 

o*57 

i-o 

o*53 

1*0 

o*55 


drag by the product of \pU\ y the span and the cross-stream breadth, 
decreases with the span: the drag for a length equal to the cross¬ 
stream breadth is a little greater than one-half of that of the same 
length of an infinite span. 

The effect of the ends on profile drag (non-lifting bodies) depends not 
only on the ratio of length to breadth, but also on the sectional form. 
On low-drag forms the effect is considerably smaller than on bluff forms. 

t Ingenieur-Archiv , 2 (1931), 321-346 ; Zeitschr.f . Flugtechn. u. Motorluftschiffahrt , 
23 (1932), 308-312. 

t Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen , 2 (1923), 28 
and 34. 

|| Sehubauer and Dryden (N.A.C.A. Report No. 546 (1935)), experimenting on a 
flat plate of aspect ratio 6 normal to the stream, found that the drag coefficient 
increases with increasing turbulence in the main stream. If u is the root-mean-square 
value of the longitudinal velocity fluctuation in a stream of mean velocity 17 0 , then 
Gj) was 1-326 for u/Z7 0 = 0-03, whereas the extrapolated value for u/U' 0 zero was 
Gj, = 1-246. Change of Reynolds number (except at low values) has no effect on C D . 
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Calculation of skin-friction drag and of form drag. 

An account of a method of calculating the profile drag of an aerofoil (i.e. the 
skin-friction drag plus the form drag) by integration of the momentum 
equation of the boundary layer will be published in the A.R.C. Reports 
and Memoranda during 1938 in a paper by Young and Squire. 

Further information concerning the drag of aerofoils can also be found in 
Chap. X and in several of the papers in the-list of references at the end 
of that chapter. 
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196. Introduction. 

In the present chapter we are concerned with asymmetrical flow past 
long cylindrical bodies: the asymmetry may arise from the shape of a 
body and its inclination to the free stream, or from inclination alone 
if its section is symmetrical. In either case the aerofoil is the most 
important body to be considered. 

Many investigations have been made to determine the best wing 
shape to meet particular requirements in aeroplane design. The 
findings of such investigations, although of great practical value, do 
not concern us here: our aim is to consider aerofoil flow in its broadest 
aspect, and particularly those features which are associated with 
the boundary layer. Some consideration will be given to the depen¬ 
dence of the performance of an aerofoil on its sectional shape: further 
detailed information of this kind may be found in the publications of 
aerodynamical laboratories.']' 

The lift and drag coefficients of an aerofoil are usually obtained 
from wind-tunnel tests on a model of finite aspect ratio (usually 
6 to 1) and rectangular plan form. Unless otherwise stated, we 
are here concerned with two-dimensional flow (infinite span): co¬ 
efficients for this type of flow can be predicted by the vortex 
theory of aerofoils from those measured on an aerofoil of finite 
span.J 


f The results of performance tests on 859 aerofoils, collected from the published 
reports of aerodynamical laboratories in England, TT.S.A., France, Germany, Italy, 
and Belgium, have been published by the National Advisory Committee for Aero¬ 
nautics (U.S.A.) in ‘Aerodynamic Characteristics of Airfoils’, Reports No* 93 (1920); 
No. 124 (1921); No. 182 (1923); No. 244 (1926); No. 286 (1928); No. 315 (1929). 
See also ‘The Characteristics of 78 Related Airfoil Sections from Tests in the Variable- 
Density Tunnel’, Jacobs, Ward, and Pinkerton, N.A.O.A. Report No. 460 (1933); 
‘Caratteristiche Aerodinamiche di Ali’, Supplemento ai Rendiconti Tecnici , Parts 1-11 
(1925-6). 

J For an explanation of the vortex theory and of its many practical applications 
(e.g., the prediction of the effect of a change of aspect ratio on lift and drag, the 
interference of tunnel boundaries on lift and drag, the interference between neigh¬ 
bouring aerofoils), see Glauert, Aerofoil and Airscrew Theory (Cambridge, 1926); 
KArman and Burgers, Aerodynamic Theory (edited by W. F. Durand), 2 (Berlin, 
1935). 
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197. The lift of aerofoils, and scale effect. 

Curves of C L against ex, obtained, from testsf in the C.A.T.J on the 
aerofoil section R.A.F. 34, are shown in Fig. 166: C L is the lift per 
unit span divided by ip U\ c (where c is the chord length and U 0 the 
undisturbed velocity of the stream) and oc is the inclination of the 
chord of the section to the direction of the free stream. For each 
value of the Reynolds number B (equal to U 0 c/v) the lift coefficient 



increases at first almost linearly with incidence: shortly after de¬ 
parture from the linear relation it reaches a maximum value at a 
certain critical incidence, called the stalling angle. For the aerofoil 
to which Fig. 166 relates the maximum value of C L and the stalling 
angle increase with B.\\ Over the linear part of the (C L) <x) curve the 
slope is about 5*7 per radian. (The theoretical slope for thin aero¬ 
foils is 2tt per radian :ff the experimental slope is less because of 
the departure of the flow from the ideal form. See Chap. II, § 25, 
pp. 76, 77.) 

The highest value of It that can be reached with an aerofoil of 
6 inches chord in any existing atmospheric tunnel of the ordinary type 

t Belf, Jones, and Bell, A.R.G. Reports and Memoranda , No. 1706 (1936). 

t The Compressed Air Tunnel at the National Physical Laboratory, Teddington. 

|| For R = 6*47 X 10® the curve in Fig. 166 should be corrected near the maximum 
so that C Lm&x = 1*395 at a = 14*5°. 

ft See Glauert, Aerofoil and Airscrew Theory (1926), p. 86. 




MAXIMUM LIFT 


443 


X. 197] 


is less than 10 6 , whereas the value reached by the wing of an aeroplane 
in flight may exceed 10 7 . The curves of Kg. 166 therefore indicate 
clearly that the maximum value of C L measured in an atmospheric 



Fig. 167. 


tunnel may differ appreciably from that experienced in flight on a 
wing of the same section. 

In Fig. 167 the variation with R of the maximum value of C L is 
shown for several sections .f The maximum lift of every section except 
Gottingen 387 rises with the Reynolds number; that of Gottingen 
387 falls as the Reynolds number increases up to about 4x 10 6 , and 
then slowly rises.! The Reynolds number for the wing of an aeroplane 

t For the meaning of the broken line in Fig. 167 see § 213, p. 486. 

t Both the maximum thickness and the centre line camber of Gottingen 387 are 
appreciably greater than those of the other aerofoils. For further discussion of the 
influence of shape on scale effect see § 207. 
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of average size when landing is about 3*5 X 10 6 : at this value every 
section of Mg. 167 has a maximum lift coefficient about 1*3 or 1*4. 
It should be added that the maximum lilt coefficients measured in 
the C.A.T. on a model aeroplane fitted with the sections R.A.F. 28, 




34, and 38 successively were practically the same as those measured 
on the aeroplane in flight at the same Reynolds numbers.| 

When the span of an aerofoil is finite, trailing vortices spring from 
the trailing edge, and the downwash due to these vortices reduces 

t Relf, Jown. Boy. Aero . Soc. 39 (1935), 1-30. Since the publication of this paper 
good agreement has also been obtained for R.A.F. 48 and Gottingen 387. See also 
Stack, ‘Tests in the Variable-Density Tunnel to investigate the Effects of Scale and 
Turbulence on Airfoil Characteristics’, N.A.C.A. Technical Note No. 364 (1931); 
Jacobs, ‘The Aerodynamic Characteristics of eight very Thick Airfoils from Tests 
in the Variable-Density Wind Tunnel’, N.A.C.A. Beport No. 391 (193,1). 
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both the mean incidence (relative to the local flow) and the mean 
lift coefficient. Below the stalling angle the lift coefficient for an 
aspect ratio 6 :1 is about 75 per cent, of that for infinite aspect ratio 
at the same incidence to the free stream. (Compare the broken and 
full-line curves in Fig. 166.) The reduction in lift depends not only 
on the aspect ratio but on the slope of the ( C L , oc) curve; its amount 
can be predicted with good accuracy by the vortex theory of aerofoils. 

Scale effect on C L at Reynolds numbers within the range 5x 10 4 
to 3xl0 5 is shown in Fig. 168. The results, due to Krasilschikov 
and Volkov, f refer to angles of incidence near the stalling angle 
and to a rectangular aerofoil of aspect ratio 7:1. Since the aspect ratio 
is finite the effective incidence alters along the span; the conditions 
at different sections are different. The results are interesting in 
that they show a discontinuity in C L at each incidence for a certain 
Reynolds number. At lower Reynolds numbers, over a certain portion 
of the middle part of the span, away from the wing tips, it is 
probable that the boundary layer is laminar up to the position where 
the forward flow separates from the surface; at higher Reynolds 
numbers, a transition to turbulence occurs, and there is no laminar 
separation. (Cf. § 213 below.) 

198. The effect of turbulence in the stream on the maximum 

lift of aerofoils. 

The maximum lift coefficient of a section depends not only on the 
shape and on the Reynolds number, but also on the turbulence 
in the free stream. This is clearly shown by the curves of Figs. 169 a 
and 5, where C LmQiX is plotted against B for two aerofoils (R.A.F. 28 
and Gottingen 387) tested in the C.A.T. behind turbulence screens.^ 
Two screens were used, constructed from vertical steel strips J inch 
wide and spaced 3 inches and 1*5 inches apart respectively: the 
aerofoils were placed in the disturbed stream 21 inches (2*6 chord 
lengths) behind the screen. The increased turbulence produces an 
increase in maximum lift in both cases; otherwise the effect of the 
increased turbulence on the two aerofoils is markedly different. 

Similar experiments! | have been made in the Guggenheim Aero¬ 
nautical Laboratory at the California Institute of Technology on a 

t Trans, Centr. Aero-Hydrodyn. Inst., Moscow, No. 254 (1936). 

i Relf, loc . cit. 

(| 4 A Theoretical Investigation of the Maximum Lift Coefficient’, Karman and 
Millikan, Journ. Applied Mechanics , 2 (1935), 21-27. 
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model of the N.A.C.A. 2412 aerofoil. To obtain several different 
degrees of turbulence a wire grid or screen was placed at various 
distances upstream of the model; and at each position of the grid 
measurements of (7 imax were taken over a wide range of Reynolds 
numbers. The curves obtained are reproduced in Tig. 170; each 



RxlO" 6 

( a ) 


. ’ . Rxio -6 

i Free tunnel (k\ 
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Fig. 169. 


curve relates to a fixed grid position and therefore to a given degree 
of turbulence, the degree of turbulence at the model decreasing as 
the distance behind the screen increases. The values of B c are the 
Reynolds numbers at which the drag coefficient of a sphere at the 
position of the model relative to the grid would be 0-3 (see Chap. 
XI, § 219, p. 499). The curves show that C Lmax increases as the degree 
of turbulence increases. 

The maximum lift coefficient depends also on surface roughness,f 
especially on the upper surface near the leading edge. At present 
the effects on of Reynolds number, turbulence in the general 

stream, and surface roughness can be found only by experiment: 
the tendency is for C Lmax to increase with B and with turbulence, 

t The effect of roughness is considered in more detail in § 211. 
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and to decrease with surface roughness, but there are exceptions 
(e.g. Gottingen 387, Tig. 167). The phenomena are complicated and 
further research is needed. 

N.A.C.A 2412 rectangular aerofoil 

© Grid at 10V ;R C = 100,000 
© " ” 20V';R C =140,000 

© » »48" ;R C -180,000 

@ ” ”oo :R C =530,000 



10 6 2x10® 5x10® 

R 

Fig. 170. 

199. The drag of aerofoils, and scale effect. 

Curves of profile drag coefficient C D against incidence at various 
values of R are shown in Fig. 171. The drag coefficient does not 
change appreciably with incidence over the range —2° < a < 6°; but 
above this range a marked rise, at first slow and then rapid, occurs. 
The variation of C D with R at constant values of a is shown in 
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Fig, 172, which also includes drag curves (dotted lines) for laminar 
and completely turbulent flows along a smooth flat plate. Over the 
middle of the range of values of log R in Fig. 172 the curve for 



log ft 
Fig. 172. 

minimum drag (a = 2°) lies below the turbulent curve for a flat plate: 
at higher values of R the two curves have crossed one another. This 
feature is common to all thin aerofoil sections. 

Profile drag is compounded of two parts, a form drag associated 
with normal pressures, and a frictional drag arising from the frictional 
stresses on the surface. At low Reynolds numbers an appreciable 
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part of the frictional drag is associated with laminar flow in the 
boundary layer; but this part becomes progressively smaller as the 
Reynolds number increases, and eventually nearly all the frictional 
drag is associated with turbulent flow. The nature of the results 
illustrated in Kg. 172 suggests that at low Reynolds numbers there is 



a relatively large form drag, which makes the minimum drag coefficient 
for a thin aerofoil he near the turbulent curve for a flat plate rather 
than near the laminar curve. With increasing Reynolds n um bers 
the frictional drag coefficient rises as a larger part of the boundary 
layer becomes turbulent, but the form drag coefficient decreases. 
At first the second effect is the greater and the total drag coefficient 
falls; but later the form drag becomes small, and the drag curve 
rises to the turbulent curve for a flat plate. At the highest Reynolds 
number of Fig. 172, the form drag for low incidences is small, the 
flow in the boundary layer is turbulent except for a small reg ion 
near the leading edge, and practically the whole of the drag arises 
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from skin-friction.. These conditions hold for all thin aerofoils of 
good shape (thickness < 0T4 chord).| 

The evidence obtained from thick aerofoil sections is not so con¬ 
clusive, especially when the camber of the centre line is large. Present 
indications are that the form drag coefficient of a thick section at 
high Reynolds numbers is not small, and that the total profile drag 
coefficient tends to be greater than that for a flat plate. 

At any incidence below the stalling angle the drag coefficient is 
greater for finite than for infinite aspect ratio because of the induced 
drag associated with the trailing vortices. The drag curve for aspect 
ratio 6:1 is shown dashed in Pig. 171. % 

Pig. 173 corresponds to Pig. 168 in § 197, and shows the scale effect 
on C D at various incidences at Reynolds numbers from 5x 10 4 to 
3 X10*. The drop in C D at each incidence corresponds to the rise in 
in Pig. 168. 


200. The lift/drag ratio for aerofoils. 

Pig. 174 shows the variation of C L IC D with a, (aerofoil R.A.P. 34, 
infinite span) for several values of R. The maximum value of 



0 L jC D increases with increasing values of the Reynolds number. At 
R = 6-47 x 10 6 , a = 7-0°, the lift on the aerofoil is about 80 times 
the drag. The maximum value of C L jC D for an aerofoil of moderate 
aspect ratio is considerably smaller, mainly because of the increase 

f In Figs. 171 and 172 the increase in the profile drag coefficient as the incidence 
departs from the value for minimum drag is due largely to the progressive increase 
in form drag. 

J For the effect on drag of surface ro . S 211. 
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in drag arising from the trailing vortices. The dotted curve shows 
that for an aspect ratio 6:1 the maximum value of G l \Cjj is about 
21*5 and occurs at an incidence of about 4*5°. 



201. The lift and drag of aerofoils at negative incidences, and 
scale effect. 

Fig. 175 shows the effects of a change of the Reynolds number on 
the lift coefficient of an aerofoil (R.A.F. 34, aspect ratio 6) at nega¬ 
tive incidences.! Except at the lowest Reynolds number, double 

t Williams and Brown-, 'A.R.C. Reports and Memoranda , No. 1772 (1937). 

3837.8 II -o 
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readings were obtained at the stall. The values when a in¬ 
creased are shown by the full lines, those when —a decreased by the 
broken lines. There is a large change in negative maximum C L from 
—0*6 at R = 0*3 x 10 6 to —M at R = 1*2 xlO 6 , then a gradual 
change to —1*3 at i? — 4*4 xlO 6 . 



Fig. 176. 


Kg. 176 shows the effects of Reynolds number on C D . 

The C L and 0$ curves for this aerofoil (aspect ratio 6) at R = 
6-47 X10 6 are the broken lines in Figs. 166 and 171. 

202. The lift and drag of aerofoils with flaps. 

Fig. 177f shows the effect on C L of a trailing-edge flap (width = 
0*1 5c) normal to the under surface of the aerofoil R.A.F. 34 (aspect 
ratio 6) at R = 4*32 x 10 6 . The flap increases the lift coefficient of 
the aerofoil at all incidences; but there is no appreciable change in 
the stalling angle. The air flow breaks away from the sharp edge of the 


f Williams and Brown, loc> cit. 





R.A.F34-with and without 15% split flap. 
Aspect ratio 6 
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a (in degrees) 
Fig. 178. 
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flap and a region of low pressure is formed behind it. From pressure 
measurements on an aerofoil and its flap it has been shownf that the 
result of the breakaway is an increase of suction over the whole of the 
upper surface of the aerofoil, but without any great change of pressure 
gradient over the front half. The pressure on the under surface 
forward of the flap is increased, and this, combined with the greater 
suction on the upper surface, results in the large increase of lift. 

Fig. 178 shows the large increase of drag coefficient produced by 
the flap. 

203. The normal pressure distribution at the surface of an 
aerofoil. The stream-lines of the flow past an aerofoil, and 
the circulation. The position of the forward stagnation 
point. 

The general pattern of the flow past an aerofoil of infinite span 
has been studied experimentally by TannerJ at the Imperial College 
of Science and Technology, by Bryant and Williams|| at the National 
Physical Laboratory, by Lapresleff at the Eiffel Laboratory, and by 
van der Hegge ZijnenJJ at the Technical University, Delft. 

The aerofoil used by Tanner had a symmetrical section (R.A.F. 30, 
chord 10*5 inches, span 4 feet): the model was mounted between the 
floor and the roof of a rectangular tunnel 4 feet high and 5 feet wide, 
at an incidence of 7° to the direction of the stream; measurements 
of speed and direction were made over a wide field in the plane of 
symmetry normal to the span; and the distribution of normal pressure 
on the surface was also measured. In Fig. 179 the experimental 
values (points in circles) of ( P—Po)l(ipUo ) are plotted against xjc, 
where x is the distance from the nose measured along the chord; 
both the maximum pressure coefficient (1*0) and the minimum pres¬ 
sure coefficient (—3*0) occur near the nose, the maximum'pressure 
on the under surface and the minimum pressure on the upper surface. 
The pressure is negative on the upper and positive on the under 
surface, and the negative pressure on the upper surface makes an 

t G-ruschwitz and Schrenk, Zeitschr. /. Flugtechn. u. Motorluftschiffahrt, 23 (1932), 
599, 600. 

t A.R.G. Reports and Memoranda , No. 1353 (1931). 

|| Phil. Trans . A, 225 (19^5), 199-237; A.R.G. Reports and Memoranda . No. 9S9 
(1926). 

ft Service Technique et Industriel de VAeronautique, No. 43 (1927). 

ft Rapport A . 129 van den Rijks-Studiedienst voor de Luchtvaart , Amsterdam 
(1926). 
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appreciably greater contribution to the lift than the positive pressure 
on the under surface. 

The full-line curve of Fig. 179 shows the distribution of normal 



pressure for an inviscid flow with a circulation giving the same lift, 
according to the Kutta-Joukowski formula, as that measured in the 
wind tunnel: the experimental values lie close to this theoretical 
curve except for a short part of the tail. 

The circulation around the aerofoil gives rise to a region of high 
velocity, with a crowding together of the stream-lines, above the 
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aerofoil, and a region of low velocity, with, a wider spacing of the 
stream-lines, below, together with an up-flow at the nose and a 
down-flow at the tail. These features are illustrated by the broken 
curves in Kg. 180, which are the stream-lines past the aerofoil R.A.F* 
30 as obtained by Tanner from velocity observations.! 

The Kutta-Joukowski formula for the lift in a two-dimensional 
irrotational motion of an inviscid fluid is 

lift per unit span = Kp £7 0 , 

where K is the circulation round a contour enclosing the section. The 
circulation round a rectangular contour defined by the lines x = —Q*5c, 
x = l*25c, y = —0*5c, and y = 0*5c (the origin being taken at 
the nose and the axis of x along the chord) was found by Tanner 
to be 0*352cZ7 0 for the aerofoil of Fig. 180; thus the lift per unit span 
is 0*352pc?7o according to the Kutta-Joukowski relation. This value 
agreed within 2 per cent, with the value (0-359pcUl) determined 
by integration from the measured distribution of normal pressure. 
The velocity measurements of Bryant and Williams also confirmed 
the Kutta-Joukowski relation as applied to an aerofoil below the 
stalling angle, provided that the chosen contour does not approach 
the aerofoil too closely, and that the trailing wake is cut at right 
angles to the general direction of motion. Theoretical reasons why 
this result was to be expected, although the motion in the wake is 
not irrotational, were given by Taylor. J 

Outside the wake and the boundary layer the total head is constant 
and the flow is irrotational. The lateral extent of the boundary layer 
and wake, within which the direct effects of viscosity are confined, 
is comparatively small below the stalling angle, and the flow in the 
irrotational region resembles that for an inviscid fluid with the 
correct circulation. This general resemblance is shown in Fig. 180, 
where a comparison is made between the stream-lines found in air 
(broken lines) and those for an inviscid fluid (full lines) at the same 
lift coefficient (0*718). 

Near the surface of an aerofoil there are, however, important 
differences between the flow of a real fluid and that of an inviscid 
fluid. In addition to obvious differences at the tail (associated with 

t These features are also evident from the contour lines of equal velocity and of 
equal inclination to the direction of the undisturbed stream which were drawn by 
Bryant and Williams ( loc . cit.). 

t PhU. Trans . A, 225 (1925), pp. 238-245. 
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the absence of a wake in an inviscid fluid) there are less apparent 
differences at the nose, even when the circulations round a large 
contour embracing the aerofoil (and cutting the wake in the real 
fluid at right angles to the undisturbed stream) have the same value. 
With an increase in incidence the forward stagnation point travels 
round the nose towards the under surface, and at positive incidences 
(below the stalling angle) its position in a real fluid lags behind its 
theoretical position in an inviscid fluid when the circulation is 
calculated by the Kutta-Joukowski relation from the measured lift.f 
Thus for the same position of the stagnation point the lift coefficient 
is smaller in inviscid fluid than in a real fluid. This difference can 
be roughly explained by a contribution made by the wake, which at 
positive incidences may be taken to be a region of low pressure 
springing mainly from the upper surface. The difference between the 
wind tunnel and theoretical lift coefficients, for a common stagnation 
point, increases with increasing (positive) incidence; and at an 
incidence just below the stall the lift calculated for inviscid flow 
having the same stagnation point as that measured in an air-stream 
is only about 75 per cent, of the measured lift. 

PinkertonJ has developed a method of modifying the usual applica¬ 
tion of potential theory so that good agreement between the calcu¬ 
lated and measured pressure distributions can be obtained. This is 
effected by taking a circulation derived from the measured lift and 
suitably modifying the shape parameter of the aerofoil. 

204. The growth of the circulation. 

A theory of the growth of the circulation, based on the ideas of the 
conventional Joukowski theory for irrotational flow past an aerofoil 
(i.e. cyclic flow and finite velocity at the trailing edge), has been 
developed by Wagner. || Circulation can be generated only when 
there is a vortex-sheet (i.e. a surface of discontinuity in the velocity: 
see Chap. I, § 8, pp. 28, 29) somewhere in the field of flow during 
the initial stages: it is assumed that a discontinuity of velocity is 
produced at the trailing edge at the instant when motion begins, and 
that as the aerofoil moves a vortex-sheet extends from the initial 
position of the trailing edge to its position at the time considered. 

t Fag &,Phil. Trans. A, 227 (1927), 1—19; A.JR.C. Reports and Memoranda. No. 1097 
(1927). 

t N.A.C.A. Report No. 563 (1936). 

H Zeitschr. /. angew. Math. u. Mech . 5 (1925), 17-35. 
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The strength of the vortex-sheet at any point is determined from the 
fact that the circulation round a contour enclosing both the aerofoil 
and the vortex-sheet is always zero, together with the condition 
that the velocity at the sharp trailing edge should always be finite. 
The total vorticity in the sheet is equal and opposite to the circulation 
around the periphery of the aerofoil (the bound vorticity), and the 
rate at which vorticity is discharged into the fluid is governed by the 
condition that the velocity at the trailing edge due to the bound 
and free vorticity and to the cyclic flow is finite. The mathematical 
analysis is simplified by taking the aerofoil to be a flat plate (and 
later supposing the leading edge rounded so that the velocity there 
remains finite). 

Wagner’s theory relates essentially to the motion of an ideal 
inviscid fluid. The growth of circulation in a slightly viscous fluid 
has been discussed qualitatively by Howarth:f when viscosity is 
taken into account, a finite time-interval elapses before circulation 
begins to develop, namely the time-interval before separation of the 
forward flow begins in the boundary layer (see Chap. IV, §§65, 66). 
Separation begins first on the pressure side, and very shortly after¬ 
wards on the suction side. The rate at which vorticity is discharged 
into the main body of the fluid is the value of \U\ at the position of 
separation, where f7 x is the velocity just outside the boundary layer 
(Chap. II, § 22, p. 66). The vorticity shed from the two sides is of 
opposite sign, and as soon as the position of separation on the suction 
side has moved forward into a position of sufficiently high velocity, 
the net rate of discharge of vorticity is sufficiently checked to produce 
a point of inflexion in the circulation-time curve. This inflexion 
-occurs at a small value of the circulation. 

The rate of growth of the circulation in the early stages of the 
motion of an aerofoil has been measured by Walker4 The aerofoil 
had a symmetrical section (R.A.F. 30, see Fig. 179), and it was moved 
at an incidence of 1\° through water in a long tank having parallel 
sides 6 inches apart. Oil drops suspended in the water were illu¬ 
minated by a bright beam of light, and their movements due to the 
passage of the aerofoil were photographically recorded. Photographs 
obtained in a short exposure of known duration revealed the instan¬ 
taneous stream-lines relative to the undisturbed water, and the 

t Proc. Camb. Phil . Soc. 31 (1935), 582-584. 

t A.R.C. Reports and Memoranda , No. 1402 (1932). See also Proc . Camb . Phil. 
Soc. 30 (1934), 365-375. 

3837.8 n o 
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velocity field was determined from the lengths of the short traces 
made by the drops. The aerofoil was started suddenly from a known 
position in the tank, and photographs of the flow were taken after 
it had travelled about 1, 1*5, 2, 2*5, 3, 4*5, and 6 chords. The photo- 



Length of run in chords 

Pig. 181 . 

graph of PI. 30a was obtained after the aerofoil had travelled about 
one chord: a circulation round the aerofoil, and one in the opposite 
sense in the wake, are clearly shown. The wake has a wavy form 
and individual vortices are present at its end: these features are 
not unexpected, because the vortex-sheet assumed in theory is un¬ 
stable. 

The cast-off vortices left behind in the water at first move down- 
ward under the influence of the circulation round the aerofoil, and 
ultimately become stationary; the rate of production of cast-off 
vortieity becomes progressively smaller as the length of the run 
increases. PI, 306 is a photograph of the flow obtained after the 
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aerofoil has traversed six chords. The circulation round the aerofoil 
is clearly shown. 

From photographs of the type of PI. 30, Walker was able to com¬ 
pute the circulation (K) round the aerofoil at various stages in its 
run. These values of K, divided by the value (K m ) for steady motion, 
are plotted against length of run in Fig. 181. Included in this figure 
are theoretical values predicted by Wagner’s theory for a flat plate: 
the experimental curve (corrected for the interference of the tank 
walls) is seen to be in fair agreement with the theoretical values, 
and this agreement leads to the conclusion that Wagner’s theory 
accounts for the growth of circulation to the same extent as the 
Kutta-Joukowski theory accounts for steady circulation. 

205. The intensity of skin-friction at the surface of an 

aerofoil. 

Distributions of frictional intensity on the surface of a symmetrical 
aerofoilf are shown in Fig. 182. These distributions were obtained 
from observations of velocity taken by Fage and Falkner (at 
U 0 cjv = 1-25 X10 6 ) with small Stanton tubes in the manner described 
in Chap. IX, § 179. On the upper surface the frictional intensity has 
a maximum value very near the nose, and a second and greater 
maximum value some distance beyond; the transition from laminar 
to turbulent flow in the boundary layer takes place in the region 
between these maxima. This transitional region moves towards the 
nose as the incidence increases (—0-18° to 5-82°). Distributions of 
normal pressure are included in Fig. 182, and these curves, taken 
in conjunction with those of frictional intensity, show that the 
transitional region is situated just beyond the point of lowest 
pressure. The distribution of frictional intensity on the lower 
surface resembles that on, the upper surface, but the maximum 
values are smaller. On each surface the frictional intensity falls 
steadily towards the tail, but not to zero; at these small incidences 
the boundary layer has not separated from either the upper or the 
lower surface. 

The contributions of the two surfaces to the frictional drag of the 

T The distributions were actually found on the upper surface at incidences 
a = 5-82°, .2-82°, — 0-18°, — 3*18°, -6-18°. Since the shape is symmetrical, the 
results give the distributions on the lower surface at incidences a = —5-82°, -2-82°, 
0-18°, 3-18°, and 6-18°. 
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aerofoil are given in Table 16. The contribution of the upper surface 
increases with incidence, that of the lower surface decreases, and the 
total frictional drag coefficient increases over the range taken. 


Table 16 


a 

Contribution to the frictional 
drag coefficient 

Frictional drag 
cqefficient 

Upper surface 

Lower surface 

~o*i 8 ° 

0*0042 

0-0043 

0*0085 

2 * 82 ° 

0*0049 

0-0041 

0*0090 

5 * 82 ° 

0*0056 

0-0039 

0-0095 


206. Effect of shape on the pressure distribution at the 
surface of an aerofoil. 

It is not the purpose of the present work to discuss in detail the 
effect of shape on aerofoil characteristics, but there are some general 
features to which reference should be made. The behaviour of an 
aerofoil at positive incidences depends largely on the pressure 
distribution on the upper surface, and a comparatively small change 
in the contour of the upper surface at the nose is sufficient to affect 
the pressure distribution appreciably.*)* Calculations by GarrickJ of 
the theoretical pressure distributions for 20 aerofoils of different 
shapes and thicknesses show that the value of the negative pressure 
coefficient on the upper surface near the nose increases with increas¬ 
ing fineness of the nose, and that very high values are reached on thin 
sections. In Fig. 183|| a comparison is shown of the theoretical 
pressure distributions for a thick section (Gottingen 387) and for a thin 
section (N.A.C. A. 2409) at the same calculated lift coefficient, and also 
at nearly the same angle of incidence. At C L = 1-50 the pressure on 
the thin aerofoil N.A.C.A. 2409 falls to about p 0 —2-75pE7|, whereas 
the fall for the thick aerofoil Gottingen 387 is to p 0 ~ 1*12 pU% approxi¬ 
mately. The pressure gradient at the nose is very steep for a thin 
section, and usually much less steep for a thick section. The position 
of the maximum negative pressure depends both on the shape and on 
the incidence, and moves towards the leading edge as the incidence 
increases; it is nearer the nose on a thin section than on a thick section. 

f. Betz, Luftfdhrtforschung , 11 (1934), 158-164. 
t N.A.C.A, Report No. 465 (1933). 

|| Lyon, Aircraft Engineering , 7 (1935), 35. The data used were taken from Garriek, 
loc. cit. 
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For all aerofoils the position of the maximum positive pressure is on 
the under surface close to the leading edge at positive incidences. 



Gottingen 387 
N.A.C.A.24,09 


. x axis 


Fig. 183. 

207. Influence of shape on the scale effect on the lift of an 

aerofoil. 

With an increase in the Reynolds number a thin section shows a 
pronounced increase in the maximum lift coefficient, whereas a thick 
section shows at first a slight decrease (Fig. 167); and whereas the 
initial slope' of the (C L , a) curve is unaltered by increase of the Rey¬ 
nolds number for thin sections, the slope of the curve for a thicker 
section decreases with increase of the Reynolds number. The increase 
in the maximum lift coefficient in the case of a thin section is prob¬ 
ably due to separation of a laminar boundary layer near the leading 
edge at the lower Reynolds numbers, with an earlier transition to 
turbulent- flow at higher Reynolds numbers. For a thick section 
the pressure gradient along the surface is more uniform, and the 
separation is probably a turbulent one except at very low Reynolds 
numbers. The reason for a decrease in maximum lift coefficient with, 
increasing Reynolds numbers is not known, but a possible explanation 
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is that the earlier transition is accompanied by an earlier separation 
(see Chap. II, §25, p. 78); this explanation is, however, not complete, 
for Tig. 169 shows that the thick section Gottingen 387 behaves in the 


1 


i 

C 

0 


0 


o 


same way as thinner sections behind a turbulent screen in that there 
is an increase in maximum lift, and it is generally considered that 
turbulence in the free stream favours an earlier transition. 

Lift curves for the thick sections Gottingen 420 and Fokker are 
shown in Fig. 184.f (a 0 is the incidence at zero lift.) At U 0 cjv = 
0-35 x 10 5 a laminar separation near the leading edge of the Fokker 
section occurs at a low incidence, and the maximum C L reached is 
small: at U 0 c/v = 0*94x 10 5 a higher value of C L is reached before 
separation occurs, and the stall is sudden, probably because of 
abrupt separation from the forward part of the upper surface. At 
Uqc/v = 7*55xlO 5 the stall for Gottingen 420 is gradual, and is 
probably associated with a gradual forward movement of, the posi¬ 
tion of separation of a turbulent boundary layer. 

It should be added that experiments J made to find the effects on 

t Lyon, loc , cit. The data used were taken from Bryant and Batson, A.R.C. Re¬ 
ports and Memoranda ,, No. 654 (1919); Fage and Cowley, ibid.. No. 935 (1925). 

J Munk and Miller, ‘Model. Tests with a Systematic Series of 27 Wing Sections at 
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aerofoil behaviour of systematic changes of camber and thickness 
have shown that such effects depend (as would be expected) on the 
Reynolds number and on the turbulence in the free stream. 

208, The velocity distribution in the boundary layer at the 

surface of an aerofoil. The transition to turbulence. 

The boundary layer of an aerofoil resembles that of a flat plate in 
that at a sufficiently high Reynolds number there is a region of 
laminar flow at the nose, then a transitional region in which the dis¬ 
tribution of mean velocity changes more or less erratically with time, 
and finally a region of fully developed turbulent motion. A further 
resemblance is that turbulence in the general stream, and irregularities 
on the surface near the nose, cause an earlier transition to turbulent 
flow. But separation eventually occurs on the upper surface of an 
aerofoil, no matter what the shape may be, when the angle of 
incidence is increased. 

The relative extents of the laminar, transitional, and turbulent 
boundary layers, and the position of the separation (if any) depend 
on the shape and incidence of the aerofoil, on the Reynolds number, 
on surface roughness, and on the turbulence in the free stream. 

In wind tunnels of ordinary type (compressed air and full-scale 
tunnels excluded) some difficulty may be experienced in obtaining 
details of the flow in the boundary layer of an aerofoil at large 
incidences, because when the chord is large compared with the width 
of the tunnel stream, the walls (for a closed jet) or free boundary 
(for an open jet) introduce a large interference with the flow. On the 
other hand, when the interference is lessened by making the chord 
relatively small, the boundary layer becomes too thin to permit reliable 
measurements. Further, flow phenomena in a wind tunnel have 
generally to be observed at a low Reynolds number; if in addition the 
flow in the tunnel is turbulent, the results may give mi sleading in¬ 
formation on the behaviour of the same section in free flight at a higher 
Reynolds number—especially at the stall. For these reasons informa¬ 
tion on boundary layer flow has been sought not only on the model but 
also from flight experiments: in these experiments the flow is not two- 
dimensional, but results of great practical value are obtained. 

The velocity distribution in the boundary layer of an aeroplane 

Full Reynolds Number’, N.A.C.A. Report No. 221 (1925); Jacobs and Pinkerton, 
‘Tests of N.A.C.A. Airfoils in the Variable-Density Wind Tunnel’, N.A.C.A. 
Technical Notes Nos. 391 and 392 (1931). 
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wing has been measured by Cuno,f whose experiments were carried 
out on a Klemm L. 26 Ha aeroplane at a speed of 110 feet per second. 
The chord length of the section was approximately 6 feet and the 
incidence 1°. The thickness of the boundary layer on the upper sur¬ 
face increased continuously with distance from the nose to about 2-4 
inches at the tail; on the lower surface the thickness was about 
0*5 inch at the tail. Transition from laminar to turbulent flow in 
the boundary layer on the upper surface occurred just beyond the 
position of minimum pressure. 

Stiiper % has measured the distribution of velocity in the boundary 
layer of the wing of a monoplane (Klemm L. 26, Va) at a section 
having a maximum thickness 0*17c and situated about two-thirds, 
of the semi-span from the wing tip, where the flow was undisturbed 
by the airscrew slipstream or the ailerons. These experiments were 
made at Reynolds numbers 2*82, 3*62, 4*26, and 4*88 X10 6 (the 
corresponding lift coefficients being 0*91, 0*55, 0*40, and 0*31 re¬ 
spectively), with the aeroplane in horizontal flight and supporting a 
constant weight: the lift coefficient being then inversely proportional 
to the square of the flight speed (or of the Reynolds number), it 
follows that the conditions of the experiment were such that the 
combined effects of an increase of Reynolds number and of a decrease 
of lift coefficient were measured. These two influences affect the 
position of the transition from laminar to turbulent flow in opposite 
ways: increase of Reynolds number moves the transition region 
towards the nose, whereas decrease of lift coefficient is associated with 
a decrease of the pressure gradient along the chord, which tends to 
make the transition occur later. Stiiper found the transition region 
on the upper surface at about 0*lc to 0*3c from the leading edge— 
a result in agreement with those obtained on models by van der 
Hegge Zijnen,|| by Fage and Falkner,tt and by GruschwitzJ{: this 
result is typical of thick sections. Transition occurs just beyond 
the position of minimum pressure. (For a thin section this position 
is just behind the leading edge, so transition may be appreciably 
closer to the leading edge on a thin section than on Stuper’s thick 
section.) 

t Zeitschr. /. Plugtechn . u. Motorluftschiffahrt , 23 (1932), 189-192. 

X Lufifahrtforschung, 11 (1934), 26-32. 

(i Report of the IVth International Air Navigation Congress , Rome , 4 (1928), 358- 
381. ff Proc. Roy. Soc . A, 129 (1930), 378-410. 

XX Ingenieur-Archiv , 2 (1931), 321-346. 
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Stiiper’s observations also indicated that on the under surface 
the transition occurred earlier than on the upper surface, but the 
position could not be determined with precision. 

The velocity graphs obtained by Stiiper in the second series of 
measurements (Reynolds number 3*62 x 10 6 ; lift coefficient 0*55) are 
reproduced in Fig. 185, where graphs of U/Uq against y are shown, 
27 being the velocity in the boundary layer at a distance y from the 
surface and U Q the velocity of the wing relative to the undisturbed 
air. 

s 

If # is the momentum thickness defined as J (l—UjUJiUJUj) dy, 

o 

where S is the thickness of the boundary layer and U x the velocity 
just outside the layer, then Stiiper found that U^jv lies between 250 
and 650 at the transition to turbulence. 

209. The flow at the stall. Forward and rear separation. The 

‘bubble’ of turbulence.f 

On all aerofoils the first sign of an approaching stall is the formation 
of a thick region of low total head over the upper surface near the 
trailing edge (see the free-hand sketch in Fig. 186 a), but without 
definite separation of the stream from the surface. The formation of 
this region is associated with a progressive fall in the rate of increase 
of C L with incidence (before this region forms C L increases linearly 
with incidence), and with a slight rise in the rate of increase of drag; 
during or before this stage (which precedes the true stall) the air- 
stream may separate from the upper surface near the leading edge, 
and then quickly rejoin the surface to form a kind of shallow 'bubble’ 
in which the flow is turbulent. This 'bubble’ of turbulence is prob¬ 
ably due to a failure of the potential flow to force its way against 
a sharply rising pressure gradient, so that the stream-line which 
otherwise would coincide with the surface is separated from it for a 
short distance. 

Some aerofoils show large discontinuities in the lift and drag 
curves at the stall: such discontinuities are due to a sudden and 
complete separation of the stream from the upper surface near the 
leading edge, the boundary of the stream passing well above the 

t Comprehensive researches on the stalling of aerofoils, both in. flight and on the 
model scale, have been made at the Aeronautics Laboratory, Cambridge. See B. M. 
Jones, Joum. Boy, Aero. Soc. 38 (1934), 753-770; Aeronautics Laboratory, Cambridge, 
A.R.G. Reports and Memoranda^ No. 1588 (1934). 
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surface, with a region of permanent uniform low pressure occurring 
over practically the whole of it. There may be a small incidence 
range within which either the stalled state or the unstalled state of 
flow may occur and be maintained for a considerable time, with the 
corresponding parts of the lift curve (and of the drag curve) over¬ 
lapping. The changes of flow may be sudden, and are then associated 



( c ) (d) 

Fig. 186. 


with large differences in the values of the lift and drag coefficients. 
When the differences are not large the boundary of the stream 
alternates between two fairly distinct forms, roughly outlined in 
Pig. 186 b: one of these forms represents the completely stalled state, 
whereas in the other the separated layer, clearly defined at first, 
remains above the surface over about half the chord, and finally 
becomes diffused and hard to define. Alternation between these two 
forms of flow is responsible for the violent fluctuations often observed 
on a model aerofoil in a wind tunnel. Apart from the turbulence 
bubble which may form at low incidences on the upper surface 
behind the leading edge, the first signs of separation from the leading, 
edge are either discontinuities in the lift and drag curves or the 
onset of violent fluctuations: these phenomena do not necessarily 
happen at the incidence of maximum lift. 

With some aerofoils, particularly when they are thick and the 
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maximum thickness is well back from the leading edge, the first 
definite separation occurs near the trailing edge, and a dead-air 
region appears of the form illustrated in Fig, 186 c. With increasing 
incidence this dead-air region gradually extends until the form shown 
in Fig. 186d is obtained, and during this growth the lift gradually 
falls without any serious discontinuities or fluctuations. Eventually, 
even in these circumstances, the flow separates suddenly from the 
leading edge and characteristic fluctuations occur, but at an inci¬ 
dence well beyond that of maximum lift. 

It appears that as the incidence of an aerofoil of moderate thickness 
increases there are two positions in the boundary layer where the 
conditions may give rise to separation from the surface; one of 
these is near the leading edge and the other near the trailing edge. If 
separation occurs first at the front, violent fluctuations mark the 
attainment of maximum lift, whereas if rear separation occurs first, 
violent fluctuations are postponed to incidences well above that of 
maximum lift. 

210. The hysteresis loop in the lift-incidence curve for a 

stalled aerofoil. 

A balance has been designed by W. S. Farren for the Aeronautics 
Laboratory, Cambridge to record automatically the aerodynamic 
force acting on an aerofoil whose lift is rapidly changing, and 
researches! with this balance have shown that, when an aerofoil is 
started suddenly at an incidence well above that at which the stall 
occurs in steady motion, the flow remains unstalled during the first few 
chords of travel. This phenomenon suggests that the lift of an aerofoil 
whose angle of incidence is rising rapidly, from a value below the 
normal stalling angle to one well above it, may appreciably exceed 
that measured at a fixed angle of incidence above the stall; and this 
was found to be the case. 

This latter phenomenon, and those associated with fluctuations of 
flow at the stall, were investigated on aerofoils of various shapes and 
thicknesses, under conditions of two-dimensional flow. It was found 
that a large hysteresis effect exists above the stall, the shape of the force- 
incidence curve depending both on the rate of change of incidence and 
on the sense of the change.!. The general nature of this phenomenon 

t A.R.C. Reports and Memoranda , No. 1648 (1935). 

t A hysteresis loop in the lift-incidence curve at the stall has often been observed 
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is illustrated in Mg. 187. The lift curve for a very slow change of 
incidence is shown by a broken line., and that for the fluctuating 
region by a band. When the angle of incidence is changing 1 in the 
time the wind takes to travel 2*5 chords (the greatest rate of change 
which was investigated), the lift follows the full lines: no consistent 
difference is found in the lower part of the curve, but the whole of 
the stalled part of the curve lies above the mean curve for slow 



changes when the incidence is increasing, and below it when the 
incidence is decreasing. Near the fluctuating region there is, with 
increasing incidence, a notable ‘peak’ of high lift over a small 
incidence range: the position of this peak depends on the shape of 
the aerofoil section. In Farren’s experiments the recorded lift ex¬ 
ceeded the mean lift at fixed angles by 15 to 20 per cent, in a region 
covering this peak, and for half of the relevant period of time the 
excess was 30 per cent.; the maximum excess was 40, to 45 per cent. 

Records of force fluctuations were taken by Farren at fixed angles 
of incidence near the stall: the fluctuations were nearly harmonic, the 
period for the slower oscillations being the time taken by the wind 
to travel a distance of about 13 chords; the fluctuations in lift were 
about ±15 per cent, of the mean value. 

in wind tunnel and full-scale experiments. See, for example, Jacobs, N.A.G.A. 
Report No. 391 (1931); Kramer, Zeitschr. /. Flugtechn. u. Motorluftschiffahrt, 23 
(1932), 185—189; White and Hood, JSTJL.OJL. Report No. 482 (1934); L. Sackman, 
Comptes Rendus, 202 (1936), 1019-1021; A. Lafay, Publications scientifiques et 
techniques du ministlre de Vair, 79 (1936). 
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211. The effect of surface roughness on the drag and the lift 
of aerofoils. 

A surface is aerodynamically rough when the irregularities affect 
the drag to a measurable extent: the effect depends not only on the 
size and the arrangement of the irregularities, but also on the condi¬ 
tions of flow in the boundary layer. A given surface is aerodynamic- 
ally smooth for flow below a certain value of the Reynolds number 
and rough above this value; all surfaces become rough when the 
Reynolds number is sufficiently high. Surface roughness can in 
general be specified by three parameters: (a) a relative roughness, 
which can be taken as the ratio of the mean height of the excre¬ 
scences to a linear dimension of the body, (b) a roughness density, 
and (c) a shape parameter; but when the excrescences are closely 
spaced, the first parameter (a) is usually sufficient to specify the 
roughness. It appears that excrescences affect the resistance only 
when they project beyond the thin laminar sub-layer: when their 
height is increased beyond the thickness of this sub-layer, vortices 
are formed behind them which cause an increase in resistance.*}* At 
high Reynolds numbers nearly all the loss of energy is due to vortex 
formation behind the projections, and the resistance is independent 
of viscosity and proportional to the square of the velocity. 

The ratio of the mean height of the excrescences on the surface of 
an aerofoil to the thickness of the laminar sub-layer is not constant 
along the surface. If the boundary layer is turbulent over the whole 
surface, the ratio is relatively large near the leading edge, so the 
surface may be aerodynamically rough and the intensity of friction 
independent of viscosity. This region may be followed by one where 
both roughness and viscosity must be taken into account, and later 
by an aerodynamically smooth surface. The conditions are still more 
complicated when turbulent flow is preceded by a region of laminar 
flow near the leading edge. 

Valuable information concerning the effect of surface roughness 
on aerofoils has been obtained by SehrenkJ from full-scale, experi¬ 
ments on a monoplane (Junkers A. 20). The profile drag of the wing 
was deduced by the method due to Betz|| from measurements of* 

t Cf. Chap. VIII, §§ 167, 168. The maximum permissible height there found for 
excrescences in order that the resistance may not be affected is approximately the 
same as the thickness of the laminar sub-layer 
t LuftfaJirtforschung, 2 (1928), 1-32. 

|| Chap. VI, § 115. 
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total head and pressure in the -wake. The wing was tapered in plan 
form, and its maximum thickness varied from 0-176c at the body to 
0-117c at the tip. Traverses of pressure tubes were made at a section 
about midway between the root and the tip. Various coverings (dural 
sheet, plywood varnished and polished, linen, plywood oiled, dural 
sheet with rivet heads, corrugated sheet, doped linen, coarse fabric, 
plywood roughened) were fitted at this section to give surfaces 
of diff erent roughnesses. The curves in Fig. 188 show how the pro¬ 
file drag depends on the nature of the surface roughness. The 
smoothest surfaces have a profile drag which is close to that for 
turbulent flow along a smooth flat plate, but the roughest surfaces 
have a much higher drag. Whereas each of the smoother surfaces 
has an approximately constant profile drag up to large lift coefficients, 
the drag of each of the rougher surfaces rises at the higher lift 
coefficients; the rougher the surface, the lower is the lift coefficient 
at which the profile drag increases and the steeper is the rise. The 
roughest surfaces appear therefore to introduce an appreciable form 
drag apart from the increase of frictional drag. 

The profile drag of the lower wing (R.A.F. 28 section) of a Hart 
biplane has been measured at Cambridgef by the pitot-traverse 
method. The technique developed allowed drag differences due to 
minor alterations of wing shape or surface roughness to be determined 
within 2 per cent, of the profile drag, and the absolute value of the 
local profile drag could probably be determined with similar accu¬ 
racy. The profile drag coefficient of a very smooth wing, having 
10-5 per cent, thickness/chord ratio and 2 per cent, camber, was 
found to be 0-0069 at B = 4-8 x 10 6 , as compared with a mean value 
of 0-0090 for a fabric-covered wing made in accordance with current 
practice, of substantially the same section. An appreciable part of 
this increase is due to the surface irregularities caused by the 
stitching of the fabric to the wings. 

Experiments by Hookerf in the Variable Density Tunnel (U.S.A.), 
at a Reynolds number U 0 c/v = 3-1 x 10 6 , indicate that the forces on 
an aerofoil are very sensitive to isolated projections near the leading 
edge. Irregularities and scratches 0-0002c in depth and not more 
than 0-016c from the leading edge caused a notable drop in the 

f The Cambridge University Aeronautics Laboratory, A.R.C. Reports and 
Memoranda , No. 1688 (1936). 

t ‘The Aerodynamic Characteristics of Airfoils as affected by Surface Bough- 
ness’, N.A.O>A. Technical Note No. 457 (1933). 
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maximum lift coefficient without appreciably affecting the minimum 
drag. The effects of isolated protuberances on lift and drag have 
also been investigated by Jacobs,! by Schrenk,} and by Dearborn.|| 
Their experiments show that the effects of isolated protuberances 
depend appreciably on their position and size: when the protuberances 



RxlO -6 

Fig. 190. 

are numerous and relatively large (with a height greater than about 
0-001c), a large increase in drag is probable if they are situated near 
the leading edge, especially if they are on the upper surface; the 
effect on maximum lift depends on the aerofoil section, and a large 
effect is again probable when the protuberances are on the upper 
surface close to the leading edge. 

Tig. 189 shows the effect of roughness on C Lm&x for the aerofoil 
N.A.C.A. 0012: the tests were made on a model (c = 8 inches, aspect 
ratio 6) in the C.A.T.tt Roughening the surface with FIT carborun¬ 
dum (0-0004-inch grains) lowered C Lmax to 1-20 from its value 1-42 

t N.A.O.A. Reports No. 446 (1933), No. 449 (1933). 

% Loc . cit. in footnote J on p. 473. 

|i N.A.C.A. Technical Note No. 461 (1933). 

ft Jones and Williams, A.R.C. Reports and Memoranda , No. 1708 (1936). 





478 


AEROFOILS 


[X. 211 


for the hand-finished aerofoil at B = 6 x 10 6 ; the coarser roughening 
with FF carborundum (0-001-inch grains) reduced C L max to 1-08. Fig. 
190 shows the effects of these roughnesses on Gjj min (aspect ratio 6). 

212. Lift calculations by boundary layer theory for laminar 

boundary layers. Application to an elliptic cylinder. 

The rate at which -vorticity is discharged into the main body of 
the fluid from a boundary layer in which the forward flow separates 
from the surface is the value of \U\ at the position of separation, 
where V x is the velocity just outside the layer (Chap. II, § 22, p. 66). 
When a steady state is reached in flow past an obstacle, the average 
flux of vorticity across any fixed circuit embracing the obstacle is 
zero (since the average flux of vorticity across a large circuit cutting 
the wake at right angles is zero, and the average total strength of the 
vorticity enclosed between this and any other circuit is constant). 
Hence the average rate of discharge of vorticity must be the same 
for both the upper and the lower surfaces of the obstacle, and U x must 
be the same at the positions of separation. This condition provides 
a criterion for calculating the value of the steady circulation that 
will arise. The distribution of L\ along the surface for any given 
circulation is, however, required for this calculation. For a body of 
good stream-line shape it is profitable to carry out the calculations 
with values of found from the theory of the potential flow of an 
inviscid fluid. Comparisons of measured pressure distributions at the 
surfaces of aerofoils with those calculated from potential theory for 
a circulation equal to the measured lift per unit length divided by 
pll 0 (where U 0 is the undisturbed stream velocity)! are shown in 
Chap. I, Fig. 12, and in Fig. 179. Comparisons, due to Fage ,% for an 
elliptic cylinder with axes in the ratio, 5-4:1 (which is not such a good 
stream-line shape as the aerofoils) are shown in Figs. 191 and 192 
for incidences of 0° and 8-84°. It appears that (except in a region 
at the rear which is affected by the wake) the calculated pressure 
distributions are fair approximations to the measured ones, the 
approach of theory and experiment being the closer the better the 
stream-line shape of the body. 

t This is also the measured value of the circulation in a circuit at some distance 
from the body and cutting the wake at right angles to the undisturbed stream. See 
p. 456 above. 

t A.R.C. Reports and Memoranda, No. 1097 (1927). 
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Experiment x—x—x o° | nc jd e nce 



Distance round the periphery of the section from the nose 
Fig. 191. 



Distance round the periphery of the section from the nose 


Fig. 192. 

. Calculations may be carried out by first finding the theoretical 
pressure distribution for any chosen value of the circulation; then 
using the methods of Chap. IV, §§60, 62, and 63 to calculate the 
position of separation of forward flow in the boundary layer with this 
pressure distribution; and finally adjusting the circulation until the 
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velocity U t is the same at the positions of separation on both the 
upper and lower surfaces. An approximate value of the circulation 
is usually known, or easily found by rough calculations, and correc¬ 
tions may also be found in any particular case by rough calculations; 
hence a sufficiently correct value of the circulation can usually be 
found at the second (or at most at the third) attempt. When the 



Z 4 6 8 

ot(in degrees) 

Fig. 193. 


correct value, K, of the circulation has been found, the lift per unit 
length is given by the formula KpTJ a . 

Such calculations have been made by Howarthf for an elliptic 
cylinder with its axes in the ratio 6:1. (The method used for finding 
the positions of separation was the Karman-Pohlhausen method 
(Chap. IV, § 60), together with either Dryden’s modification (Chap. 
IV, §60, p. 161) or Falkner and Skan’s method (Chap. IV, § 64, 
pp. 178-180) when the parameter A rose above 12.) The calculated 
lift coefficient (lift per unit length divided by \pU\ times the length 
of the major axis of the ellipse) is shown plotted against incidence 
in Fig. 193. The initial slope of the (£7^, a) curve is 4-9 per radian; 
a maximum lift coefficient of 0 - 48 is reached at an incidence of 
about 7°. . 

At and near the stall the calculated wake will no longer be narrow, 
and the theoretical pressure distribution will cease to be a good 
approximation. Since, however, we begin with the pressure distribu- 
t Proc. Roy. Soc. A, 149 (1935), 558-586. 
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tion and calculate the position of the points of separation, and since 
the pressure distribution would be a good approximation with a 
narrow' wake; it follows that if a wide wake is obtained by calcula¬ 


tion, the results are quantitatively wrong but 
qualitatively right, in that a wide wake is 
really to be expected. The results obtained 
by Howarth for the positions of separation 
(S^Sz) are shown in Fig. 194, and indicate 
that stalling probably occurs at about 7°, and 
that the calculated numerical values for C L 
are probably reasonably accurate for a less 
than 6°. 

The pressure is the same at both points 
of separation, and may roughly be taken to 
stay constant between them over the rear of 
the body. Both the skin-friction drag and 



Fig. 194. 


the form drag could then be calculated; but no such calculations have 


yet been made. 


213. Semi-empirical lift calculations for turbulent boundary 

layers. Application to an elliptic cylinder. 

If the boundary layer is considered to be turbulent right from the 
forward stagnation point, and if we are content to make the assump¬ 
tions of Chap. IX, §194, and Chap. VIII, §166, —namely, that 
8J& and £ are the functions of F shown in Figs. 117 and 118 of 
Chapter VIII, where S 1 and # are the displacement and momentum 
thicknesses, F the shape parameter for the velocity graphs, and £ 
the skin-friction parameter defined in equation (1) of Chap. IX, 
§ 194, —then similar calculations to those in the preceding section 
are easily carried out for' turbulent boundary layers. It is simply a 
matter of finding the position of separation for each assumed circula¬ 
tion by solving equation (9) of Chap. IX, §194, separation being 
supposed to occur at some fixed value of I\ The results obtained by 
Howarth (loc. cit.) for the elliptic cylinder of the preceding section, 
with T = —0-06 at separation, are shown in Fig. 195, where the 
lift coefficient is plotted against incidence. For 0° < oc < 20° the 
graph is almost exactly a straight line, whose slope is 5*4 per 
radian. The maximum lift coefficient is 1*95, and is reached at an 
incidence of 22|°. 
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When, allowance is made for a laminar portion of the boundary 
layer near the forward stagnation point, the matter is more com¬ 
plicated. Assumptions must be made both for the conditions at, and 
the position of, the transition to turbulence. We may assume either 
(a) that the state of affairs in the boundary layer downstream of the 
transition is the same as if the flow had been turbulent right from the 
forward stagnation point, or ( b ) that the momentum thickness $ 
is continuous at transition. (See Chap. VII, §151, p. 329.) As 



10 10 30 
<x(in degrees) 

Fig. 195. 


regards the position of transition to turbulence, if the calculations 
in the laminar portion of the boundary layer are carried out by the 
Karman-Pohlhausen method (Chap. IV, § 60), then a definite value 
is obtained for the thickness S of the boundary layer, and the simplest 
assumption is that U^Jv = C at transition, where is the velocity 
just outside the boundary layer, and C a number depending on the 
amount of turbulence in the main stream. C appears to lie between 
1,300 and 6,000 for wind tunnel conditions.! Alternative, and prob¬ 
ably preferable, assumptions would be that XJ^jv = C 1 orU 1 S 1 /v = C 2 , 
where # and S x are the momentum and displacement thicknesses, 
and C x and C 2 are again numbers depending on the amount of turbu¬ 
lence in the main stream. The values obtained by GruschwitzJ for 
U^/v in experiments in the 2-24-m. wind tunnel of the Gottingen 
aerodynamical laboratory, both on a model of the aerofoil Got ting en 
387 and on a flat plate at zero incidence with a considerable variety 

t See Fage, A.R.O. Reports and Memoranda, No. 1765 (1937). 

f Ingenieur-Archw, 2 (1931), 321-346; Zeitsckr. f. Flugtechn. u. Motorluft- 
schiffahrt, 23 (1932), 308-312. 
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of pressure distributions along the plate (obtained by varying the 
shape of the wall of the wind tunnel opposite the plate), lay between 
360 and 680; for flow along a cylindrical surface Schmidbauerf 
found values between 500 and 790. The values obtained by Stiiper 
on an aerofoil in free flight (see p. 469) lay between 250 and 650; and 
in experiments on a symmetrical aerofoil (maximum thickness ^th 
of the chord at ^rd of the chord from the leading edge) at the Massa¬ 
chusetts Institute of Technology, PetersJ found that transition took 
place consistently for values of U x -&/v between 600 and 650. The 
values of U x S x /v at transition have been examined by Fage|| for a 
flat plate from Dryden’s results (Chap. VII, § 151, p. 326) obtained 
at the National Bureau of Standards, and for an aerofoil (Joukowski 
section No. 3 of Chap. IX, Fig. 136), a circular cylinder and a sphere 
in various N.P.L. tunnels. The values lie between about 500 and 
1,000 for values of u/U 0 between 0*01 and 0-05 (where u is the root- 
mean-square of the longitudinal component of turbulent velocity in 
the stream). 

With any of the above assumptions concerning the position of the 
transition to turbulence, there will, for each value of C (or C x or C 2 ), be a 
critical value, R c , of the Reynolds number R of the flowpast the bodyff 
for which, with any given circulation round the boundary, the posi¬ 
tion of the transition to turbulence and the position of separation of 
a laminar boundary layer coincide. This value can be calculated at 
once for all values of C if the values of U 1 and S (or S x or #) in terms 
of R have been found at the position of separation of the laminar 
layer. For R < R c) there will be no transition to turbulence before 
laminar separation; for R > R c , there will be a transition to turbu¬ 
lence and no laminar separation. Further, with assumption (a) as 
to the conditions at transition (the state of affairs in the turbulent 
portion of a boundary layer the same as that at the same position 
in an everywhere turbulent layer), turbulent separation for R > R c 
will always take place at the same position as for the completely 
turbulent layer, and will not depend on the position of the transition 
to turbulence; hence the assumption U x S/v = C (or CZj#/y = C x or 
U x S x /v — (7 2 ) at transition must be applied, in order to find R c , only 
at the position of separation of the laminar layer. 

t Luftfahrtforschung, 13 (1936), 160-162. 

t Journ. Aero. Sciences , 3 (1935), 7-12. 

|j A.E.C. Reports and Memoranda , No. 1765 (1937). 

tt R — (£4M multiplied by a characteristic length of the solid body^ 

3837.8 II -v 
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For any incidence we may calculate the values B cL and It cT of 
B 0 corresponding to the correct circulations for a laminar layer and 
for a fully turbulent layer, respectively: for B < B cL the circulation 
and the lift coefficient calculated for a laminar boundary layer will 
be correct; for B > B cT the lift coefficient calculated for a fully 
turbulent layer will be correct on assumption (a). On assumption (6) 
further calculation of the turbulent portion of the layer is necessary, 
and it appears that the circulation and the lift coefficient rise suddenly 
at a certain value of B to values very nearly but not quite equal to 
those for a completely turbulent layer, which, as B further increases, 
are then approached asymptotically. 

From such calculations the maximum lift coefficient, C Lmtty ., is 
known for each Reynolds number, and curves of C Xmax against B 
may be drawn. There will be one such curve for each value of O 
(or G x or Co) in the assumed equation for the position of transition. 
The value of C Lrnax will be that for a completely laminar boundary 
layer until B reaches the value at which transition and laminar 
separation coincide at the incidence at which the turbulent lift is 
equal to the maximum laminar lift; then <7 iinax will rise: on assump¬ 
tion (a) it will reach the value for a completely turbulent layer as 
soon as B reaches the value at which transition and laminar separa¬ 
tion occur simultaneously at the incidence of maximum (completely 
turbulent) lift: on assumption ( b ) it will approach the completely 
turbulent value asymptotically as B increases. 

Calculations carried out in this way by Howarth ( loc. cit.) for the 
elliptic cylinder of the previous section (the calculations being per¬ 
formed by the Karman-Pohlhausen method for the laminar portion 
of the boundary layer, the condition L\S/v = C being applied for the 
position of the transition to turbulence, and the condition T = — 0-06 
for turbulent separation) resulted in the curves of 0 Lmax against 
B reproduced in Fig. 196. (C L is defined as the lift per unit length 
divided by the product of ip U* and the length of the major axis, 
and B is UJv times half the distance between the foci, which is 0-986 
times half the major axis.) It was found that there was very little 
difference in the results oh assumption (a) and on assumption (6) 
except in the neighbourhood of the value (1-96) of 0 Lmax for a 
completely turbulent layer. Assumption (a) was therefore used in 
obtaining Fig. 196 except in that neighbourhood, where assump¬ 
tion ( b ) was used in order to ensure, that the value 1-95 should 



X. 213] PREDICTION OF LIFT 485 

be approached asymptotically, and not reached for a finite value 
of B. 

On assumption (a) the slope of the (C L , a.) curve at the origin with a 
boundary layer which is partly laminar and partly turbulent has 
the value (5-4) for a completely turbulent layer; on assumption (6) 
it probably rises suddenly at a certain Reynolds number to a value 



between 4-9 and 5*4 and then rises asymptotically to the value 5-4 
as B increases. 

At any given incidence, as B increases and the transition to turbu¬ 
lence moves forward, it is found that the positions of turbulent 
separation also move forward. The displacement of the position of 
separation is greater on the top than on the bottom, but for an 
elliptic cylinder slight changes also occur on the lower surface; they 
take place in a region of considerable pressure gradient, and are 
sufficient to make the maximum lift coefficient rise with an increase 
of the Reynolds number. (Contrast § 207, pp. 464, 465.) 

The very rapid increase in C Lm&x near a particular Reynolds 
number in Eig. 196 is not very plausible: it arises from the fact 
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that, "with UlS/v = G at transition, the calculated values of R c are 
nearly constant (for each value of O') for incidences between 15° and 
22°; and it disappears if the condition C^S/v = O is. replaced by 
DjS/v = (C^+DjR)*, with a suitable choice of D. Resulting curves 
of C Lm&x when D = 6-25 are shown in Fig. 197; the curve with 
0 = 1,535 is shown dashed in Fig. 167 (where the scale of the 



4-5 5-0 5-5 6-0 6-5 7-0 7‘5 80 

log ioR 


Fig. 197. 

abscissa is so changed that B is UJv times the major axis). Too 
much importance should, however, not be attached to the com¬ 
parison in Kg. 167,- because of the difference in the shapes of the 
aerofoils and the elliptic cylinder, and because the calculations, 
though promising, are still very crude, f 

f Similar, but less developed, calculations were made by Karman and Millikan, 
Joum. Applied Mechanics , 2 (1935), 21-27. (See also Millikan and Klein, Aircraft 
Engineering, 5 (1933), 169-174; Karman, Chambre Syndicate des Industries Airo - 
nautiques , Tournees Techniques Internationales de VAeronautique (Paris, 1932), 
pp. 1-26.) They applied the condition h/v — O at transition, but assumed simply 
that the turbulent boundary layer would not separate from the surface. For any 
chosen value of 0 L , if the laminar layer separates before the transition to turbulence, 
the aerofoil is considered stalled in their method, and the value of C L is not attained; 
otherwise that value of C L can be reached. The assumption that the turbulent 
boundary layer does not separate from the surface is unsatisfactory in that it implies 
that stalling would never occur at sufficiently high Reynolds numbers, arid infinitely 
large values of could theoretically be reached. 
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A different method of considering turbulent boundary layers has been 
suggested by Gruschwitz.! He plots UjTJ^ against y/fr, where U is the velocity 
in the boundary layer at a distance y from the wall; and suggests that this 
gives a one-parameter family of curves. The value of U/U x at a particular 
value of 2 //# then fixes each curve. Actually the parameter used is 


Then, since 


- ‘-KL- 

J = j-’ 


V 

8/ff 


should be a function of r). Moreover, according to Gruschwitz, 


( 1 ) 

( 2 ) 


-jgtfrOfij] = 0-008945J—0-00461 (3) 

very nearly for rj <0*8, according to experimental results. This equation, 
and the equation of momentum 


r 0 d& d' dTJ x 

pUl ~ dx U ± dx 



(4) 


(equation (38) of Chap. TV), are then a pair of simultaneous equations for 
& and 7] tfroKpUl) is known. For rj(pTJ{) Gruschwitz is content to take a 
constant value, or a value obtained from the approximate (power-law) 
formula for a flat plate (Chap. VIII, § 163, equation (62)); and he suggests that 
separation takes place at or soon after r) = 0-8. At the transition to turbu¬ 
lence, the conditions are taken to be that 3 is continuous and 7) = 0*1. (It is 
stated that the form of the integral curves for 7] is such that the value at 
transition is of minor importance.) 

It appears that the relations obtained by Gruschwitz, and others calculated 
therefrom, hold with fair accuracy so long as no separation takes place or 
the position of separation is not too closely approached. Thus StuperJ 
obtained fair agreement with the results of his observations in free flight, in 
which no separation of the forward flow occurred; Peters]) found that the 
relations and calculated results held with fair accuracy for incidences at which 
no separation occurred, but for other incidences departed more and more from 
the measured values as the position of separation was approached. The 
measured value of rj at separation was about 0*8, but the calculated values 
did not rise above 0*7. A linear relation between — [d'l(ipUi)']d[%pUlrf]/dx 
and 7] was found to be a rough approximation when no separation occurred, 
but even this rough approximation was not valid when a position of separation 
was approached. 

The curves for SJ& and — [&/(ipUi)]d\_^pU\r]]jdx obtained by Gruschwitz 
are shown in Figs. 198 and 199. The plotted points were obtained from 
observations in boundary layers at a flat surface, though with a considerable 
variety of pressure distributions: they do not take into account either curva¬ 
ture of the surface or widely different degrees of turbulence in the main stream. 


t Loc. cit. in footnote -J on p. 482. 
|] Loc. cit. in footnote } on p. 483. 


t Loc. cit. in footnote J on p. 467. 
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For flow along the convex side of a curved surface, Schmidbauer,f as a result 
of experiments on flow along surfaces of constant curvature, suggested that 
(3) should be generalized to 

= (i7+0-l)(0-00894—0-315/c#)—0-0055, (5) 




0-4 0-6 0-8 1-0 


Fio. 199. 

where k is the curvature (the reciprocal of the radius of curvature). The curve 
of S J9 against rj was unchanged; and according to Schmidbauer & is still to 
fee taken as continuous and rj = 0*1 at transition; but with a moderate 
pressure gradient in the last part of the pressure rise before separation, 
separation is not to be anticipated until rj = 0-95. 

Gruschwitz’s method has been applied by StuperJ to calculate the effect 
of the boundary layer and wake in lessening the lift of a Joukowski aerofoil 
f Loc. cit. in footnote f on p. 483. 

t Zeitschr.f. Flugtechn. u. Motorluftschiffahrt, 24 (1933), 439-441. 
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from the value calculated by the method of Kutta-Joukowski. The pressure 
distribution having been first found in the usual way, the circulation being 
chosen to prevent infinite velocity at the trailing edge, Grusehwitz’s method, 
with Uift/v = 650 at the transition to turbulence, was applied to calculate the 
boundary layer characteristics, the Karman-Pohlhausen method being used 
for the laminar portion. A new calculation was then made for a contour which 
was that of the original aerofoil displaced outwards through a distance 8 1? and so 
on. Various approximate methods were used in order to shorten the calculation. 
The fifth approximation was calculated for a Reynolds number 7 X10 6 . The 
only experimental results related to Reynolds numbers of 2 x 10 5 and 4 X 10 5 , 
so that a proper comparison was not possible. The calculated values actually 
agreed well with the experimental values at the much lower Reynolds numbers. 
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XI 

FLOW PAST SOLID BODIES OF REVOLUTION 

214. Introduction. 

Ik this chapter we consider flow past a sphere and past a solid 
body of symmetrical stream-line shape, such as an airship hull. A 
large amount of work has been done on bodies of both these types, 
from which it is possible to draw a number of general conclusions. 
Investigations of three-dimensional flow past other solid bodies, such 
as disks or rectangular plates, have not been so extensive. Some 
of these investigations, in so far as they were concerned with flow in 
the wake, are reported in Chap. XIII, § 250; in the present chapter 
references are confined to the list on pp. 526-528. This list also con¬ 
tains references to some of the few published works on flow past 
ellipsoids, symmetrical stream-line bodies with their axes inclined 
to the direction of flow, and rotating bodies of revolution. 

SECTION 1 
SPHERES 

215. Drag at low Reynolds numbers. 

Investigations on the drag of spheres have been made over a very 
wide range of Reynolds numbers. At low Reynolds numbers the 
drag is determined from tests on small spheres—often of microscopic 
size—falling through viscous fluids, and at higher Reynolds numbers 
oil much larger spheres, dropped or towed through air or water, or 
mounted in the artificial stream of a wind tunnel. 

The drag at very low Reynolds number was predicted by Stokesf 
on the assumption that the inertia terms in the equations of motion 
of a viscous fluid can be neglected in comparison with the terms 
involving the viscosity g.. The value of the drag obtained is 3 
where d is the diameter of the sphere and u 0 the relative velocity 
of the sphere and the fluid at a great distance. The corresponding 
value of the drag coefficient C D . (obtained by dividing the drag by 
the product of and the cross-sectional area £nd 2 ) is 24 R-\ 
where B is the Reynolds number u 0 djv. 

Attempts have been made to deduce a more general relation for 
the drag of a sphere at small Reynolds numbers than that obtained 

t Lamb, Hydrodynamics (Cambridge, 1932), pp. 597-604. 

Y 


3837.8 n 
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by Stokes, by taking some account of the inertia terms in the 
equations of motion. The earlier attempts are described in a paper by 
Weyssenhoff.f Oseen+ pointed out that at a great distance from the 
sphere the inertia terms become more important than the viscous 
terms, and suggested a new approximation. The solution of Oseen’s 
equations obtained by Goldstein|| leads to the series formula 

_ 30179 _ 122519 - R*— ...j . 

34406400 560742400 / 

The value of C D for values of R up to and including 2 may be calcu- 
lated from this series, but for larger values of R the series does not 
converge sufficiently rapidly, and a numerical method of evaluation is 
necessary. If the neglected terms in the equations of motion could be 
retained, only the first two terms in the expansion of C D would be 
unaltered; Goldstein’s solution represents therefore only a first step 
towards obtaining such an expansion. 

The first term in the series 24J?- 1 is the value obtained by Stokes, 
and the second approximation 24i2- 1 +4*5 was obtained by Oseen. 

The experimental determination of the rate of fall of a sphere 
affords a convenient method of finding the value of the viscosity of 
a fluid, and to establish this method on a satisfactory basis many 
experiments with small spheres of different sizes have been made. 
Castleman,ff of the Bureau of Standards, U.S.A., has analysed the 
results of some of these experiments to determine the range of 
Beynolds numbers over which Stokes’s relation holds with good 
accuracy. The results considered were those of ArnoldJJ (obtained with 
metal spheres in colza oil), of Liebsterand Schiller|||| (with steel spheres 
in glycerine, etc.), and of Allenfft (with air and paraffin spheres in 
aniline, and air bubbles in waterJJJ). Castleman’s mean curve is 
reproduced in Fig. 200, and meets the line representing Stokes’s 
relation at log 10 i2 = —0*3—that is, at R = 0*5 approximately. 

t Ann. d. Phys. 62 (1920). 1-45. 

j Ark.j. mat., astr. ochfys. 6, No. 29 (1910). 

|| Proc. Roy. 8oc. A, 123 (1929), 225-235. 

ft N.A.G.A. Technical Note No. 231 (1925). 

tt Phil ‘ Mag. (6), 22 (1911), 755-775. |||| Physik. Zeitschr. 25 (1924), 670-672. 

ttt Phil. Mag. (5), 50 (1900), 323-338 and 519-534. 

ttt When the sphere is itself fluid Stokes’s formula must be modified. See Lamb, 
op. cit ., pp. 600, 601. 
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(The importance of the establishment of Stokes’s relation arises from 
its use to determine the diameters of small spheres from their rates 
of fall in fluids of known viscosity, to determine the diameters of 
droplets of water in mists or fogs, and to determine the dimensions of 
microscopic particles in sedimentation analysis.f) 



Curves plotted from the solutions of Oseen and of Goldstein, also 
shown in Fig. 200, lie above the experimental curve4 

216. Drag. Interference. The critical range of Reynolds 
numbers. 

Measurements of the drag of spheres mounted in the artificial 
stream of a wind tunnel have been made over a wide r ang e of Rey¬ 
nolds numbers, and in many countries. The earlier results obtained 
in and beyond the critical range of R —i.e. the range over which the 
drag coefficient experiences a large fall (see p. 495)—were in consider¬ 
able disagreement, and this caused some concern, for the differences 
were often much greater than could be attributed to experimental 
error. Subsequent researches threw light on the nature of these dis¬ 
agreements, and it is now known that the drag of a sphere depends 
not only on the.Reynolds number, but also on the method of support, 
on surface roughness, on flow disturbances due to mechanical and 
acoustical vibrations, and on the turbulence in the stream. At one 

t For a critical analysis of experimental results on the drag of small spheres and a 
description of the falling sphere method of measuring viscosity see Barr, Monograph of 
Viscosity (Oxford, 1931). t For the curve marked Lunnon in Fig. 200 see p 496 
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time it was the common practice to support a sphere in a wind tunnel 
either on a spindle normal to the air-stream (cross-wind spindle) or on 
a system of wires of which one at least was attached to the sphere 
at or upstream of the great circle facing the oncoming stream. Such 
methods of support may greatly affect the flow past the sphere and 
hence also the drag. Thus Bacon and Reidf showed that the super¬ 
critical drag of a sphere supported on a cross-wind spindle may be 
about 2*5 times that of the same sphere supported in the same tunnel 
on a spindle at the back. In their experiments the horizontal sup¬ 
porting spindle, which had a length roughly equal to the diameter 
of the sphere, was attached to a vertical balance arm surrounded by 
a guard (see Fig. 5 of the paper cited), and it is probable that the 
difference in the measured drag arose not only from the change in 
the position of the supporting spindle, but also from a change in the 
interference from the vertical guard. The effect of radial supporting 
wires attached at different points on a sphere was also investigated: 
the drag curves obtained were grouped fairly closely together below 
the critical range, but beyond this range the addition of a radial 
wire attached at 22*5° forward of the great circle facing the stream 
doubled the drag of a sphere supported on a back spindle. An attempt 
to investigate interference phenomena by measuring drag when the 
end of a wire approached the surface had to be abandoned, because 
violent oscillations of the sphere, due to instability of flow, occurred 
when the end was brought nearer to the surface than one-twelfth 
of a diameter, so drag measurements could not be made. The evidence 
available from such experiments clearly indicates that supporting 
wires and spindles must not disturb the continuity of the boundary 
layer, and tests are now made with the sphere supported on a 
spindle completely immersed in the wake at the back.J 

Representative drag curves obtained from tests in two modern 
wind tunnels—the Variable Density Tunnel, U.S.A.,|| and the 10-foot 

t N.A.C.A. Report No. 185 (1924), See also Flaehsbart, PhysiJc. Zeitschr. 28 
(1927), 461-468; and Hoemer, Luftfahrtforschung , 12 (1935), 42-54. 

t References to papers describing earlier experiments on fairly large spheres by 
Eiffel, Loukianof, Riabouchinsky, Maurain, Costanzi, Shakespear, Prandtl, Wiesels- 
berger, Toussaint and Hayer, Hesselberg and Birkeland, with critical discussions 
of the results obtained, are to be found in papers by Pannell {Advisory Committee 
for Aeronautics , Reports and Memoranda , No. 190 (1916)), by Bacon and Reid ( loc . 
cit.), and by Hoemer (loc. cit.). 

{( Jacobs and Abbott, N.A.C.A. Report No. 416 (1932); Stqok, N.A.C.A. Tech¬ 
nical Note No. 364 (1930). 
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tunnel at the Guggenheim Aeronautical Laboratory, California Insti¬ 
tute of Technologyf (hereinafter referred to as the Galcit tunnel)— 
are shown in Fig. 201, curves 1 and 2, respectively. In each case 
there is a critical range of Reynolds numbers over which the drag 
coefficient experiences a large fall, but the critical ranges are dif¬ 
ferent in the two tunnels. The reason for the fall is in each case the 
same as that given earlier for the large drop in the drag coefficient 



Fig. 201. 

of a circular cylinder: at low Reynolds numbers the flow in the 
boundary layer is laminar up to the position of separation, but at 
higher Reynolds numbers a transition to turbulent flow occurs, with 
the result that separation is delayed, the wake is smaller, and the 
form drag is reduced. The drag due to skin-friction is increased, but 
its magnitude is too small compared with the form drag to affect 
the total drag appreciably. The difference in the critical ranges in 
the two tunnels is due to different amounts of turbulence in the 
wind tunnel streams. J 

Measurements of the drag of a sphere moving through relatively 
calm air in the atmosphere have been made by Klein|| with special 
apparatus designed for use on an aeroplane. The mean curve drawn 

t Millikan and Klein, Aircraft Engineering, 5 (1933), 169-174. 

X See Chap. II, §24, pp. 72, 73. The effect of turbulence in the main stream on 
the critical range of R is further discussed in § 219, where reference is also made to 
curves 3, 4, and 5 in Fig. 201. 

|| Aircraft Engineering , 5 (1933), 167-174. Measurements in flight have also been 
made at the R.A.E. (Serby and Morgan, A.R.C. Reports and Memoranda , No. 1725 
(1936)), and in Germany (Hoemer, Luftfahrtforschung , 12 (1935), 42-54). 
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through these observations taken in free flight is reproduced as 
curve 6 in Fig. 201; the shape of this curve resembles that of the 
curves measured in a wind tunnel. 

Included in Fig. 201 are also curves obtained from dropping tests 
on large spheres by Bacon and Reidf (curve 7) and by LunnonJ 
(curve 8). The results of Bacon and Reid were obtained from the 
rates of fall of wax, rubber, and wooden spheres of known weight 
dropped from an aeroplane and falling through calm air, and those 
of Lunnon from the rates of fall of metal spheres in air and water. 
The curve of Bacon and Reid can be extrapolated (as in the dotted 
line in Fig. 201) to join smoothly on to Lunnon’s curve, but has a 
different shape from those obtained in wind tunnels or in free flight. 
The reason for this difference in shape has not been established, but 
it may be connected with the fact that whereas spheres tested in a 
wind tunnel are held rigidly in the stream, falling spheres have 
freedom to rotate. 

217. Distributions of normal pressure and skin-friction. 

The change in the character of the pressure distribution round a 
sphere on passing through the critical range of Reynolds numbers is 
shown in Fig. 202, where 6 denotes angular distance from the forward 
stagnation point. These curves were obtained by Fage|| from experi¬ 
ments on a 6-inch sphere mounted in an open jet tunnel (N.P.L.). 

The critical range of R was from l*4xl0 5 to 3*3 xlO 5 , so the 
distributions for R — 1*57 x 10 5 and R = 2*98 x 10 5 can be regarded 
as representative of the beginning and the end of the critical range, 
respectively. The difference in the shapes of these two curves is very 
striking: at the lower value of R there is an extensive region of low 
pressure at the back of the sphere, whereas at the higher value the 
pressure increases steadily towards the back and eventually reaches 
a positive value. There is also a fall in the minimum pressure on the 
front of the sphere and a backward traverse of the point where this 
pressure occurs as R increases over the critical range. 

Measurements of skin-friction showed that the well-defined in¬ 
flexions (marked T 2i T 2 , T A ) in the pressure curves within and beyond 
the critical range occurred at positions where the intensity of laminar 

t N.A.C.A. Report No. 185 (1924). 

t Proc. Roy. Soc. A, 118 (1928), 680-694; ibid. 110 (1926), 304. 

|| A.R.C. Reports and Memoranda , No. 1766 (1937). 
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friction fell to a minimum and the transition to turbulent flow in the 
boundary layer began. At the lower end of the critical range 
(B = 1*57 x 10 5 in these experiments) the intensity of friction rose 
to a maximum near d — 55°, and then fell rapidly to zero at 6 = 83° 



0 (decrees) 

Fig. 202. 

(i.e. at the point marked in Fig. 202), where the laminar layer 
separated from the surface before a transition to turbulence had 
occurred. At the upper end of the range the curve of frictional 
intensity has two maxima: the first, with laminar flow in the boun¬ 
dary layer, is on the front of the sphere, and the second, in the 
region of turbulent flow, is at the back. The transition to turbulence 
moves in the direction of increasing 8 as the Reynolds number is 
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increased over the critical range. At the middle of the critical range, 
defined as the Beynolds number at which C D = 0*3, transition 
begins at 8 = 95° approximately. 

The experiments included explorations of pressure round the 
6-inch sphere mounted in the stream of a closed jet tunnel, and 
also in a very turbulent stream close behind a high-resistance honey¬ 
comb. An analysis of the results showed that the non-dimensional 
distribution of normal pressure for any selected value of C D within 
the critical range (the values of R in the critical range depending 
on the turbulence in the free stream) is independent, within the 
accuracy of measurement, both of the wind speed and of the degree 
of ffee-stream turbulence. This conclusion is in agreement' with the 
fact that the greater part of the drag is due to the normal pressure 
on the surface, and only a small contribution is made by the skin- 
friction. 


218. Laminar boundary layer calculations. 

The laminar boundary layer on the surface of a sphere has been 
studied theoretically by Tomotika,f who used the momentum 
equation for a body of revolution, and, assuming a quartic form for 
the velocity distribution across the layer, obtained a solution of 
the differential equation for the thickness (S) of the layer. For 
a sphere of radius a the distance (x) along the surface from the 
forward stagnation point is ad, where 6 is^the angle subtended at the 
centre of the sphere, and the radius r 0 of a cross-section is a sin#. 
On substitution in equation (149) of Chapter IV (p. 163) the 
momentum equation becomes 


Tg* = J<7(A)+£| 

dv % k 0 dujad 


h*( A)cot d, 


where 




a v 5 


. _ 8 2 du t 


u 0 is the undisturbed velocity of the stream, and u t is the velocity 
just outside the boundary layer. The values of g( A), h(A), and 
A*(A) are tabulated in Chap. IV, pp. 160, 164. Solutions of the 
above equation were obtained for the theoretical velocity distribution 
u i = f^o ^ and for the velocity distribution obtained from a 

t A.R.C. Reports and Memoranda , No. 1678 (1936). The growth of the boundary 
layer,* for motion started impulsively from rest, has been studied by Boltze (see 
Chap. IV, § 65, p. 186). 
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pressure distribution measured at a Reynolds number just below the 
critical range. In the latter case the value of % 8/v at the position 
of minimum pressure (6 = 75° approximately) was 3-8(u 0 d/v)*, and 
at the position of separation (8 => 81°) it was 6*8 (u 0 djv)*. 

219 . The effect of turbulence on the critical range of Reynolds 
numbers. The sphere as a turbulence indicator. 

The position and extent of the critical range of Reynolds numbers, 
in which the large drop of drag coefficient occurs, depends on the 
turbulence in the free stream. Turbulence in the stream of a wind 
tunnel can be artificially created by a grid normal to the stream, and 
the dotted curves 3, 4, and 5 of Fig. 201 (p. 495) were obtained at 
the California Institute of Technology! from tests on a sphere 
mounted at three distances behind such a grid. They show that the 
critical range of B occurs earlier as the distance behind the grid 
decreases—that is, as the turbulence increases. Hence we conclude 
from the relative positions of the curves 1 and 2, for example, that 
the turbulence in the air-stream of the Variable Density Tunnel is 
very considerably greater than in the 10-foot tunnel at the California 
Institute of Technology: on the basis of results such as those in Fig. 
201 it has in fact been suggested! that the sphere should be used for 
the quantitative measurement of turbulence, the turbulence number 
of the stream being defined as the Reynolds number at which the 
drag coefficient of a sphere is 0*3. 

The critical Reynolds numbers for modern large wind tunnels, 
when determined in this way, lie between the extreme values 119,000 
for the Variable Density Tunnel and 360,000 for the 1*2 metres 
D.V.L. Tunnel (1935 form);|| and the sequence of the critical Reynolds 
numbers can be used to determine an order of steadiness of the flow 
in the various tunnels.tf A useful conclusion from such a sequence 
is that tunnels which have a large area contraction at the entry, 
with a honeycomb at the larger end, are less turbulent than' those 
which have a small contraction and the honeycomb at the smaller 
end. In other words, disturbances flowing into a honeycomb, and 

t Millikan and Klein, Aircraft Engineering , 5 (1933), 169-174. 
t Dryden, N.A.G.A. Report No. 342 (1929). 

|i Silverstein, ibid., No. 502 (1934). 

ft See Hoemer, loc. cit. in footnote || on p. 495; Harris and Graham, A.R.G. 
Reports and Memoranda, No. 1662 (1935); Page, ibid.. No. 1370 (1931); Dryden, 
N.A.C.A. Report No. 392 (1931). 
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those created by the honeycomb itself, can be largely damped out 
if the stream undergoes a large contraction before the working 
section is reached. (See Chap. V, § 78.) The decay of turbulence 
in a wind tunnel with increasing distance from the honeycomb 
(see Chap. V, § 94) has also been demonstrated—at any rate 
qualitatively—by sphere drag measurements in the manner here 
contemplated. 

The value of B CTit in the atmosphere obtained by Klein in flight 
experiments (loc. cit . in footnote || on p. 495) was 3*65 xlO 5 : the 
closest approximations to this value so far measured in wind tunnels 
are the values 3*35XlO 5 in the Galcit 10-foot tunnel, 3*4XlO 5 in 
the N.A.C.A. Full-Scale Tunnel, and 3*6xlO 5 in the 1*2 metres 
D.Y.L. Tunnel (1935 form); but turbulence in the atmosphere, as 
indicated by the effect on the drag of a sphere, is in general appreci¬ 
ably smaller than in an artificial wind tunnel stream. 

It has been suggested, because of the ease of measurement, that a 
constant value of a pressure coefficient should be taken as a criterion * 
for the determination, of the turbulence number, instead of a constant 
drag coefficient. If a sphere is mounted on a hollow back spindle, and 
the. pressure coefficient is taken as the pressure difference between 
an impact hole at the front stagnation point and small holes in the 
spindle just behind the sphere divided by then the turbulence 
number is practically the same for a pressure coefficient 1*20 as 
for 0 B = 0*30.f 

Dryden and KuetheJ have suggested that the ratio of the root- 
mean-square value u of the longitudinal turbulent velocity component 
to the mean velocity U 0 should be taken as a measure of turbulence. 
The measurements of u can be made with a hot wire anemometer in 
conjunction with an amplifier and apparatus to compensate for the 
lag of the hot wire. 

Measurements of the temperature distribution close behind a 
heated wire across the stream lead to a determination of v/U 07 
where v is the root-mean-square turbulent velocity component at 
right angles to the stream and to the wire (see Chap. V, § 88, 
p. 219). The temperature measurements are comparatively simple, 
and it has been suggested,|| therefore, that v/U 0 would provide a 

f Hoemer, loc. cit.; Fage, loc. cit. in footnote,|| on p. 496. 

t N.A.G.A. Report No. 342 (1929). 

|| Dryden, Joum. W (1935), 101-122. 
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satisfactory measure of turbulence. This method requires rather 
simpler apparatus than measurements of u/Z7 0 .f 
Values of uJU 0 at several distances behind the honeycombs of wind 
tunnels (from measurements by Dryden and Kuethe at the Bureau 
of Standards, and by Wattendorf and KuetheJ in the 10-foot wind 
tunnelat the California Institute of Technology), and also a value in 
the open air (free flight), are plotted in Fig. 203 against the corre¬ 
sponding values of JR at which C D — 0-3 for a sphere. Both series 
of observations show that fi crit can be correlated with u/U 0 , ifr 0llt 



Exo. 203. 

increasing as u/U 0 decreases. More extensive observations, however, 
show that the correlation between the two parameters is not satis¬ 
factory: this arises from the fact that B CTit depends also on the 
ratio of a characteristic length of the turbulence-producing mecha¬ 
nism to the diameter of the sphere—in other words, on the relative 
scale of the turbulence. Thus JR oAt is a function both of u/Z7 0 and of 
djJMJ, where d is the sphere diameter and JM a characteristic length 
of the turbulence-producing mechanism—for example, the mesh of 
a grid or the cell diameter of a honeycomb. Some insight into the 
relations involved has been obtained by Taylor|| on the theory 
explained in Chap. VII, § 151 (p. 328), where it was applied to 
transition in the boundary layer along a flat plate. 

If TJ X is the velocity just outside the boundary layer at a sphere, 
Spj8x the mean pressure gradient along the surface, and dp/dx the 
root-mean-square of the fluctuating pressure gradient along the 

t A complete specification of the turbulence in a wind tunnel would require the 
determination of the magnitude and ‘frequency spectrum’ of the velocity fluctuations 
(see Chap. VI, § 121), and their spatial changes. 

t Physics, 5 (1934), 153-164. 

II Proc. Boy. Soc. A, 156 (198& 307-317. ‘ 
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surface, then it is assumed that the velocity distribution in the 
boundary layer depends on A+A', where 


S 2 dp 
pvJJ x dz’ 


dp/dx. 


and, as in equation (57) of Chapter VII (p. 328), 
dp/dx = constant 


The non-dimensional pressure distribution depends on the value of 



Fxo. 204. 


C D and not on the value of B (see § 217), and transition at B orit — 
that is, at Cp = 0■ 3—occurs at a fixed value of the angular distance 
9 from the forward stagnation point. Hence, on the appro xima te 
Karman-Pohlhausen theory of laminar boundary layers, A is constant 
at the transition point. Now the formula for A.' can be written, on 
substitution for dp/dx, in the form 


A' = —constant 



v W d \i, 

Zp) \m) I 


mi 


and at transition, since 9 is fixed, (U 0 /XJ x ) is constant and (U^/v) is a 
function of A (= U 0 d/v). Hence, on the assumption that A' at transi¬ 
tion is a function of U^/v, it follows that ( u/U 0 )(d/M)i is a function 
of U 0 d/v, and therefore that B cvlt is a function of ( u/U 0 )(d/M)K 
Values of (u/U^d/M)* calculated from Dryden’s observations! on 

t Washington Acad. Sci. 25 (1935), 101-122; N.A.O.A. Report 

No. 392 (1931); Dryden and Kuethe, ibid.. No. 342 (1929). For d = 5 inches and 
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4-, 5-, and 8*6-inch spheres in streams covering a wide range of values 
of M are plotted against J? crit in Fig. 204, and a single curve can be 
drawn to pass closely through them. It should be specially noted 
that d/M varies from 40 to 1 in Fig. 204; and that, if u/U 0 had been 
plotted against B CTi t , the results would have shown a huge scatter. | 
(The variation of dJM for the wind tunnel results in Fig, 203 was 
less than 5 to 1.) 

220. Surface roughness. 

The effect of surface roughness on the drag of a sphere has been 
investigated by Hoerner.J Tests on 7-, 14-, and 28-cm. spheres in 
free air (aeroplane flight tests) gave values of R crit equal to 3*48, 
3*72, and 3*92 X 10 5 , respectively, whence it was inferred (since the 
surfaces were the same and the relative roughness decreases with 
an increase in diameter) that roughness lowers the critical Reynolds 
number. Wind tunnel tests were made on the 28-cm. sphere coated 
with shellac, the surface being made systematically rougher with 
sand grains. The effect on drag was similar to that which occurs 
when the surface of a circular cylinder is roughened (Chap. IX, § 192, 
p. 432): with an increase in roughness the critical drop in C n begins 
at a lower Reynolds number, the fall in C D becomes smaller, and 
the supercritical C D becomes greater. When the roughness is very 
coarse the critical drop in C D tends to disappear, and the value of 
C D to become independent of Reynolds number. 

It was found that waviness of a smooth surface also produced a 
decrease in the values of the Reynolds numbers for the critical range, 
and in some cases the change of C D with Reynolds number within 
the range became erratic. 

221. Lift and drag coefficients of a rotating sphere. 

Measurements have been made by Maeeoll|| of the forces acting 
on a sphere of diameter 6 inches rotating about a cross-wind axis 
in a wind tunnel. The results obtained at three values of B are shown 

all values of M except 3 and 4 inches, R CTit in Fig. 204 is the value at which the 
pressure difference between the forward stagnation point and a ring of pressure 
holes at 0 = 157*5° is 1*22 X the criterion in the other cases being C L — 0*3. 

f Further observations over a wide range of values of d/M have lately been pub¬ 
lished by Dryden, Schubauer, Mock, and Skramstad (N.A.C.A. Report No. 581 
(1937), pp. 14-19), and good agreement found with Taylor’s relation. 

t Luftfahrtforschung, 12 (1935), 42-54. 

|| Journ . Roy. Aero. Soc. 32 (1928), 777. 
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the flow to that past a flat plate, if surface roughness had no effect. 
Usually a stream-line model tested in a wind tunnel has a surface 
either of polished metal or of smooth varnished wood; it is to this type 
of surface that the whole of this section, except § 229, relates. 

An increase of turbulence or of Reynolds number causes the 
transition region to move towards the nose, and vice versa . For the 
degree of turbulence present in the air-stream of the average wind 
tunnel the transition occurs at a value of R T which lies between 
about 5 x 10 5 and 1-5 x 10 6 , where R T is the Reynolds number formed 
from the axial distance of the transition point from the nose.f 

Experience shows that comparatively small changes in the turbu¬ 
lence of the general stream—changes which may occur from day 
to day in any particular wind tunnel without apparent cause— 
are enough to produce appreciable changes in R T within the range 
mentioned. For most practical purposes it is therefore of little use 
to experiment with a stream-line body unless the Reynolds Humber 
based on the total length of the body is considerably above 1*5 x 10 6 : 
otherwise the uncertainty regarding the state of the boundary layer 
holds for an appreciable part of the whole surface of the body; and 
since the intensity of turbulent skin-friction is many times greater 
than that of laminar skin-friction, the corresponding variations in the 
measured drag may be large. To obtain results of general practical 
utility the Reynolds number of the experiment should be sufficiently 
high to ensure that substantially the whole of the boundary layer 
may be regarded as turbulent, with laminar flow occurring over only 
a small fraction of the surface near the nose, so that any movement 
in the transition region due to a change in general turbulence has 
an insignificant effect. 

These considerations were first clearly stated by B. M. Jones in 
19294 Before that date much experimental work had been carried 
out on stream-line bodies, but (for lack, of facilities as well as 
of knowledge) the Reynolds numbers were as a rule so low that 
the results are of little practical value. It is for this reason that 

t See Simmons, ‘Experiments relating to the Flow in the Boundary Layer of an 
Airship ModeF, A.R.G. Reports and Memoranda , No. 1268 (1930); Ower and Hutton, 
‘Investigation of the Boundary Layers and the Drags of two Strea mlin e Bodies’, 
ibid., No. 1271 (1930); Freeman, ‘Measurements of Flow in the Boundary Layer 
of a 1/40-scale Model of the U.S. Airship “Akron” *, N.A.C.A. Report No. 430 
(1932); Simmons and Brown, ‘An Experimental Investigation of Boundary Layer 
Flow’, A.R.C. Reports and Memoranda, No. 1547 (1935). 

t Ibid., No. 1199 (1929). 
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in the subsequent discussion we ignore most of the early experi¬ 
mental results obtained with stream-line shapes. 

223. Form drag. 

We restrict ourselves to consideration of bodies for which separa¬ 
tion does not occur. As already stated, the drag then arises mainly 
from skin-friction, but there is usually an additional form drag 
resulting from the distribution of normal pressure over the surface. 
Usually this form drag is very small, but there are some stream-line 
bodies for which it is appreciable despite the absence of separation. 
The evidence on this point is scanty, and the accuracy of measure¬ 
ment of form drag is poor, but it is probable that the form drag tends 
to increase as the fineness ratio—that is, the ratio of the axial length 
to the maximum diameter—is decreased beyond a certain limit. 
Thus, whereas the form drag of a particular stream-line body of 
5*45 to 1 fineness ratio was almost negligible, a body of 3 to 1 fineness 
ratio had a form drag about 27 per cent, of its total drag.f It is 
probable that relatively high form drag such as this indicates an 
approach to the condition for separation, caused by the rapid con¬ 
vergence of the after portion of a body of low fineness ratio. 

When allowance is made for the form drag of a stream-line body, 
the residual coefficient (expressed on surface area) of the drag due 
to skin-friction approximates to the skin-friction drag coefficient at 
the same Reynolds number for a flat plate lying along the stream. 
This matter is discussed in more detail in §§ 225, 226. For the present 
we merely note it as an experimental result which is of some help in 
assessing the value of any particular experiment with a stream-line 
body: thus,, if the curve of drag coefficient against Reynolds number 
falls close to the curve for the flat plate in turbulent flow, we can be 
reasonably sure that the boundary layer is turbulent over practically 
the whole of the surface of the body, and the results are then unlikely 
to depend critically on the degree of turbulence in the tunnel stream. 

224. The effect of fineness ratio on drag. 

It seems probable that there is an optimum fineness ratio for 
stream-line bodies. For evidently, if the fineness ratio is too small, 
the drag will be high on account of separation (as for a sphere: 
fineness ratio 1): on the other hand, once the length is enough to 

*f Lock and Johansen, ibid., No. 1452 (1933), pp. 4-6. 

A a 


3837.8 II 
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ensure a sufficiently gradual taper of the tail to prevent separation 
or high form drag, any additional increase in length will merely 
increase the total drag because of the greater surface. In most of the 
fairly numerous experiments made to determine the effect of the 
variation of fineness ratio the Reynolds number has been of the order 
of 10 5 or 10 6 , so the boundary layer has in all probability been 
partly laminar and partly turbulent. Moreover, these experiments 



Fig. 206. 


have usually consisted of drag measurements on bodies of constant 
maximum diameter but of different lengths, and the fineness ratio 
for minimum drag under these conditions is generally lower than 
would be found from tests at considerably lower or considerably 
higher Reynolds numbers, at which the boundary layer could, for 
practical purposes, be regarded as entirely laminar or entirely 
turbulent. Other experiments have been unsatisfactory because the 
fineness ratio has been altered by the insertion of different lengths of 
cylindrical body between the nose and the tail. It is not clear what 
purpose such tests are expected to serve, since, given a well-shaped 
nose and tail and junction between them, it seems th$t the intro¬ 
duction of a cylindrical portion must increase the drag. 

The scanty experimental data not open to any of these objections 
point to a value about 5 to 1 as the fineness ratio which, at high 
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Reynolds numbers, corresponds to the minimum drag coefficient 
C D (C D = dr&g/ipUlA, where A is the maximum cross-sectional 
area of the body). It must be emphasized that the evidence is by 
no means sufficient to enable this conclusion to be accepted as final: 
it is, in fact, based mainly on the results of the single set of 
American experimentsf plotted in Fig. 206. In support, we may 
refer (see § 223) to the high form drag measured on a large body of 
considerably smaller fineness ratio (3 to 1), and the negligible form 
drag of the longer body (fineness ratio 5-45 to 1). 

225. Skin-friction drag. 

As stated in § 223, the skin-friction drag coefficient of a stream-line 
body approximates to the skin-friction drag coefficient of a flat plate 
at the same Reynolds number, the latter being formed for the 
stream-line body from its axial length. This experimental fact is 
illustrated by the results of a number of measurements of the total 
drag of stream-line bodies, collected in Figs. 207, 208, and 209. The 
curves AA and BB in Figs. 207 and 209 represent the accepted 
values of the drag coefficient of a flat plate along the stream when 
the boundary layer is entirely turbulent and entirely laminar, 
respectively: the equations of the two curves are $ 

Of = Q-455(log 10 i2)- 2 ' 58 . 
and * O f = I-328J8-*, 

respectively, where C f is the drag coefficient based on the total surface 
area. 

It will be seen that at Reynolds numbers of the order of 5x 10 6 
and upwards the results all approach the turbulent curve for the 
flat plate (AA). At lower Reynolds numbers the results sometimes 
fall near the curve AA and sometimes below it. Experimental evi¬ 
dence shows that the turbulence in the tunnel is responsible for these 
variations: the more turbulent the tunnel the lower the value of the 
Reynolds number at which the drag coefficient of a stream-line body 
approaches the turbulent drag coefficient of a flat plate. The balance 
of evidence also suggests that once the turbulence of the stream is 
enough to make practically the whole of the boundary layer turbulent, 

t Abbott, N.A.C.A. Report No. 394 (1931). 

t See Chap. VIII, § 163, p. 365, and Chap. IV, equation (58), p. 138. (C f has half 
the value of Cp as given in this latter equation, since the total surface area is used 
in forming Cf.) 



$ Akron model: Variable Density Tunnel (2nd type), m,C,A. Report No-. 394.' 
t „ „ Pasadena Tunnel, Guggenheim Aero, Lab. Report No. 105. Model of polygonal cross-section, 

x „ „ Propeller Research Tunnel. N.A.C.A, Report No, 432, 

? „ „ Variable Density Tunnel (3rd type), N.A.C.A. Report No, 432. Model of circular cross-section, 

s Various models: U.S. Navy Dept, 8-foot Tunnel, N.A.CA. Report No. 138. 
a R 101 model. A.R.C. Reports and Memoranda, No, 1108, AA Flat plate, Turbulent boundary layer, 

BB Flat plate, Laminar boundary layer, — Flat plate transition curve: B tl =10®. 
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a further increase of turbulence does not appreciably increase the 
drag. More experimental information is required before this last 
statement can be regarded as established, but it certainly appears 
to hold good for the range of turbulence ordinarily found in wind 
tunnels. 

Within what we may term the critical range of Reynolds numbers 
(i.e. about 5xl0 5 to 2xl0 6 ), where the boundary layer is partly 
laminar and partly turbulent, we should expect the curves of drag 
coefficient against Reynolds number to lie between the curves AA 
and BB. Figs. 207, 208, and 209, which are typical of all stream¬ 
line bodies, show that this expectation is fulfilled, except in so far as 
for fully developed turbulence the results lie above the curve AA. 
This latter behaviour can also be predicted theoretically (see §226). 

It has been shown in Chap. VIII, § 163 (p. 366) that the drag coeffi¬ 
cient (based on total surface area) of a flat plate within the critical 
range can be represented by the equation 

C/=C /t -A/B, 

where C /T is the drag coefficient of the plate with wholly turbulent 
boundary layer. The value of A depends on R xT> the critical value of 
B at which transition takes place. The dotted curve in Fig. 207 is 
the 'transition’ curve obtained by assuming that R xT = 10 6 , and 
is similar in shape to the curve through the experimental points for 
an airship model (Akron) tested in the American Variable Density 
Tunnel. 

Fig. 208 illustrates the extent to which the characteristics of the 
wind tunnel can influence the drag of a stream-line body. All the 
experimental curves in this diagram relate to a particular airship 
hull (that of the British rigid airship known as R. 33), a single model 
of which, made in metal and very carefully treated to avoid damage, 
was tested in several British and American wind tunnels.*j* With 
the exception of those in the U.S.A. Variable Density Tunnel all 
the experiments were carried out in atmospheric tunnels within the 
critical range of Reynolds numbers, and we see that the results at 
the same Reynolds number in different tunnels differ very con¬ 
siderably—in some cases by over 100 per cent. It is worthy of note 
that the highest experimental values in an atmospheric tunnel were 

t The detailed results of these tests have not been published; a diagram of the 
results has lately been published by Jacobs, Aerodynamic Theory (edited by Durand), 
3 (Berlin, 1935), 328. 
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obtained in the U.S. Navy 8-foot tunnel, and in Mg. 207 we see 
that the results of tests on another series of airship models in this 
tunnel are the only ones that approximate to the ‘turbulent’ curve 
at comparatively low Reynolds numbers. This fact suggests forcibly 
that this tunnel is unusually turbulent, a suggestion which is con¬ 
firmed by a statement contained in an unpublished critical survey, 
of American origin, of those tests in American tunnels whose results 
are plotted in Fig. 208. 

Fig. 208 also includes theoretical curves of skin-friction drag 
coefficient for the R. 33 model (see §*226). 

Fig. 209 shows how measurements made in a particular tunnel may 
vary within the critical range of B. All the points shown represent 
observations on one of two stream-line models tested in the British 
Compressed Air Tunnel.} Outside the critical range the results tend 
to fall on well-defined curves. 

♦ 

226. The theoretical calculation of skin-friction drag. 

As explained in Chap. IV, §§ 60 and 61, and Chap. VIII, § 163, 
curves such as AA and BB can be obtained from the momentum 
equation for the boundary layer by making assumptions concerning 
the distribution of velocity along a normal to the surface. In the case 
of laminar flow Pohlhausen’s method (Chap. IV, §§ 60 and 61), in 
which the velocity distribution is expressed as a polynomial in the 
distance from the surface, gives good agreement with the exact 
solution except in a region of retarded flow. For the turbulent state it 
is necessary either to measure the velocity distribution or to assume 
an empirical law. The momentum equation for the boundary layer 
at the surface of a solid body of revolution is then eqn. (40) of Chap. IV 
(p. 134) with the substitution of a general symbol (t 0 ) for the shearing 
stress at the wall in place of y{dujdy) u=Q . 

Several attempts have been made to deduce curves similar to AA 

and BB for the skin-friction of stream-line bodies of revolution. 

Miss Lyon} applied Pohlhausen’s method to the momentum equation 

for a body of revolution and obtained a solution for the laminar layer 

which gives reasonably good agreementwith experiment. Thissolution 

is further discussed below. For the turbulent layer Miss Lyon solved 

the equation using the measured velocity distribution,} whereas 

t R. Jones, Williams, and Brown, A.R.O. Reports and Memoranda, No. 1710 (1936) 
t Ibid., No. 1622 (1935). 
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Dryden and Kuethe,t Millikan, J Fediaevsky,|| and Mooreff assumed 
that the velocity distribution is the same as at a flat plate. This 
assumption can at best be only approximately correct: the available 
experimental data on the velocity distributions in the boundary 
layers of stream-line bodies are insufficient to show how far it de¬ 
parts from the facts, but it has been found to lead (after somewhat 
laborious calculations) to theoretical estimates of the s kin -friction drag 
which do not differ seriously from measured values in the two cases 
for which the results have been worked out (see p. 516 et. seq .). 
The theory shows that the skin-friction drag of a stream-line body is 
somewhat higher than that of a flat plate of the same area at the same 
Reynolds number, a result which is in agreement with experimental 
results outside the critical range. 

The practical value of the calculations, as distinct from their 
theoretical interest, is doubtful. Miss Lyon, using measured velocity 
distributions (whose determination involves lengthy experiments), 
was able to obtain only an approximate solution for the turbulent 
boundary layer, and commented on the need for more exper im ental 
data. ■ On the other hand, the assumption that the velocity distribu¬ 
tion is the same as at a flat plate can, as we have already remarked, 
be only an approximation. Moreover, whichever method is used, the 
calculations are heavy and the accuracy is not likely to be very high, 
partly because differentiation of the velocity distribution outside the 
boundary layer will be necessary. Also the calculations have to be 
carried through afresh for each different shape. Hence, and in view 
of the fact that for an average stream-line body the skin-friction drag 
appears to be only some 10 or 15 per cent, above that for the flat plate, 
the labour of the calculations seems scarcely justified from a practical 
point of view. For most practical purposes it would seem to be 
sufficiently accurate to use the skin-friction drag curves for the flat 
plate to predict the skin-friction drag of a stream-line body. 

We proceed to discuss briefly the various theoretical treatments of 
the problem. The method used by Miss Lyon has already been 
indicated. Of the remaining investigations, that of Dryden and 

t N.A.C.A. Report No. 342 (1930), pp. 12-14. 

j Trans . Amer. Soc. Mechanical Engineers, Applied Mechanics Section, 54 (1932), 
29-39. 

|| Trans. Centr. Aero-Hydrodyn. Inst., Moscow , No. 179 (1934); Joum. Aero . 
Sciences, 3 (1935), 17-20. 

ft Guggenheim Airship Institute (Akron, Ohio), Publication No. 2 (1935), pp. 21-31; 
Joum . Aero. Sciences, 2 (1935), 32-34. 
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Kuethe is mainly of interest as representing the first published 
attempt to obtain a quantitative comparison between theory and 
the measured drag of stream-line bodies. They calculated the drag 
in two parts. For the forward portion of the body with a laminar 
boundary layer they assumed that the skin-friction was the same as 
in two-dimensional flow past a flat plate with a longitudinal pressure 
gradient equal to that measured on the model airship, and to calculate 
this skin-friction they assumed simply a linear velocity distribution 
across the laminar boundary layer. For the turbulent portion of the 
boundary layer they neglected the pressure gradient and assumed a 
velocity distribution of the form U/U 0 = (j//8)h A further assumption 
was that PrandtFs conditionf held at the transition from laminar 
to turbulent flow. 

Millikan’s analysis % went considerably farther. He included the 
terms allowing for the radius of curvature of the generating curve of the 
stream-line body—i.e. he used equation (40) of Chapter IV, whereas 
Dryden and Kuethe had used equation (33). He assumed a parabolic 
velocity distribution in the laminar part of the boundary layer and 
the same law as Dryden and Kuethe in the turbulent portion, but took 
into account the axial velocity gradient which they had neglected. 

The |th power law of turbulent velocity distribution was the law 
accepted for flat plates at the time when the work of Dryden and 
Kuethe was published. Subsequently this law was shown not to 
agree with experiment at sufficiently high Reynolds numbers. 
FediaevskyJ obtained a solution similar to that of Millikan, but 
substituted a general index ljn for the index % in the power law, 
and used an empirical relation, deduced from Nikuradse’s tests|| in 
pipes, to determine the value of n for any particular value of R. 
This relation is given by Fediaevsky in the form of a curve from 
which the following table has been compiled. 


Table 17 


log R 

n 

6*5 

6-6 

7*2 

7-0 

7*9 

8 -o 

8-4 

9*0 

8*83 

10*0 


t See Chap. VII, § 151, p. 329. 

|| Vet. deutsch. Ing ., Forschungsheft 356 (1932). 


% Loc. tit. 
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Moore’s analysis! relates only to high values of the Reynolds 
number, for which in tunnel tests the boundary layer may be assumed 
to be completely turbulent. His solution again is similar to that of 
Millikan, but the logarithmic law of velocity distribution within the 
boundary layer replaces the power law. (Cf. Chap. VIII, § 163.) 

The results of calculations made by Millikan and by Moore for 
the model of R. 33 are compared in Fig. 210 with the flat plate curves 
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AA and BB, and in Fig. 208 with experimental results for the same 
model. Included in Fig. 208 are Millikan’s theoretical laminar’ curve 
for the model, and three "transition’ curves, which are discussed 
below. It will be seen that Millikan’s laminar curve and both his 
and Moore’s turbulent curves lie above the corresponding curves for 
the flat plate. J This can be explained, without resort to the mathe¬ 
matical derivation of the frictional drag of bodies of revolution, by 
the physical consideration that the average velocity over the surface 
of such a body is higher than that along a flat plate in a stream 
having the same velocity at infinity. The same argument indicates 
that diff erent curves will be obtained for bodies of different shape, 
and, more particularly, that the greater the fineness ratio the smaller 

f Loc. cit. 

J Millikan’s turbulent curve, for which he gives the equation Cy = 0*077i2“h should 
be compared not with the curve AA but with the curve derived for a flat plate from the 
■|th power law of velocity distribution, viz. Cy — 0-074 R~i (Chap. VIII, § 163, p. 362). 
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will be the amount by which the curve for the stream-line body lies 
above that for the flat plate. This point is illustrated by the fact 
that Moore’s theoretical curve for R. 33 (fineness ratio 8-2) lies 
closer to the turbulent curve for the flat plate (Fig. 210) than does 
that for the Akron model (fineness ratio 5*9) in Fig. 207. 

The drag figures obtained for the R. 33 model in the Variable 
Density Tunnel of the N.A.C.A. agree remarkably well with the 
values calculated by Moore for fully developed turbulence. This 
can be seen from Figs. 208 and 210, where the experimental values 
are indicated by points in circles. Up to a Reynolds number of about 
6x 10 6 Millikan’s calculations also agree fairly closely with the 
experimental values, but they begin to diverge appreciably at higher 
Reynolds numbers. The almost exact agreement with Moore’s calcu¬ 
lations must be considered as partly accidental, for the similar com¬ 
parison given in Fig. 207 for the Akron model at Reynolds numbers 
between about 10 7 and 2 x 10 7 shows four distinct sets of experimental 
results, with a mean value somewhat below Moore’s theoretical curve 
for this model. It is possible that, had the experiments been con¬ 
tinued to higher Reynolds numbers, the four sets of results might 
have been in closer agreement; for the two lower sets obtained 
from atmospheric tunnels may have been still on transition curves, 
if the turbulence in these tunnels was not enough to develop practic¬ 
ally completely turbulent boundary layers at the highest Reynolds 
numbers that could be reached. It is known that the Pasadena 
tunnel, in which the lowest of the four curves was obtained, is very 
nearly as turbulence-free (according to sphere drag tests) as the atmo¬ 
sphere, and it is probable that the Propeller Research Tunnel is a 
good deal less turbulent than either of the two types of Variable 
Density Tunnel in which the two higher sets of results were obtained. 

Millikan’s theory enables transition curves to be calculated for the 
change of drag coefficient with Reynolds number when the boundary 
layer is partly laminar and partly turbulent. Millikan adopted the 
same assumption regarding the nature of the transition that Prandtl 
made in calculating the transition curve for the flat plate.f He 
assumed also that the transition took place at a constant value of the 
Reynolds number {B$ T ) formed from the thickness of the laminar 
boundary layer. Prandtl, on the other hand, assumed that the 
criterion was the value of the Reynolds number formed from the 
t See Chap. VII, § 151, p. 329. 
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distance of the transition point from the front of the plate. For a flat 
plate, with no longitudinal velocity gradient outside the boundary 
layer, either assumption implies the other, but this is not so for a 
stream-line body, for which one would perhaps expect Millikan’s 
assumption to be nearer the truth. In Fig. 208 three transition curves 
are plotted for the model of R. 33: two (shown by dashes) are based 
on Millikan’s assumption, and relate to values of of 3,500 and 
5,000; the third (shown dotted) is calculated from the data given in 
Millikan’s paper previously cited, but on the assumption that the 
transition occurs at a value of JR t = 10 6 , where B T is the Reynolds 
number formed from the axial distance of the transition point from 
the nose of the model. On the whole the latter type of transition 
curve resembles the experimental curves more closely than the 
former type, but one must recognize that the theory contains assump¬ 
tions that at best can be only approximations to fact. In particular, 
the change from laminar flow to fully developed turbulence in the 
boundary layer does not occur at a point: the transition takes place 
over an appreciable length. 

227. Explorations of the flow in the boundary layer. 

The flow in the boundary layer of a stream-line body has been 
studied experimentally by several workers, f and their results have 
been compared with the assumptions and calculated results of 
theories previously mentioned. The velocity distribution normal to 
the surface resembles in general form that for a flat plate. As shown 
in Fig. 211, which is based on Freeman’s measurements ,% two 
distinct types of non-dimensional velocity distribution are found, 
characterized essentially by different slopes at the origin. The 
steeper slope, which occurs at higher values of the Reynolds number, 
is associated with a turbulent boundary layer and the correspondingly 
higher local intensity of skin-friction. The other type of distribution 
corresponds to laminar flow in the boundary layer. 

The velocity distribution curve changes shape when the transition 
from laminar to turbulent flow takes place, and Simmons and BrownJ 
have shown that the transition region determined from this change 
of shape agrees in position with that obtained by other means, 

■j* See the works cited in footnote f on p. 506; also Klemperer, Abhandl. Aero, 
Inst. Aachen , 12 (1932), 47-51; Miss Lyon, A.R.C. Reports and Memoranda , No. 1622 
(1935). 

} Loo. cit. on p. 506. 



520 


FLOW PAST SOLID BODIES OF REVOLUTION [XI. 227 


including the use of hot wires to detect velocity fluctuations in the 
turbulent layer. The resistance changes of the hot wires may be 
made audible in telephone receivers or loud speakers by suitable 
electrical apparatus, or they may be recorded by means of an 
oscillograph such as an Einthoven galvanometer. Records obtained 
in this way show marked differences according to whether the hot 
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Fig. 211. 

wire is in a laminar or a turbulent region of the boundary layer 
(Chap. VI, §119). In another methodf of detecting the transition 
region the total head was measured at a constant small distance from 
the surface of the model at various positions along a generating line. 
It was found that the total head decreased along the length of 
the model to a minimum value whose position coincided with the 
beginning of the change from laminar to turbulent flow. The total 
head then increased, over an appreciable length of the model, to a 
maximum value which presumably occurred when the change to 
turbulent flow was complete. When this method is used the total- 
head tube must be close enough to the surface to be within the 
boundary layer in the laminar portion, so that, since the boundary 
layer decreases in thickness with an increase in the Reynolds number, 

f Simmons and Brown, loc. cit . in the footnote on p. 506. 
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the higher the Reynolds number the nearer to the surface must the 
total-head exploration be made. In the experiments of Simmons 
and Brown the total head was measured 0*03 inch from the surface, 
the Reynolds number of the flow at the beginning of the transition 
region being about 1*3 x 10 6 , at which Reynolds number a laminar 
boundary layer in two-dimensional flow in the absence of a pressure 
gradient has a thickness of about 0*06 inch. 



yV(U,/vsj (s= distance along the surface) 
Fia. 212. 


As mentioned on p. 514, Miss Lyonf has adapted Pohlhausen’s 
method to obtain an approximate solution of the laminar boundary 
layer equations for a solid of revolution. Assuming a quartic velocity 
distribution in the boundary layer, she obtained the velocity dis¬ 
tribution shown in Fig. 212, where it is compared with a measured 
distribution: the agreement is reasonably good, though not as good as 
that between the laminar distributions calculated by Blasius and by 
Pohlhausen for the flat plate. (These latter distributions, for the same 
Reynolds number as those for the stream-line body, are also shown 
in Fig. 212). 

Freeman’s explorationsJ of velocity in the boundary layer, at 
various sections of the model of the Akron are the most complete 
that exist for a stream-line body. From them Freeman deduced that 

f Loc. tit . in footnote J on p. 514. f Loc. tit. in the footnote on p. 506. 
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the thickness S of the boundary layer ranged from less than 0*1 
inch at a section 1*3 feet from the nose to about 10 inches at the 
extreme tail, 19*6 feet from the nose. The transition to turbulence 
was observed to occur at a Reynolds number of about 10 6 . 

Freeman also compared his measured boundary layer thicknesses 
with the values calculated from Millikan’s theory, and obtained 



_I_I_I_J_I_I 

6 8 10 12 14 i6 18 

Distance along the axis in feet 

Fig. 213. 


quite good agreement for the forward 85 per cent, or so of the length 
of the model. It should be observed, however, that the boundary 
layer thickness cannot be accurately deduced from total-head or 
velocity explorations. The thickness is taken as the distance from 
the boundary at which the velocity or the total head ceases to rise, 
but as this condition is reached asymptotically, the precise thickness 
is not well defined. A quantity that can be determined much more 
accurately from the observations is the displacement thickness, 
denoted by S x and defined as 

'-/(-!)*■ 

0 

(Cf. Chap. IV. eqn. (15), p. 123.) S x has been calculated from Free¬ 
man’s measurements for the Akron model, and the results are plotted 
against distance from the nose of the model in Fig. 213. The values 
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of S x are, for about the forward 60 per cent, of the body, approxi¬ 
mately the same as those calculated for a flat plate on the ass ump tion 
of the |th power law of velocity distribution. Farther aft the boundary 
layer thickens much faster than on a plate. This thickening is a 
characteristic feature of the boundary layer of a stream-line body, 
and is attributable to the geometrical contraction of the tail aft of 
the section of maximum diameter.f 

A notion of the order of thickness of the boundary layer may be 
obtained by multiplying the values of 8 X in Fig. 213 by 8, since 
S = 8S 1 is the relation for the |th power law of velocity distribution 
(Chap. VIII, eq. (63)). 

Moore % also has calculated the boundary layer thickness for the 
Akron, and has obtained approximate agreement with Freeman’s 
measurements. 

228. The distribution of normal pressure, and its effect on 

transition. 

It is found experimentally|| that the measured distribution of 
normal pressure on the surface of a stream-line body agrees closely 
over most of the surface with that calculated from ideal fluid theory. 
The two begin to diverge as the boundary layer thickens towards 
the tail of the body, the actual pressure at the extreme tail being 
less than the theoretical value ipU%. Fig. 214 is reproduced from 
Jones’s results for a prolate spheroid whose major axis was four 
times as long as the minor axis: the theoretical pressures are shown 
by the full curve and the observations by the points. Remarkably 
close agreement is found over about 95 per cent, of the length of the 
body. The Reynolds number of this experiment was about 5 X10 5 . 

Miss Lyonff has shown that the shape of the nose of the stream-line 
body may cause an early transition at low Reynolds numbers if it 
produces a pressure gradient along the surface tending to promote 
instability of the laminar boundary layer. Fig. 215 shows the 
pressure distributions measured by Miss Lyon on two stream-line 
bodies of the same length l and maximum diameter D. The bluff 

f Owcr and Hutton, loc. cit. in the footnote on p. 506. 

J Loc . cit. in footnote ft on P* 515. 

|! Fuhrmann, Zeitschr. f. Flugtechn. u. Motorluftschiffdhrt, 11 (1911), 165, 166; 
Jahrbuch der Motorluftschiff-Studiengesellschaft, 5 (1921), 65-123; R. Jones, A.B.C. 
Reports and Memoranda, No. 1061 (1927); Phil. Trans. A, 226 (1926), 231-266. 

ff A.R.C. Reports and Memoranda, No. 1622 (1935), pp. 1, 2 and 22. 
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nose of the body shown as model B in Kg. 215 ( b ) produced a rising 
pressure gradient well forward, which seems to have caused the 
transition to occur earlier than on model A, as shown in the following 
table. (R is the Reynolds number for the full length (5-83 feet) of 



the model, and x is the axial distance from the nose at which the 
transition took place.) 

Table 18 


Model A 

Model B 

Bx io~ $ 

x (feet) 

R X ief 6 

x (feet) 

2*04 

3*5 

00 

0 

i*95 

3*06 

3*1 

3-n ! 

i*7 


229. The effect of the state of the surface on the skin-friction 
drag. 

The effect of surface roughness on turbulent flow in pipes and along 
flat plates has been discussed in Chap. VIII. Abbottf has shown that 
a similar effect exists in the case of a stream-line body. Fig. 216 
shows curves plotted through points read off the rather small-scale 
diagrams given by Abbott. The drag of the model with the ‘normal’ 
surface—rubbed varnish finish—is only slightly higher than that of 
the same model with a highly polished surface, but a large increase of 

t N.A.O.A, heport No. 394 (1931). 
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drag resulted when the freshly varnished surface was roughened by 
spraying it with an air jet charged with grains of carborundum 
ranging from 0*003 to 0*007 inch in maximum dimension. The drag 
coefficient for the rough surface tends towards a constant value— 

0*006 
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c f 
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0*002 



Hi^hLy polished ; 
surface 


0*001 


6 ‘° &5 log 10 R 7 '° 7 ' 5 

Fig, 216. 

a feature which* has also been observed in the case of pipes and flat 
plates. 
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XII 

BOUNDARY LAYER CONTROL 

230. Introduction. Suction. 

Recognition of the large increase in drag which is produced by- 
separation of the boundary layer from the surface of a solid body 
has led to many attempts to prevent such separation. An account 
has been given in Chap. II, §18 of the way in which separation 
arises, and it has been shown in § 24 that when the boundary layer 
is turbulent separation occurs farther back than when the layer 
is laminar. Indeed, if the tail of the body tapers slowly, so that 
the rising pressure gradient is sufficiently gradual for the rate at 
which energy can he absorbed from outside to balance the rate of 
loss in overcoming the pressure gradient and the frictional resistance, 
the layer adheres to the surface right up to the extreme rear. This 
occurs in stream-line bodies. In general, however, separation takes 
place somewhere behind the position of minimum pressure even 
when the boundary layer is turbulent, unless means are used to 
prevent it. 

According to the physical concept of the boundary layer, it should 
be possible to delay or even to prevent separation by removing the 
accumulation of fluid, caused by the reversal of flow, in the region 
where separation normally develops. This possibility was recognized 
by Prandtl when he first put forward his theory, and his original 
paperf contains a brief description of an experiment which estab¬ 
lished the validity of his reasoning. He immersed a circular cylinder 
in a stream of water, with its axis perpendicular to the direction of 
flow. A slit cut in the surface of the cylinder, .parallel to the axis, 
communicated directly with the hollow interior, to which suction was 
applied. Water was thus withdrawn from the boundary layer,.and 
was discharged at one end of the cylinder. The position of the slit was 
well aft of the position at which the boundary layer would ordinarily 
have separated from the surface, but under the influence of the 
suction separation did not occur until the flow had passed the slit. 

This first essay in boundary layer control was undertaken by 

I V erhandlungen des dritten internationalen Mathematiker-Kongresses, Heidelberg , 
1904 (Leipzig, 1905), pp. 484-491; reprinted in Vier Abhandlungen zur Hydro - 
dynamik und Aerodynamik , L. Prandtl and A. Betz (Gottingen, 1927). See also 
Joum. Itoy. Aero . Soc. 31 (1927), 729. 
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Prandtl—amongst other experiments—with the' sole purpose of pro¬ 
viding support for his theoretical arguments. He contented himself 
with observing the phenomenon by making the flow visible: no 
quantitative measurements of the drag of the cylinder were made, 
nor was there any attempt to find the best position of the slit, or to 
see whether the turbulent wake, which was appreciably reduced in 
size by the single slit, could be entirely suppressed by the use of 
several slits suitably spaced. There would seem, however, to be no 
fundamental reason why this should not be feasible: Ackerety cites 
an instance in which an air-stream was deflected through 180° round 
a cylinder by such means. 

231. Introduction. The supply of additional energy to the 

boundary layer. 

The prevention by suction of the thickening of the boundary layer 
is not the only possible method of reducing the size of the eddying 
wake. An alternative is to supply additional energy to the boun¬ 
dary layer, to enable it to proceed farther against an adverse 
pressure gradient. An obvious method of doing this is the reverse 
of the method of suction just discussed—namely, to introduce into 
the boundary layer additional fluid carrying with it energy of motion 
from a separate source. The moving fluid so introduced should be 
discharged parallel to the surface in order that the best use may be 
made of its kinetic energy. 

The idea of discharging fluid into the boundary layer was not 
investigated by Prandtl, but other workers have subsequently found 
it effective (see §236). The fluid can either be supplied by means of 
a separate pumping system, or it can be conducted to the proper 
points of discharge by connecting them, by means of internal ducts, 
to regions of higher pressure on the body itself. An outstanding 
instance of an effective application of the latter alternative, which 
has obvious advantages from the operational standpoint, is furnished 
by the slotted wing. Here the slot forms a short, well-shaped duct 
from the high-pressure side of an aeroplane wing to a region of 
high suction on the upper surface somewhat forward of the maxi¬ 
mum camber, and the flow of air through the slot delays the stall 
of the wing (which is, of course, a manifestation of separation) 
to a considerably higher angle of incidence than that at which it 
t Zeitschr . des Vereines deuUcher Ingenieure, 70 (1926), 1155. 
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would otherwise occur. It should, however, be emphasized that 
although the wing slot undoubtedly delays the separation of the 
flow from the upper surface of a wing, it does so mainly by virtue 
of the powerful downwash proceeding from the forward slat. Its 
action in supplying additional energy to the boundary layer is 
probably very small by comparison. This important point of differ¬ 
ence between the slotted wing and boundary layer control by dis¬ 
charge is discussed more fully in § 237. 

Apart from the slotted wing, there is little experimental evidence 
as to the efficacy for the prevention of separation of the discharge 
of air taken in at regions of high pressure; but from the unpublished 
results of two different sets of tentative experiments made at the 
N.P.L. it appears unlikely that much can be done on these lines. The 
chief difficulty is to get enough air to the region of discharge, owing 
partly to the loss of head due to turbulence and to friction in the 
internal passages if these are not straight and short, and partly to the 
restricted area of the regions of high pressure available as sources 
for the air supply. The slotted wing is structurally much more 
favourable to this method of boundary layer control without auxiliary 
power than any other arrangement that has yet been tried. 

232. Introduction. Motion of the solid wall. 

If the solid boundary where the boundary layer normally forms is 
set in motion in the same direction as the fluid and at the maximum 
speed of the fluid, it is clear that no retardation of the flow by 
surface friction can occur. This was realized by Prandtl, who, about 
1907,f showed that by rotating a cylinder immersed in a stream of 
water he could prevent separation on the side advancing with the 
fluid. (Actually, in order to avoid the accentuated separation on the 
side moving against the main stream*, Prandtl used two cylinders 
rotating in opposite directions, with parallel axes and adjacent sides 
almost touching.) 

233. The flow produced with boundary layer control. 

Before proceeding to discuss practical results, we shall give some 
attention to the type of flow produced by boundary layer control. 
Since its effect is to prevent separation there is a tendency to infer 

j* Die Naturwissenschaften , 13 (1925), 100. See also Joum . Roy. Aero . Soc • 31 
(1927), 729, 730. 

3837.8 II x> (J 
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that it produces the flow pattern of ideal fluid flow. Little thought 
is, however, needed to show that this view is not correct: in the case 
of ideal fluid flow the walls of the body past which the fluid is stream¬ 
ing are surfaces containing stream-lines, whereas with boundary layer 
control, either by suction or by pressure, fluid flows through the 
walls. Nevertheless, certain of the experimental results available 
indicate that the flow does approach the potential type. Thus with 
suction Schrenk,f Bamberg and Perring and Douglas|| found that 
the lift of an aerofoil section approached the theoretical value, 
although in no case, even with the highest suction, did the measured 
and theoretical lifts actually coincide: the former was always less 
than the latter. The explanation of the approach to perfect flow, 
in spite of the dissimilar conditions that must prevail, probably 
lies in the fact that it is necessary to withdraw or introduce only 
a small quantity of fluid to prevent separation of the boundary 
layer. 

Prandtlf| and SchrenkJJ have shown that when the suction aper¬ 
tures are arranged, as is customary, so that the indrawn air flows 
normally through the boundary, there is a *sink effect 5 superim¬ 
posed on the effect due to the removal of the retarded air in the 
boundary layer. Each suction aperture being treated as a sink, it 
is possible to calculate the pressure distribution of the potential flow 
with suction, and it is found to be of the form shown by the full lines 
in the lower part of Fig. 217, the dashed curve representing the pres¬ 
sure distribution for the undisturbed potential flow.|||| It is assumed 
in Fig. 217 that the suction is powerful enough to produce a stagna¬ 
tion point P on the downstream side of the suction slit, and to draw 
with it parts of the potential flow hitherto unaffected by friction. 
Comparing the pressure distributions with and without suction we 
see that in the former case the adverse pressure gradient has been 
relieved on both the upstream and the downstream sides of the slit. 
It is because this pressure effect is felt upstream of the slit that, as 
shown experimentally by Schrenk, separation can be prevented by 
suction at an aperture well downstream of the region where it would 

f Zeitschr.f. Flugtechn u. Motorluftschiffahrt, 22 (1931), 259-264. 

J N.A.C.A. Report No. 385 (1931). 

|| A.R.C. Reports and Memoranda , No. 1100 (1927). 

tf Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 116, 117. 

tt Rufifahrtforschung, 12 (1935), 10-27. 

1111 Prandtl, Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 117. 
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normally occur. On the other hand, if the suction aperture is 
situated downstream in this way, more air has to he removed* to 
obtain the same effect. 



234. Pressure gradients and air quantities. 

Using Pohlhausen’s method (Chap. IV, § 60), Prandtlf has made an 
interesting investigation of the order of the pressure gradient against 
which a laminar boundary layer can flow without separation. He 
chooses as his initial conditions a boundary layer defined by A = —10 
in Pohlhausen’s equations (that is to say, a boundary layer that has 
developed nearly up to separation), and then considers what the 
maximum permissible pressure gradient can be if the value of A is to 
remain unchanged downstream. He finds that the pressure gradient 
is given by 8(flp/ag) = 20 

\p u i -B#’ 

where u ± is the velocity of the potential flow just outside the boundary 
layer, S is the boundary layer thickness, and !?§ is %8/v. Since 
values of of the order of 10 3 can easily occur in fluids of small 
viscosity, this expression shows that the allowable pressure gradient 
for laminar flow is very small (except at low Reynolds numbers). 

f Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 112-114. 
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Higher pressure gradients than the limiting value indicated above 
occur without separation when the layer has become turbulent, 
so that there is an interchange of energy between it and the free 
stream. 

Prandtlf uses the same method to estimate the effects produced 
by suction on a laminar boundary layer. As an example, he assumes 
that the surface is porous and that the suction is adjusted over the 
region of increasing pressure in such a way that the boundary layer 
thickness remains constant. Taking the velocity distribution every¬ 
where as the quartic in y (the distance from the surface) which corre¬ 
sponds to the position of separation (i.e. to A = —12), he finds that c, 
the velocity of flow through the surface, has to be 2*2(— vdujdx)*. 

Applying this result to the particular case of a circular cylinder 
of diameter d in two-dimensional flow, we find that the value of c 
at the rear stagnation point is given bv cJU 0 = 4*4j?-*, where 
R — TJ^djv and U 0 is the velocity of the free stream at infinity. It is 
thus clear that we may expect a suitably arranged suction system 
to prevent separation of a laminar boundary layer in the presence 
of quite large pressure gradients and with a relatively small with¬ 
drawal of air. For a turbulent boundary layer conditions are even 
inore favourable. 

The final velocity distribution attained with suction on a surface of 
infinite extent can be found as follows from the general equations 
of motion. The analysis is due to Griffith and Meredith. The con¬ 
dition that the final profile has been reached is du/dx = 0, and hence 
the equation of continuity reduces to dv/dy — 0. Thus v 9 the normal 
velocity due to suction, is constant. The equation of motion becomes 

du __ 8 2 u 
V dy~ V 8y 2> 

which, when, integrated with the proper boundary conditions, gives 

ujU 0 = 1— e v vl' > . ■ 

In this equation D is negative, since the transverse velocity is directed 
towards the surface. 

235. Control with auxiliary power. Diffusers. 

The only application of boundary layer suction which we ahn.ll 
discuss before passing to a consideration of the results obtained 

t Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 117, 118. 
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with aerofoils, is the improvement of the efficiency of diffusers-f It 
is well known that too rapid a rate of expansion in such devices leads 
to serious loss of total pressure because they do not ‘run full’. 
Defining the efficiency of a diffuser as the ratio of the difference in 
static pressure at throat and outlet to the difference between the 
kinetic pressures at these two sections, and taking into account the 
work done in suction, Ackeret found that the efficiency of a particular 
diffuser was increased from 50 per cent, without boundary layer 
removal to 81 per cent, by withdrawing, through one annular slit 
intermediate between throat and outlet, a quantity of water equal 
to 5 per cent, of the total quantity passing the throat. On the 
assumption that the efficiency of the pumping system was 75 per 
cent., the work required to remove this quantity of water was 
3-4 per cent, of the kinetic energy at the throat of the diffuser. 
Ackeret suggested that this method of improving diffuser efficiency 
might have important applications in hydraulic or ventilating 
engineering. The results quoted were obtained with a small diffuser, 
only 14 mm. in diameter at the throat, and Ackeret pointed out that 
as the scale is increased the relative thickness of the boundary layer 
becomes less, so the results should be even more favourable on the 
larger scale. This relative decrease in thickness of the boundary layer 
as the scale becomes larger must be borne in mind generally in con¬ 
sidering the application of model results to full-scale systems. 

236. Control with auxiliary power. Suction or discharge 

under pressure at aerofoils. 

As soon as the question of boundary layer control received any 
prominence, the improvement of wing efficiency and maximum lift 
appeared an attractive possibility, which was investigated by a 
number of workers. Many of the experiments, however, were of 
a tentative or exploratory nature and, being rather incomplete, need 
not receive detailed consideration here: references are given in the list 
on p. 549. We shall discuss only the two most comprehensive series 
of experiments of which an account has yet been published—those 
of Schrenkf and of Bamber.|| 

f See Ackeret, Zeitschr. des Vereines deutscher Ingenieure, 70 (1926), 1155—1157. 
The deflexion of an air-stream through 180° was noted on p. 530, and reference is made 
in the list of additional references (p. 549) to some tests by Schrenk on spheres. 

X Loc. cit . in footnotes f and XX 011 P- 532; the second paper includes some results 
for aerofoils with flaps. II Loc . cit. in footnote J on p. 532. 
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In what follows we shall frequently have to compare the two types 
of boundary layer control, one in which air is discharged under 
pressure through apertures in the upper wing surface, and the other 
in which it is withdrawn from the boundary layer by suction. For 
brevity we shall henceforth designate them as the pressure’ and the 
■suction 5 systems or types of control, respectively, basing this 
nomenclature on the sign of the pressure within the wing in relation 
to the static pressure in the free stream outside. 

In order to judge the practical value of any improvements that 
may be effected in wing characteristics, we must take into account 
both the power required for the pumping system, and the reactions 
produced by the method of taking in the air in the pressure type of 
control and of discharging it in the suction type. For the method 
of intake or discharge we are entitled to,select the most favourable 
scheme. Thus in the suction system the air sucked in is assumed to 
be discharged backwards in the direction of motion from some con¬ 
venient place in the structure, and at the optimum velocity, which 
is shown by analysis*)* to be equal to U 0 , the main air speed. Similarly 
for the pressure system the air is assumed to be taken in at a velocity 
U 0 by intakes pointing forward in the direction of motion. Further, 
in order to obtain results applicable to practical cases, the assumption 
is made that the wing, as forming part of an aeroplane, is to be driven 
through the air by means of an engine and airscrew, and the efficiency 
of the latter is taken as equal to that of the pumping system for the 
boundary layer control. In this way one obtains an 'effective drag 
coefficient 5 (denoted in the results to be quoted by C' D ) with which the 
drag coefficient C D without control has to be compared. 

Turning now to practical results, we shall consider first those 
obtained by Schrenk.f In his work only the suction system was 
investigated. The model used was a very thick highly cambered 
aerofoil (see Fig. 218), which was one of a series of profiles developed 
by Karman and TrefftzJ from theoretical considerations, so its 
potential flow pattern and theoretical lift were calculable. Its aero¬ 
dynamic characteristics, however, were distinctly bad: in particular, 
the profile drag coefficient is stated to have varied between 0*05 
and 0*10 (the latter, presumably, at the stall), so that its minimum 
value was about four times that of a good modern moderately thick 

t Schrenk, Zoc. cit. in footnote f on p. 532. 

t Zeitschr. /. Flugtechn. u. MotorJuftschiffahrt , 9 (1918), 111-116. 
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wing section. The maximum lift coefficient of the section was 1-0. 
(It is probable that the experimental method in view had a decided 
influence on the choice of the section: it was thought desirable to 
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Fig. 218. 


accommodate the suction fans, of which there were two, and their 
driving motors inside the wing, and for this purpose a thick section 
was obviously necessary.) The aerofoil had an aspect ratio of 4 to 1 
and was fitted with end plates. Its profile drag was measured by the 
pitot-traverse method (see Chap. VI, § 115). 
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Schxenk investigated various suction slits, including some with 
rounded edges, in several positions on the upper surface of his 
aerofoil. Best results were obtained with the sharp-edged slit shown 
in Fig. 218, which was 60 per cent, of the chord back from the leading 
edge.f The results, corrected to infinite aspect ratio (i.e. neglecting 
the induced drag) are also shown in Fig. 218. The quantities C p 
and C Q given in the key to Fig. 218 are non-dimensional coefficients 
of the suction p in the interior of the wing and of the quantity 
of air flowing through the slit, respectively: they are defined by 
G p = ptibUl) and C Q = Q/(U q S) } where U Q is the velocity of the 
air-stream, S is the area of the plan form of the aerofoil, and Q is 
the volume of the air flowing through the slit. 

Schrenk states that the experimental procedure did not permit the 
optimum condition to be reached in each case; the dotted line shown 
in Fig. 218 is the estimated optimum (C L> C£) curve for infinite aspect 
ratio obtained by extrapolation of the plotted observations. The 
improvement of the profile characteristics is very striking: the 
maximum value of C L IO' D is between 40 and 50 at C L == 0*8 approxi¬ 
mately ; the maximum value of C L /C D for the wing without suction is 
not stated, but, judged by the previously quoted values of maximum 
lift and minimum drag coefficients, it was less than 20 and probably 
nearer 12. Fig. 219 shows how, with suction, the theoretical lift curve 
of the section is approached up to large angles of incidence. 

In order to obtain the curves of total C f D against C L from the 
curves of Fig. 218, we have to add the coefficients of induced drag 
to the plotted values. Since the induced drag for a given section 
depends only upon the aspect ratio and the lift, the abscissa to be 
added at any given value of C L will be the same for all the curves 
shown in Fig. 218. Hence the relative displacements along the C# 
axis of the curves for a finite wing will be the same as the displace¬ 
ments as plotted, which relate to infinite aspect ratio. It is, then, 
evident from these curves that, for finite as for infinite aspect ratio, 
there is nothing to be gained by increasing the amount of boundary 
layer absorption if a lower absorption suffices to prevent the stall: 

t Later experiments by Schrenk (footnote on p. 532), which included some 
measurements with a dapped aerofoil, substantially confirmed the results here 
quoted, but showed that a rather lower equivalent drag coefficient could he ob¬ 
tained with a wider slit at the position on the aerofoil surface shown in Fig. 218. 
These later experiments also show that there is an optimum width of slit, which 
for the aerofoil of Fig. 218 with slit in the position shown was found to be about 
3*8 per cent, of the aerofoil chord. 
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on the contrary, the effective drag coefficient is increased at a given 
lift. It is only when a given amount of absorption ceases to prevent 
the stall that there is any advantage to be gained by increasing the 
suction. The dotted line in Fig. 218 enables the most economical 
suction for any 0 L to be estimated. 

The Reynolds numbers for the results shown in Figs. 218 and 219 
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1*0 


0 

***20 -10 0 10 20 
a(deg rees) 

Results corrected to infinite aspect ratio 
Fig. 219. 

lay between 3*4 x 10 5 and 5*2 x 10 5 . Neglect to work at a sufficiently 
high Reynolds number probably accounts for the comparatively poor 
results obtained by certain other experimenters, for it follows from 
general considerations that the results obtained from boundary layer 
control when the layer is turbulent should be better than those for 
a laminar layer. This was confirmed by some tests made by Schrenk 
at lower Reynolds numbers. 

Bamber’s experiments were made with a N.A.C.A. M. 84 aerofoil 
(whose shape is shown in Fig. 220), of 15 inches chord and 25*25 
inches span; the Reynolds, number was 4*45 x 10 5 . The aerofoil was 
tested between circular end plates, but this method of test does not 
by any means reproduce the characteristics of infinite aspect ratio 

3837.8 n E e 
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when the model aerofoil is itself of low aspect ratio, and it is evident 
from an inspection of the results given by Bamber for the aerofoil 
without pressure or suction that induced drag was present. It may 
be recalled that Schrenk also tested his aerofoil between end plates, 
but measured the profile drag by the pitot-traverse method. There¬ 
fore, in comparing the results obtained by Bamber with those of 



Schrenk we must remember that the former do not relate to infinite 
aspect ratio and are likely to be on this account, apart from any 
other possible causes, inferior to the latter. 

Bamber investigated both the pressure and the suction systems, 
and found that on the whole the best results for either were obtained 
with a slit 53*9 per cent, of the chord back from the leading edge: 
this agrees roughly with the best position found by Schrenk, and it 
is probably not greatly different for any normal wing. The greatest 
slit width—of four tested by Bamber—was 0*67 per cent, of the 
chord, as compared with Schrenk 5 s optimum width of about 3*8 
per cent. It is probable, therefore, that Bamber might have obtained 
better results by using a wider slit: this view is supported, as he 
himself points out, by the type of curve obtained when his results 
are plotted on a base of width of slot. 




XII. 236] SUCTION AND PRESSURE COMPARED 541 

The range of O p covered by Bamber’s tests was from —6 to +12; 
the curves of C L against C+ for the best slit position and width (see 
above) are shown in Fig. 220 for G p = 12, 6, and —6, and for 
the smooth section without a slit. At first sight it would seem from 



Suction Cq Pressure 

Pig. 221. 


Fig. 220 that the pressure is more efficient than the suction system, 
but this conclusion is not justified from the evidence of these tests, 
since Bamber used a backward opening slit and did not alter its shape 
when he changed over from pressure to suction. It is evident from the 
drawings of the apparatus, and from the figures given for the quanti¬ 
ties of air flowing under suction and pressure, that the slit offered a 
higher resistance to inward than to outward flow. 

On the other hand, as is shown by Fig. 221 (reproduced with slight 
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modification from the original report), it is possible by the use of the 
pressure system to reach a lift in excess of the theoretical value at 
a given incidence; whereas on the suction system Bamber’s results 
confirm those of Schrenk and other investigators in suggesting that 
the theoretical value represents the highest lift that can be attained. 
Presumably the reason for the excess over the theoretical lift under 
pressure is that, as more and more air is blown out in a downstream 
direction on the upper surface of the aerofoil, a stage is reached when 
the circulation around the section begins to increase; the pheno¬ 
menon ceases to be one of pure boundary layer control, in the sense 
here under discussion, as soon as the quantity of air flowing out 
through the slot carries more energy with it than is required to enable 
the boundary layer to adhere to the surface right up to the trailing 
edge. These experiments, and others mentioned in some of the papers 
listed on p. 549, indicate no limi t to the lift that can be reached on the 
pressure system. They show also that the stalling angle can be 
considerably increased by both systems. 

237. Control without auxiliary power. The slotted wing. 

As mentioned in § 231, the slotted wing is the outstanding example 
of the application of automatic boundary layer control in a practically 
useful form. As an illustration of the effect produced by a well 
designed slot on a good modern wing section, we may refer to the 
results obtained with an aerofoil of R.A.F. 31 sectionf and plotted 
in Fig. 222. It will be seen that the slotted section stalls at about 
23° incidence as compared with about 12° for the normal aerofoil, 
and that the maximum lift coefficient is increased from 1T5 to 1-82. 
With the slot open, however, the lift at any incidence below that at 
which stalling begins is lower and the drag is higher than for the 
normal section, because of the interruption of the surfaces caused by 
the slot. 

Still higher lift coefficients can be obtained by using more than one 
slot. Handley Pagef quotes a case in which a R.A.F. 19 aerofoil was 
divided into eight sections to give seven slots about equally spaced 
along the chord length. The maximum lift coefficient of the unslotted 
section (1-64 approximately) was thereby raised to about 3-4, and 
the stalling angle from 14° to 43°. With only six of the slots open the 
maximum lift coefficient was 3-92 at 45° stalling angle. 

t Irving, Batson, and Williams, A.R.C. Reports and Memoranda, No. 1063 (1927). 

j Journ . Hoy, Aero, Hoc, 25 (1921), 271. 
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As stated on p. 531 there is a distinct difference between the be¬ 
haviour of a slotted wing and thab of a wing whose boundary layer is 
controlled either by pressure or by suction. With control by auxiliary 
power the lift at an angle below the normal stall can be increased, 



whereas the effect of the slot is mainly to continue the linear part of 
the lift-incidence curve of the unslotted section to a higher incidence 
with the same slope. At incidences below the stall the lift for a slotted 
wing is about equal to, or slightly less than, that for the* unslotted 
section. This difference in behaviour may be partly related to a 
difference in position between the slot and the pressure or suction 
apertures hitherto tried: the slot is always at the extreme nose of the 
main aerofoil, where the boundary layer is laminar and very thin, 
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whereas neither Bamberf nor Perxing and Douglasf used a pressure 
slit nearer to the leading edge than 0*13 wing chords, where the 
boundary layer is appreciably thicker. Further, considerably more 
air flows through the slot than the quantity discharged in the tests 
of either of the investigators’just mentioned. From measurements of 
velocity made by Townendf in the slot passage of R.A.F. 31, values 
of C Q can be calculated for the slot in the position to which Fig. 222 
relates. These values are found to range from 0*05 at 6° incidence 
to 0*08 at 27°. The values of C Q used by Bamber (given on Fig. 221) 
do not exceed 0*019, while the maximum rate of discharge in the 
tests of Perring and Douglas corresponded to a value 0*014 of C Q . 

It is clear then that most of the air delivered by the slot to the 
upper surface of the aerofoil remains outside the boundary layer, 
whereas the air discharged through the pressure apertures in the 
above-mentioned experiments was mainly retained within the layer. 
The actions in the two cases are therefore not strictly comparable. 
Whereas the pressure discharge system is a case of pure boundary layer 
control in the sense here under discussion, the action of the slot seems 
to be rather different. By the admission of air through the slot the 
leading flap or slat becomes an aerofoil, the high lift on which is re¬ 
flected in a powerful downwash which forces the air behind the slot to 
cling to the surface of the main aerofoil. The action is not so much one 
of supplying enough energy to the boundary layer to prevent it from 
leaving the surface, as one in which the boundary layer is, as it 
were, pressed into contact with the surface by the action of the stream 
outside, which has been deflected towards the surface by the action 
of the slat. Indeed, Townend in the paper already cited describes 
experiments which suggest that the boundary layer of a slotted wing 
separates well forward on the surface of the main wing, but is 
immediately forced back by the momentum of the stream outside. 

238. Control without auxiliary power. The Townend ring. 

Very similar in its action to the slat of a slotted wing is the 
Townend ring, which is extensively used to reduce the drag of aero¬ 
plane bodies or nacelles fitted with radial air-cooled engines. The 
ring is in effect an endless slat bent into circular form, and it is fitted 
near the nose of the body or nacelle, round the heads of the engine 
cylinders. Like the slat, the ring is of aerofoil section and is arranged 

f Loo . cit . onp. 532. { Joum. Roy. Aero. Soc. 35 (1931), 713-718; 733, 7-34. 
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to be at a positive angle of incidence to the relative wind direction 
at the region where it is fitted. The ring therefore produces a down- 
wash, which reduces the spread of the disturbance caused by the 
cylinders projecting into the air-stream. 

There are no reliable full-scale measurements of the reduction of 
drag produced by a Townendring, but model experiments^ have shown 
reductions up to 60 per cent, of the drag of the body and engine. A 
few tests made in the Compressed Air Tunnel at the NJP.L.J show 
that the reduction observed in an atmospheric tunnel is maintained 
at high Reynolds numbers. It should be added that the effectiveness 
of the ring depends rather critically on its angular setting: in order 
to produce a large effect the incidence of the aerofoil section must be 
fairly large, but at the same time the section must not be stalled. 
Hence the useful angle range is somewhat restricted. 

239. Moving surfaces. Rotating cylinders. 

Apart,from the visual experiments of Prandtl mentioned on p. 531, 
and some similar work carried out later by Prandtl and Tietjens,|| 
very few investigations seem to have been made on the effect on 
separation of moving surfaces. What information there is comes 
from work undertaken primarily with a quite different object, 
namely to investigate the cross-wind force or lift produced on a 
circular cylinder rotating about its axis in a stream of fluid. (The 
phenomenon was discussed theoretically in Chap. II, § 27.) 

Measurements of this kind, as well as of drag, have been made on 
cylinders rotating in air by Reidf j and by Betz 4 1 Their results are 
summarized in Figs. 223 and 224, in which the lift and drag coeffi¬ 
cients are plotted against the ratio V 0 fU 0 , V 0 being the peripheral 
speed of the cylinder and U Q the wind speed. Considering first the 
results for lift, we see that they agree in indicating that there is no 
lift for small rotational speeds when Vq/U 0 is less than about 0*5; 
lift then begins suddenly and rises as VJUq increases. The value of 
the lift coefficient that can be attained depends upon the end condi¬ 
tions. Betz remarks that two-dimensional flow is not achieved by 

f Townend, A.R.C. Reports and Memoranda , No. 1267 (1930). 

X Relf, Journ. Roy, Aero. Soc. 39 (1935), 6, 7. 

|| Die Naturwissenschaften, 13 (1925), 1049-1053. 

ft N.A.C.A . Technical Note No. 209 (1924). 

XX Zeitschr. des Vereines deutscher Ingenieure, 69 (1925), 11-14. See also Prandtl, 
Die Naturwissenschaften, 13 (1925), 104-107. 
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having the cylinder spanning the tunnel completely, and accordingly 
he fitted'to the cylinder end disks of diameter 1*7 times that of the 
cylinder (the aspect ratio of which was 4*7). These disks raised the 
maximum lift coefficient from just over 4 to about 9. Reid, with an 

Lift on Rotating Cylinders 
Reid: Aspect ratio 13*3; Reynolds number 3-9xIO 4 * 
to 1*16 xIO 5 ; no end disks. 

Betz:Aspecfc ratio 4-7; Reynolds number 5*2x104 
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aspect ratio of 13-3, and without end disks, obtained results as good 
as those of Betz with end disks on the shorter cylinder. 

The results for drag (Kg. 224) suggest that Betz’s conditions did 
not approach very closely to the two-dimensional, since the value 
of C D he obtained at zero rotational speed is considerably lower than 
that of a long cylinder at the Reynolds number of his experiments. 
Reid’s results cannot be analysed in this way, as the Reynolds 
number at which bis experiments were carried out at the lower 
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rotational speeds (viz. 1-16X10 5 ) is close to that at which a sharp 
fall of drag, occurs with a non-rotating cylinder. 

As the rotational speed of the cylinder increases, there is at first 



Fig. 224. 


a fairly rapid drop in 0 D , hut after a minimum, is reached the drag 
rises steeply again. In both cases the minimum value of C D is between 
one and a half times and twice that obtained with a non-rotating 
cylinder at Reynolds numbers greater than that at which the sharp 
fall in C D is complete (cf. p. 419). There is no experimental evidence 

3837.8 II ji £ 
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to show whether the drag coefficient of a cylinder could he further 
reduced by rotation at these high Reynolds numbers. 

In order to estimate the true advantage of rotation as regards 
drag reduction, account must be taken of the power required to 
rotate the cylinder. There is very little evidence on this point: 
Reidf made a few measurements of torque, and these, if expressed 
as an equivalent drag coefficient, suggest that at minimum drag 
we should add a value of about 0-124 to his measured value of 0-6— 
i.e. about 20 per cent. 

It is of some interest to compare the actual lift with the theoretical 
value. It follows from the argument of Chap. II, § 27 that separa¬ 
tion would be prevented by rotating the cylinder at such a rate 
that V Q = 4JJ 0i and that the maximum value of C L should occur at 
this speed of rotation and should be equal to 47t or 12-6, whereas 
the measured value is about 9. The discrepancy is connected 
with the fact that (as shown by ThomJ) the circulation continues 
to fall as the contour round which it is taken recedes from the 
cylinder.|| 

Some measurements have been made in Holland of the effect of 
incorporating a rotating cylinder in the front of an aeroplane wing,f f 
but the performance obtained did not compare favourably with that 
of a good wing of conventional form, although the maximum lift 
coefficient was somewhat higher. It is probable, to judge from the 
poor performance of the arrangement when the cylinder was not 
rotating, that the introduction of the cylinder spoiled the character¬ 
istics of the basic wing. In a further paperJJ an account is given 
of measurements of velocity distribution near the wing with the 
cylinder rotating. 

More recently Eavre|||j has carried out experiments with an aero¬ 
foil in which the upper surface formed part of an endless band of 
silk and could be made to move with the fluid. In this way he was 
able to reach a maximum lift coefficient of about 3*70, and the 

f Loc . tit. in footnote ft on p. 545. 

t A.B.C. Reports and Memoranda , No. 1410 (1931). 

|j For an attempt to simulate the lift-drag curves for a rotating cylinder by con¬ 
sideration of the motion of an inviscid fluid with a concentrated line-vortex in the 
fluid and a circulation round the cylinder, reference may be made to Bickley, Proc . 
Boy. Soc. A, 119 (1928), 151-156. 

tt Wolff and Koning, De Ingenieur , 41 (1926), 181-190. 

}} van der Hegge Zijnen, ibid., pp. 878-883. 

HU Comptes Bendus, 202 (1936), 634r~636. 
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stalling angle was considerably delayed. The paper describing this 
work contains no information regarding the amount of power ex¬ 
pended in moving the surface. 
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WAKES 

240. Small Reynolds numbers. 

Fob very small Reynolds numbers calculations may be made with 
the approximations of Stokes or Oseen. | The stream-lines obtained 
by the method of Stokes do not show a wake. The first stage in the 
development of a wake appears in the broadening out behind an 
obstacle (for example, behind a sphereJ or behind a circular cylinder||) 
of the stream-lines calculated by the method of Oseen. In this 
method it is assumed that, if the velocity components are written as 
U 0 +u, v, w, where U 0 is the undisturbed velocity of the stream, then 
squares and products of u, v, w and their derivatives may be 
neglected.lt The effect of this is to destroy the symmetry; the motion 
is no longer reversible; the stream-lines behind the body broaden out, 
and the vorticity is appreciable only in a wake bounded by a vaguely 
defined surface of parabolic form. 

Another method of calculation, due to Thom, %| which yields interest¬ 
ing results, is a numerical ‘difference’ method of solving the exact 
equations of motion of a viscous fluid, and is accurate up to and 
including third-order differences. The system is built up, rather 
laboriously, from the network of potential and stream-line curves 
appropriate to the boundaries considered, these curves being obtained 
from ideal fluid theory. The drag coefficients found by the method are 
in good agreement with experiment. Fig. 225, which is taken from 
Thom’s paper, shows the stream-lines for flow past a circular 
cylinder at- R = 10. (R = U 0 dlv, where d is the cylinder diameter.). 

f Lamb, Hydrodynamics (1932), §§ 335-343, pp. 594-616. 

} Oseen, Ark. f. mpt., astr. och fys. 6 (1910), Ho. 29; ibid. 9 (1913), No. 16; 
Vortrage aus dem Oebiete der Hydro - und Aerodynamik, Innsbruck , 1922 (Berlin, 1924), 
pp. 127-129; Goldstein, Proc. Roy. Soc. A, 123 (1929), 225-235. 

|| Lamb, Phil. Mag. (6), 21 (1911), 120, 121; Bairstow, Cave, and Lang, Phil. 
Trans. A, 223 (192.3), 383-432; Faxen, Nova Acta Regiae Societatis Scientiarum 
Upsaliensis, Volumen extra ordinem (1927), pp. 3-55. For flow past a flat plate along 
the stream, see Piercy and Winny, Proc. Roy. Soc. A, 140 (1933), 543-561; also Burgers, 
Proc. Kon. Akad. v. Wetensch. Amsterdam , 33 (1930), 1-9. 

ft The method may therefore be used to discover the nature of the flow at great 
distances (where u, v, w would in any case be expected to be small) for a steady 
(non-turbulent) flow (see §249). The restriction to very small Beynolds numbers 
arises when the method is employed up to the surface of the immersed solid body. 
The solution at a great distance in the wake is, however, of theoretical interest only, 
since in practice the motion is turbulent. 

tt Proc. Roy. Soc. A, 141 (1933), 651-669. 
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Thom’s method can be applied over a fairly wide range of Reynolds 
numbers, but the amount of computation involved is very great. 

The stream-lines for flow past a circular cylinder at R = 20, 
calculated by Thom, and a composite picture derived from actual 
flows at about the same Reynolds number, are shown in Figs. 26 
and 27, Chapter II (p. 64). A vortex-pair has developed behind the 
cylinder. These figures should be compared with Pl. 29 ( b ), (c), (d) 3 and 
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Fig. 225. 


(e) of Chapter VI (facing p. 296), obtained by Fagef by ultramicro- 
scopic photography. The elongation of the vortices in the direction of 
flow with increasing Reynolds numbers is noticeable. Further photo¬ 
graphs of flow past a circular cylinder are shown in Pl. 31, % including 
one (Pl. 31a) at the very small Reynolds number of 3-9. 

The state of affairs shown in the figures and plates referred to is 
characteristic of bluff bodies. As the Reynolds number is increased, 
the stream-lines widen out more and more. They form a closed region 
behind the obstacle, and within this region there is an inflow along the 
axis of the wake and a flow in the general direction of motion in the 
outer portions. This circulatory motion constitutes a vortex-pair. 
(The inflow along the axis of the wake, and the outflow, exist even 
at small values of R, but as R increases the effect becomes larger 
and more noticeable.) The vortices become more and more elongated 
t Proc . Boy . Soc . A, 144 (1934), 381-386. 

% F. Homann, Forschung auf dem Gebiete des Ingenieurwesens , 7 (1936), 1-10. 
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in the direction of flow. Above some critical Reynolds number 
(depending on the shape of the obstacle, the degree of turbulence in 
the main stream, and also on the proximity of the channel walls) the 
vortices become asymmetrical shortly after the beginning of the 
motion, leave the obstacle and move downstream. (See Chap. II, 
Pis. 7 and 8, and PL 32.f) Thom ( loc . cit.) 9 investigating the motion of 
a circular cylinder along the axis of a channel, found that when the 
ratio of channel width to cylinder diameter was 40 the critical value 
of B was little more than 30, when it was 20 the critical value of B was 
about 46, and when it was 10 eddies did not come off below R — 62. 

The mechanism of the motion may be explained in terms of the 
boundary layer and vortex-layers. Separating the fluid in the wake 
from the main flow are the vortex-layers which left the surface at the 
positions of separation. At moderately small Reynolds numbers the 
vortex-layers, originating on the two sides of the body, come together 
farther downstream. Vorticity diffuses from the layers into the main 
body of the fluid, but is also generated in the boundary layer and 
added to the vortex-pair. At small Reynolds numbers a state of 
equilibrium is set up between the rates of generation and diffusion 
of vorticity, and the vortex-pair is stationary relative to the solid 
body. As the Reynolds number is raised the rate of generation of 
vorticity increases; in order to counteract this the vortex-layers 
become longer in the direction of flow, so as to provide a larger 
area from which vorticity can diffuse; at the same time the strength 
of the individual vortices in the vortex-pair increases. The vortex- 
layers are unstable; at some limiting Reynolds number they break 
away from the solid body and the vortices travel downstream. 

It was mentioned in Chap. I, § 10, p. 39, that the motion of a 
concentrated vortex line-pair behind a circular cylinder in an 
inviscid fluid had been investigated mathematically by Foppl. If 
the vortex-pair is to remain stationary behind the cylinder the 
vortices must lie on the curve 

2rsin0 == r—a 2 ]r 

(Mg. 15, Chap. I); if the vortices are stationary at the points (r, ±0), 
then k, the strength of the vortices, is given by the equation 

. * = ±47r?7 0 r(l—a 4 /r 4 )sin0, 

t Homann, loc. cit . The photographs show the formation, of the double row of 
vortices considered in § 242. 
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so that, if k increases, the vortices move away from the cylinder. 
This conclusion is verified experimentally by the elongation of the 
vortices. Moreover, the vortex-pair, although stable for disturbances 
symmetrical with respect to the axis of the wake, is unstable for 
anti-symmetrical disturbances. Except at quite low Reynolds 
numbers asymmetry sets in. Eventually the vortices move right 
away from the body. 

241. Vortex-layers. 

Smoke photographs of flow past a flat plate normal to the stream 
(two-dimensional motion) are shown in Pis. 33 and 34.-)' (The first and 
third were obtained with tin chloride, SnCl 4 , and the others with 
titanium tetrachloride, TiCl 4 .) The photographs show the thin vortex- 
layers which spring from the edges of the plate. (The Reynolds num¬ 
ber 12 is U Q bjv } where b is the breadth of the plate.) The vortex-layers 
break up nearer the plate as the Reynolds number increases. The 
shortening of the vortex-layers appears to take place graduafly with 
increasing Reynolds number from R = 1,600 onwards; but it 
appears that a rather sudden shortening, from the forms shown in 
PL 33 a and b (R= 820 and 900) to that shown in Pl. 33c (R = 1,600) 
took place at about R = 1,500. 

A comparison of the form of the layer as developed at R = 820 
with the theoretical form of the surface of discontinuity on the 
Helmholtz-Kirchhoff-Rayleigh theoryj is shown in Fig. 228.|| 

In flow past such a body as a circular cylinder, 'free 5 vortex-layers, 
one on each side of the cylinder, originate in the boundary layer. 
Beyond each position of separation, the boundary layer is continued 
in the main body of the fluid as a 'free’ vortex-layer. For plates, and 
also for wedges and ogival shapes having their greatest cross-sections 
at flat rear ends, separation takes place at the edges, from which the 
'free’ vortex-layers spring. 

The first detailed experimental examination of the structure of 
these vortex-layers was made by Fage and Johansen,ff who, for two- 
dimensional motion, examined the layers from bodies of several 
shapes—flat plates, aerofoils, circular cylinders, wedges, and ogival 

f Flachsbart, Zeitschr.f, cmgew. Math . u. Mech. 15 (1935), 32-37. 

% Chap. I, § 10, p. 36; Lamb, Hydrodynamics (1932), pp. 94-105. 

|| Flachsbart, loc. tit, A comparison by Bryant and Williams (A ,R,C. Reports 
and Memoranda , No. 962 (1925)), though not so clear cut, appears to present similar 
features. tt PM. Mag . (7), 5 (1928), 417-441. 
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shapes. As is to be expected, the structures of the layers—for 
example, the velocity distribution across a section and the growth 
of the thickness of the layer—depend on the shape of the body, since, 
in particular, the initial characteristics of the layer depend on the 
characteristics of the boundary layer where it leaves the solid surface. 
Measurements of total head, and of velocity by means of a hot wire, 
were taken across sections of the layers, and the distribution of 



x/b 


Fig. 226. 

vorticity was deduced. The velocity distributions showed maxima 
at the outside edge of the sheet, and minima at the inside edge. The 
minimum is quite small just behind the body, and increases down¬ 
stream. The maximum was in every case greater than the undis¬ 
turbed stream velocity U 0 , its ratio to U 0 just behind the body being 
1*47, 1*42, 1*40, 1*13 for the flat plate at 90° incidence, the cylinder 
the wedge, and the ogival model respectively. The maximum velocity 
decreased somewhat downstream in the case of the cylinder and the 
wedge; for the flat plate there did not appear to be any substantial 
change for half the plate breadth downstream, while the figures given 
for the ogival model show a slight initial increase. Somewhat similar 
results were found for the asymmetric models (aerofoil at 10°, 20°, 
45° incidence, flat plate at 40° incidence). 

The rates of discharge of vorticity are shown in the following 
table for the sym m etrical models. Since the rate of discharge of 
vorticity may be affected by the constraint of the tunnel walls, the 
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ratio of the width of the tunnel ( H) to the breadth of the model ( b) is 
also included. 



Hjb 

Rate of discharge 
of vorticity 

Flat plate .... 

14 

1*07 

Circular cylinder 

25 

I*OI 

Wedge ..... 

30 

0-97 

Ogival model .... 

30 

0*64 

Long ogival model . 

30 

0*71 


Yorticity is shed from the two sides of an asymmetric model at 
the same rate. For the aerofoil at an incidence of 45°, this rate w r as 
just less than Z7^; the rate decreased with incidence. 

The flux of vorticity across a section of a layer decreases downstream. 

If q is the velocity along a layer and £ the vorticity, the rate of 
discharge of vorticity is J g£ dy across a section of the layer. This 
is very nearly equal to half the difference of the squares of the 
maximum and minimum velocities, a relation which was verified 
by Fage and Johansen. On the Helmholtz-Kirchhoff-Rayleigh free 
stream-line theory for flow past a flat plate, the maximum velocity at 
the outside of the vortex-sheet would be U Q , and the rate of discharge 
of vorticity would be It was actually about twice as much for 
the bluffer models. . 

It may be mentioned that the pressure in the outer boundary was 
slightly greater than that in the dead air region; and also that air 
was drawn into the layer through both boundaries, at a greater 
rate through the outer than through the inner boundary. 

Fage and Johansen’s measurements for the vortex-layers springing 
from the surface of a circular cylinder were performed at a Reynolds 
number between 2x 10 4 and 3x 10 4 , and did not extend very far 
downstream. The variation with change of Reynolds number in the 
form of the layers from a circular cylinder has been studied by Schiller 
and Linke j* in the range (roughly 3*5 < log R < 4*5) in which C D 
increases as R increases (Chap. IX, Fig. 149). The results are shown 
in Fig. 227. If d is the diameter of the cylinder and § the thickness of 
the vortex-layer, it was found that, with x measured downstream from 
a suitable origin (which was such that x = 0 for the points on the 
cylinder at 45° from the forward stagnation point), then at sufficiently 

f Zeitschr. f. Flugtechn. u. Motorluftschiffahrt 24 (1933), 193-198. See also Link©, 
Physik , Zeitschr. 32 (1931), 900-914. 





556 


WAKES 


[XIII, 241 


low values of U 0 djv and J7 0 8/v, 8 was proportional to x *. Since this law 
of growth is characteristic of laminar motion, it was assumed that the 
vortex-layers are laminar so long as this law holds, and the transi¬ 
tion to turbulence was assumed to take place when this law broke 




Fig. 227. 


down. In this way, the following critical values of U 0 S/v and xjd were 
found: 

U 0 d/v — 3,540 5,000 6,090 8,540 

(^oWcrit = 510 650 730 900 

= I>0 4 0-89 0*70 

Thus the transition to turbulence approaches the cylinder as the 
Reynolds number increases. (The same feature is shown for a flat 
plate in Pis. 33 and 34. The effect on the drag coefficient was dis¬ 
cussed in Chap. IX, § 187, p. 423.) 

242. The double row of vortices. 

For two-dimensional flow behind a bluff symmetrical obstacle at a 
Reynolds number above a certain critical value, the vortex-pair 
which is formed behind the obstacle at the beginning of the motion, 
after becoming more and more elongated in the direction of flow, 
takes up an asymmetrical position, and then moves away from the 
body. The asymmetrical arrangement alters the pressure distribu¬ 
tion round the body, and vortices are discharged alternately from 
the two sides. In this way an eddying motion is set up which has a 
definite frequency for each Reynolds number. 

Downstream the vortices assume what appears to be a regular 
pattern, which in most cases is evident at a distance of four or five 
diameters behind the solid body. The vortices arrange themselves in 
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a double row, in which each vortex is opposite the mid-point of the 
interval between two vortices in the opposite row. In suitable 
circumstances the trail of vortices persists for a considerable distance 
behind the solid body.f 

The vortices actually do not arrange themselves exactly on two 
parallel rows with a definite spacing ratio hja (that is, ratio of the 
lateral spacing h between the rows to the distance a between con¬ 
secutive vortices in the same row), but the trail tends to widen out 
downstream, and the spacing ratio changes. For theoretical purposes 
the system far downstream was considered by Karmani to be com¬ 
posed of isolated rectilinear vortices in two parallel rows. (The 
regularity shown in many photographs is often due, in part, to the 
effect of channel walls, which have a lateral compressing effect on 
the flow.) 

At moderately high Reynolds numbers it is often impossible' to 
speak of the formation of an initial vortex-pair. The vortex-layers 
which spring from the surface of the solid body are unstable, and roll 
up in such a way that vortices are formed at their ends-and are shed 
alternately. An eddying motion of definite frequency is set up, and 
downstream the double row appears again. 

At still higher Reynolds numbers the vortices diffuse so rapidly 
after their formation that it is no longer possible to speak of the 
formation of a double row. No definite value can be assigned to this 
upper limit, but from an investigation of the records of various experi¬ 
menters it seems that no double row has been seen or photographed 
above JR = 2,500. At the back of the solid body, however, vortices 
continue to be shed with unfailing regularity until JR = 4 x10 s or 
5 x 10 5 . Beyond this upper limit the flow is turbulent. 

243. The double row of vortices. The calculation of the 

average drag. 

If we consider the double vortex-trail behind a cylinder to extend 
without distortion to an infinite distance downstream, then by 

f The double row of vortices behind an obstacle was first described by Mallock, 
Proc. Roy. Soc. A, 79 (1907), 262-265, and Benard, Comptes Rendus , 147 (1908), 
839-842. Benard has returned to the subject in a number of papers in the Comptes 
Rendus ,—147 (1908), 970-972; 156 (1913), 1003-1005, 1225-1228; 182 (1926), 1375- 
1377, 1523-1525; 183 (1926), 20-22,184-186, 379; 187 (1928), 1028-1030,1123-1125, 
1300. 

J Oottinger Nachrichten (1911), pp. 509-517; (1912), pp. 547-556; Karman and 
Rubach, Physik. Zeitschr . 13 (1912), 49-59. 
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considerations of momentum we can obtain a formula for the average 
drag force per unit length on the cylinder. We remark first that for 
a single infinite row of equidistant vortices, each of strength /c, at 
distances a apart, with the origin at a vortex and the axis of x along 
the row, the velocity components produced by the row aref 

_ k sinh(27ry/a) 

2a cosh(27ry/a)—QOs(27rx/ay 
_ sin(2 TTxja) 

2a cosh ( 2iryja )—cos ( 2irrx/a) 


u is an even periodic function of x , with period a. Its average 
value over a period is easily found to be — /c/2a for y positive and 
-f zc/2a for y negative. The velocity components are exponentially 
small for large (positive or negative) values of y. 

If now we have a double vortex-row which we consider to be in¬ 
finite, then each vortex has no velocity due to the vortices in its own 
row, and has a velocity (/c/ 2 a)tanh( 7 rA/a) due to the vortices in the 
other row. Thus at a great distance downstream the whole vortex- 
street may be considered to be moving with a velocity^ 


E7, = itanl>r* 

a 2a a 


( 2 ) 


relative to the undisturbed fluid. 

We now consider a cylinder fixed in a stream of velocity U 0 . Then 
(Fig. 228) the vortex-street moves to the right with velocity U 0 —~ U s . 
The flow is periodic, with periodic time a/(U 0 — U $ ) and frequency 

N = (3) 

a 


The average velocity at a fixed point over a time-period is the same 
as the average velocity at a given instant over an interval a. for x\ 
since the average velocity for a single row is = [ = (/c/2(x), the average 
velocity for the double row is zero outside the rows, and /c/a between 
them. Thus (apart from the general streaming) there is an inward 
flux tch/a along the wake due to the vortex-street. The whole motion 
is assumed to be taking place in a fluid in which viscosity can be 
neglected, and, apart from the concentrated vortices, the flow is 
assumed to be a potential flow (except in the immediate neighbour¬ 
hood of the cylinder). The flow at a great distance is composed of 
t Lamb, Hydrodynamics (1932), § 156, p. 224. J Lamb, op. cit., p. 225. 



XIII. 243] VORTEX-STREETS: DRAG CALCULATION 


559 


three constituents—the general streaming U 09 the velocity due to the 
vortex-street, and the remainder of the disturbance. There must be 
an average outflow Khja to balance the inflow along the wake, and 
the leading part of the remainder of the disturbance must be a flow 
due to a source, and therefore of order r - 1 at a great distance, where 
r is the distance from some point in the neighbourhood of the 
cylinder. 



If now we consider a contour at a great distance from the cylinder 
and fixed relative to it, then the whole picture inside the contour is 
repeated after a period. We wish to calculate only the average drag, 
and the rate of change of the momentum inside the contour gives no 
contribution on the average. It may therefore be omitted from the 
momentum equation, which takes the form 

D = — j p dy + p j u(v dx — u dy) 9 (4) 

where it is assumed that average values are to be taken, the integrals 
are along the contour, p is the pressure, p the density, and (u> v) the 
components of total velocity. "Now put 

p(^ 2 +^ 2 ) = H. 

D = — J J [(u 2 —v 2 ) dy — 2 uv dx\ 


Then 


( 5 ) 

( 6 ) 
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If £ is the vorticity, then from the equations of motion 

du * 1 dH 

dt p fix’ 


Also 



dv 

di 


4 — — 


J y dH — J 


1 8H 
P ty' 
8H 


, , 8H 

y n dx+v i^ dy _ 


(7) 

(8) 


Hence, for mean values, 

— jHdy = p j yl{v dx — u dy) = — p j y& n (9) 

where v n is the component of velocity along the outward normal 
to the contour. Now J y£v n ds is the rate of flux of y£ through the 
contour. The flux of vorticity takes place in two concentrated steps 
in a period, for one of which an amount —k and for the other an 
amount crosses the contour, the value of y for the former being 
greater by h than the value for the latter. Hence the average value 
of — j H dy is Kph divided by a period, or Kph(U 0 — U s )/a; andf 
D = K ph(U 0 -U s )/a+D', 

r (10) 

where D f = —%p J [(^ 2 — v 2 ) dy — 2 uv dx]. 

Now put u = U 0 +u x . (11) 

Then j U%dy = 0, (12) 

and, since the total outflow out of the contour must be zero, 


J [(Co+%) dy — v dx] = 0, 

so that j \u x dy — v dx] = 0. (13) 

Hence D' = — \p J dy — 2u x v dx\ (14) 

The contour of integration must not pass through a vortex, but 
is otherwise at our disposal. We take it to be the rectangle ABCD 
shown in Fig. 228. On BC , CD , and DA , u x and v are of order r” 1 ; 
the integrand is of order r~ 2 , and when the contour is everywhere at 
an infinite distance the integral vanishes in the limit . On AB , put 

% x = ^ 2 +w 3 , v = v 2 +v z , (15) 

where (u 2 ,v 2 ) are the velocity components due to the vortex-street, 
t J. Peres, Comptes Rendus, 189 (1929), 1246-1248. 
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supposed the same as for an infinite street, and (u 3 , v 3 ) are the velocity 
components due to the rest of the disturbance, so that they are of 
order r" 1 , and the integrals of their squares are zero in the limit and 


may be omitted. Hence 

D'=-*p/W-i 

B 

>1) dy — p J (w 2 w 3 - 

9 

-v 2 v 3 )dy. (16) 

$ 

$ 3 

3 

4 > 

4 > 

*> 

1> D 

0 v 

*> 

X 


Fig. 229. 


In the last integrand, u 2 , v 2 are exponentially small when \y | is large, 
and u 3) v z are of order r _1 . Hence, by correctly choosing a number 
M, the integrals along AB from y = M to y — co and from y — ~M 
toy — —oo may be made as small as we like in absolute value, whilst 
between y = + Jf and y = —M, the integrand is of order r~ x , and 
the integral from —M to -\-M may be made as small as we like by 
making r large enough. The last integral therefore tends to zero, and 

B B 

D' =?= — ip J {u\—v\) dy = —ya J (u 2 —iv 2 ) z dy, (17) 

A A 

where denotes ‘the real part of’. 

Now take a new origin half-way between a vortex in the bottom 
row and the nearest vortex to the right in the top row, as shown 
in Fig. 229. To .begin with, take AB along the new axis of y. With 
the new axes, it is easy to show (by adding the results for the two 
rows separately) that 

miv _ « sin(2 iTZp/a) 

a cos(2TTZ 0 /a)—cos(2TTz/a)’ (18) 

z = x+iy, z 0 = \a+\ih. 


where 
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On the axis of y, z = iy , and hence 


Now 


v - 5 s J 

oo 

J-. 


sin 2 (2jrz 0 /a) 


dy. 


cosh(27rt//a)—cos (27rz 0 /a) 


[cosh(27TT//a)—cos(27rz 0 /a)] 2 

a oosec(2«« 0 /a)[l—2* 0 /a]. 


(19) 

( 20 ) 


We may differentiate under the integral sign with respect to z 0 . 
If we differentiate both sides with respect to z 0 and take the real 
part, we find , a _ _ ^ 


D' 

from (2). Hence, from (10), 
D 


K 2 p (a 

W\V 

K 2 p 

2cltt 


-T&tanh 


ttJi) 

"a) 


KpJl 


u a 


K 2 P Kph . JJ 

K- r "7 1<V 
icitt a 


iU t ). 


( 21 ) 


( 22 ) 


Tinally, since we are concerned with average values, we must show 
that we obtain the same value for D' for all positions of AB over an 
interval for x of length a. This we do by writing dz = idy, and sub¬ 
stituting the value of u 2 —iv 2 from (18), in the integral in (17). If 
we have two positions of AB, we form a closed contour by drawing 
the lines parallel to the axis of x which join the two positions of AB 
at V — ± co; the integrals taken along these two lines are zero, and 
by Cauchy’s theorem in the theory of functions of a complex variable 
the difference in the values of the integrals along the two positions 
of AB is zero if they do not enclose a vortex between them, and is 
2 t« times the residue of the integrand at the vortex if they do. This 
residue is found to be real; the difference in the integrals is purely 
imaginary, and by (17) the results found by D' are the same, and any 
one of them is equal to the average value.f 

f The formula for the average drag is due to K&rman, Gottinger Nachrichten (1912), 
pp. 547-356. See also Karman and Rubaeh, Physik. Zeitschr. 13 (1912), 49-59. 
Reference may also be made to Villat, Mecanique des Pluides (Paris, 1930), pp. 131- 
140, and Lemons mr les Tourbillons (Paris, 1930), pp. 80-1Q9. The part K ph(U 0 -U)la 
of the formula for the average drag (see equation (10)) may also be obtained as the 
average rate of increase of momentum mside a contour fixed relative to the vortex- 
street, so that the body is advancing with velocity U 0 - V„ and a new pair of vortices 
is added to the street in time a/( V 0 - V t ). See also J. L. Synge, Proc. Boy. Irish Acad. 
37 (1927), 95-109. The oscillating lift, with special reference to the amplitude of 
vibration of power lines in a steady wind, has been considered by R. Ruedy, Canadian 
Jourrt. of Research, 13 (1935), 82-92. 
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244. The double row of vortices. Stability. Drag. 

It may be shown that, when subjected to a two-dimensional 
infinitesimal displacement, a double row of vortices of the character 
discussed above is unstable unless 


sinh(7rA/a) = 1, hja = 0*281. (23) 

In the calculation each vortex undergoes a small initial displacement 
parallel to itself, f 

With the spacing ratio as in (23), tanh(7rA/a) = 1/V2, so that 
from equation (2) K = 2 ^2aU 8 . (24) 


Hence with this spacing ratio we find from (22) that the drag coeffi¬ 
cient C D is given by 


_ D 
~ ipUld 



(25) 


d being a representative length of the cylindrical obstacle. 

fr ° m(3) % 

U 0 lV 


How 

(26) 


and hence the theory provides a formula for the drag coefficient if 
the frequency, N, and the lateral spacing, a , are known. These two 
quantities (or two quantities from which they can be derived) must, 
however, be found by measurement. 

In connexion with attempts to find further relations between the 
quantities involved we may note that the average rate at which 
vorticity passes downstream in one row of the vortex-street is 
K(U 0 ~~U s )/a. In §241 we saw that for a very bluff obstacle the rate 
at which vorticity is discharged into the fluid along one vortex layer 
is nearly Z7|, and also that the rate at which vorticity crosses a section 
of a vortex layer decreases downstream. The negative and positive 
vorticities mix to a considerable extent in the wake, and. annihilate 
each other, and by the time the vortex-street is formed the rate of 


t Karman, Gottinger Nachrichten (1912), pp. 547-556; Lamb, Hydrodynamics 
(1932), pp. 225-229. In an earlier paper (Gottinger Nachrichten (1911), pp. 509-517) 
Karman considered the stability when only one pair of vortices is displaced, the 
others being fixed, and found instability unless sinh^/a) = V2, hja = 0*36. A 
symmetrical double row, with the vortices in one row parallel to those in the other, 
will also move forward as a whole along the length, but is unstable. A double row of 
arbitrary stagger (with the vortices in one row neither exactly opposite, nor exactly 
half-way between, the vortices in the other row), although it will not move along its 
length, will keep its form unchanged. It is, however, unstable (Rosenhead, Proc. 
Camb . Phil. Soc. 25 (1929), 132-138). 

3837.8 II k 
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passage of vorticity is, in some cases, reduced almost to For 

the case of a flat plate of breadth b normal to the stream, Heisenberg J 
put simply k(U q —U s )[(l equal to (which is the rate at which 
vorticity is shed from an edge of the plate according to the Helm- 
holtz-Eorchhoff-Rayleigh free stream-line theory). From the pre¬ 
ceding discussion we see that this may not be far from the truth in 
some cases, but the agreement is fortuitous. This equation and a 
second equation|| also suggested by Heisenberg lead to values 

UJU 0 = 0-2295, a/b = 5-490, Nb/U 0 = 0-140, C D = 1*82, 

which are in fair agreement with representative values from observa¬ 
tion. (The observed values differ considerably among themselves.) 
But (as pointed out by Prandtl in a note immediately following 
Heisenberg’s paper) the assumptions underlying Heisenberg’s theory 
are incorrect. Although the above values may be accepted as repre¬ 
sentative experimental values, there is in fact no theory from which 
we can deduce values for UJU 0 and ajd (or ajb). 

We now return to further considerations concerning the stability of 
a vortex-street. Even when the spacing ratio has the value given by 
(23), there will be a weak instability for certain finite disturbances— 
in particular, for a disturbance in which initially every alternate 
vortex in one row is moved the same distance perpendicular to the 
row, the positions of all the other vortices being unchanged.If For 
certain particular initial displacements, in which alternate vortices 
in each row all have the same displacement (so that the whole street 
is divided into four sets of vortices), the later forms assumed by the 
street have been calculated, ft These particular calculated forms of 
the street have not been observed. 

A vortex-street is unstable for the two-dimensional infinites im al 
disturbances considered by Karman if the "undisturbed’ velocity 
is not uniform, but is greatest along the middle of the street.|||| Such 

t Fage and Johansen,, Proc. Boy. Soc. A, 116 (1927), 192, 193. (For hypotheses 
concerning the corrections to be applied for the constraint of the channel walls in these 
experiments see Glauert, Proc. Boy. Soc. A, 120 (1928), 34-46. Some of these correc¬ 
tions, in relation to the fully formed vortex-street, are considered below.) 
t Physilc. Zeitschr. 23 (1922), 363-366. 

i| Heisenberg puts the average inflow Kh/a along the wake equal to U 0 b, on the 
assumption that when the plate is advancing in still fluid this is the inflow that 
would be required to maintain continuity. Actually the flow is too complicated to 
allow of any such deduction. 

ft Schmieden, Ingenieur-Archiv , 7 (1936), 215-221. 
tt Schmieden, ibid., pp. 337-341. 

1111 Levy and Hooker, Phil . Mag. (7), 9 (1930), 489-502. 
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an effect might lead to instability if an obstacle is held stationary 
in a current in a channel; it will not enter if a model is towed through 
still fluid; and, if present, will be very weak for a wind-tunnel experi¬ 
ment in which the undisturbed velocity is nearly uniform across the 
working section. 

The double row of vortices is unstable for a three-dimensional 
disturbance, the instability being caused by those components whose 
wave-length along the axis of the street is small, f (In considering 
the instability for a three-dimensional disturbance the effect of a 
vortex on itself enters, and in consequence the vortices cannot be 
taken to be concentrated along lines, but must have a certain 
thickness.) As a consequence of the instability the vortices become 
increasingly distorted. The distance between the rows either de¬ 
creases or increases: in the first event the system always remains 
unstable and the double row disappears; in the second, a position of 
transitional stability is reached, the distance between the rows no 
longer tending to increase nor the vortices to become more distorted. 
The increase in the thickness of the vortices (arising in a real fluid 
from the action of viscosity) now becomes the dominating factor, and, 
as the vorticity spreads, the system, though always stable, tends to 
close up and disappear. In a general three-dimensional disturbance 
the pattern is always completely destroyed; it is only a matter of 
time before this occurs. Hence, on this account, at some distance 
behind the obstacle the vortices become increasingly distorted, 
and, if they do not at once come together and lose their identity, 
then the distance between the rows first increases and afterwards, 
as the vorticity diffuses, decreases so that the vortices come 
together. 

Of the three instability effects mentioned the last is, in most cases, 
the most important. 

In addition to the effect of instability the matter is further com¬ 
plicated, in the case of experiments in a channel, by the effect of the 
channel walls. In a real fluid, the effect of viscosity—in particular the 
diffusion of the vortices—may also lead to complications; whilst if 
experimental results are obtained from surface observations on water, 
surface tension will have some effect. 

t Rosenhead, Proc, Boy. Soc . A, 127 (1930), 590-612. Three-dimensional dis¬ 
turbances have also been considered by Schlayer, Zeitschr . /. angew. Math . u. Mech. 
8 (1928), 352-372. 
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245. The double row of vortices. The effect of channel walls. 

The effect of the walls of a channel of breadth H on the character¬ 
istics and stability of a symmetrically situated vortex-street have 
been studied by Rosenhead. f We shall use dashed symbols to denote 
the characteristics of the street in the channel, as distinct from those 
in unlimited fluid. Then for the velocity of the street relative to 
undisturbed fluid, Rosenhead finds 


u: = 


2a' 


tanh^ — 


4g-27rrH/a' 


a' Zv l + (—1 )r+l e -2m-Bla 


sinh 


2 Trrh'l 




Now the lateral spacing a ' may be about 5 or 6 times the breadth of 
the obstacle, so that, unless the breadth of the obstacle is quite a 
large fraction of the channel, this formula reduces very nearly to 


£7;= £tanh^. 
s 2a ' a ' 


(28) 


As regards stability, if a'jH < 0-815, or h'[H < 0-208, the system 
is unstable except for a definite value of h']a\ which decreases from 
0-281 to 0-256 as a'jH increases from 0 to 0-815. Eor larger values of 
a'jH there is stability for a range of values ofh'/a', and if a'/# > 1-419 
the system is always stable. If a'jH < 0-815, h')H < 0*208, the 
relevant value of h'ja' for stability is given very nearly by 

h'/a' = 0-281-0-090(a7iJ) 6 . 

Thus, if the breadth of the obstacle is only a small fraction of the 
width of the channel, the theoretical spacing ratio for stability is 
almost unaltered. 

If we now consider a vortex-street behind a cylindrical obstacle in 
the channel, we first note that on account of the average inflow 
K'h'la,' along the wake, if U 0 is the stream velocity far upstream", then 
the general stream in the distant wake has a velocity J7 0 +/c'V ja'H. 
The vortices therefore pass downstream with a velocity 

Uo+K'h'/a'H-U's, 

and this is equal to N'a', where N' is the frequency. 

Again, although the velocity of the street relative to the undis¬ 
turbed fluid is given approximately by the same formula as in 
unlimited fluid, and the spacing ratio is very nearly the same (unless 

t PTrans ♦ A, 228 (1929), 275-329. Rosenhead has also shown that, if a double 
row of vortices in a channel is to move forward as a whole, it must be symmetrically 
situated with regard to the channel walls ( Proc . Camb . Phil. Soc. 25 (1929), 277-281). 
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the breadth of the obstacle is a large fraction of #), yet the rate at vvfiich 
vorticity is discharged into the fluid will be different, and the spacing 
will be altered, so that U' 8 , h f , and a f will all be considerably affected 
by the value of the ratio of the breadth of the obstacle to H. By means 
of certain unproved hypotheses, Glauertf obtained estimates of these 
effects, but these estimates have not yet been sufficiently tested. 

Finally, for the drag, ifa'/H < 0-815, Ji'[H < 0*208, Rosenhead found 
the following approximate formula (representing to within | per cent, 
the results of exact calculations): 


D 

where 


k ph/ 


[D 0 -2^(1-c 1 )]+^(1-c 2 ) 


2 tra' 


6 K ,2 ph' 2 
f 4 Ha' 2 ’ 


_coshfir&'/a') 

Cl h' sinh( 7 7H]a/j+ sinh^'/®')’ ^ 9 ) 

c _ 47 tH oosh. 2 (nh' /a') 

[sinh.(nH/a ') -f- sinh (nh'/a' )] 2 
irHj 1 

2 a' \sinh 2 [-rr{H+h')j2a']~cosh 2 [7T{H-h')l2a']j 

When, the width of the channel is large compared with the breadth 
of the obstacle, if we take h'ja' = 0-281 and the relation between 
U’ s and k to be given by (28), and neglect c x and c 2 , we obtain the 
simpler approximate formula due to Glauert (be. cit .): 



where d is a representative length of the obstacle. (Cf. equation (25).) 
On the further unproved assumptions made by Glauert concerning the 
effect of the walls on U' s , a', and h', it is found that the presence of the 
walls causes an increase in C D of approximately 22(U s h/U 0 d) 2 (dlH), 
or about 0-90(d/ii) for a circular cylinder of radius d, and 4-00(6/7/) 
for a flat plate of breadth b normal to the stream. 


246. The double row of vortices. Spacing and spacing ratio. 

In order to estimate drag from (25) or '(30), observations of 
frequency and lateral spacing are needed. In addition to drag, the 
most obvious observations to make to test the theory are those 
giving the spacing ratio hja. In a real fluid the vortices are diffused, 
and the measurements are difficult, especially those of h. 

f Proc. Roy. Soc. A, 120 (1928), 34r-46. 
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The double row of vortices has been the subject of a large number 
of expe rim ents. Generally it has been found that hja is larger than 
its theoretical value (0-28) and increases downstream, and that a 
stays constant downstream, the increase in hja being due to an 
increase in h. It appears also that experiments carried out under 
apparently alm ost similar conditions sometimes do, but sometimes 
do not, lead to almost identical results. This fact is a strong indica¬ 
tion of instability, probably rather weak, and probably also arising 
in the main from a three-dimensional disturbance. The suggestion of 
instability is supported by the graphs of the paths of the vortices, 
plotted by Rosenhead and Schwabe.f 

It is also found that, as the Reynolds number increases, the 
longitudinal and lateral spacings decrease, while the ratio of the 
velocity of the vortex-street (relative to the fluid) to the velocity of 
the cylinder (relative to the fluid) increases—although, apart from 
the instability effects, these quantities probably reach constant 
values for sufficiently high Reynolds numbers.{ Further, in Rosen¬ 
head and Schwabe’s experiments on flow past a circular cylinder of 
diameter d in a channel of breadth H , the ratios of the dimensions 
of the vortex-street to d decreased, and the ratio of the velocity of 
the vortex-street to the velocity of the cylinder (relative to the 
fluid) increased (at a fixed Reynolds number), as djH increased. 

Karman and Rubach,|] in their original experiments, found the 
values 0*28 and 0*30 for the ratio hja in the developed part of the 
street behind a circular cylinder and behind a flat plate respectively, 
corresponding to a Reynolds number (U 0 d[v or U 0 bjv, where d is the 
cylinder diameter and b the plate width) of about 2,000. For the 
cylinder ajd was about 4*27 and UJU 0 about 0*135 on the average, 
leading to C D — 0*87 and NdJU 0 = 0*203. The value of C D is rather 
low, and the value of NdjU 0 rather high. (See Fig. 149, Chap. IX.) 
For the plate, a/b was about 5*6, and UJU 0 about 0*203, leading to 
the value C D = 1*66, which is also low. (See Chap. IX, footnote|| on 
p. 423.) The average value of NbjU 0 was 0*144. 

In Fage and Johansen’s experiments!f on a flat plate, on the other 
hand, when the plate was normal to the stream, hja increased 

f Proc. Hoy. Soc . A, 129 (1930), 115-135. 

t Rosenhead and Schwabe, loc. cit.; Richards, A.R.G. Reports and Memoranda , 
No. 1590 (1934); Phil . Trans. A, 223 (1934), 279-301. The Reynolds numbers of these 
experiments were aU well below 1,000. 

II Ptysik. Zeitschr . 13 (1912), 49-59. ft Froc - R °y* Soc. A, 116 (1927), 170-197. 
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from 0-25 at a distance 56 downstream to 0-38 at 106 and 0-52 at 
206. The experiments were carried out in a tunnel only 14 times 
the breadth of the plate; the value of Nb]U a was 0-146, the measured 
value of C' D was 2-13 and of a/b was 5-25. If we assume that (29) or 
(30) is correct with the theoretical spacing ratio (0-281 very nearly), 
then a'/b and U' s /U 0 may be calculated from this drag equation and 
the equation jyv = U 0 + K 'h'la’H-U' s 

together with the measured values of C D and N'bjU 0 . The calculated 
value of a'jb is definitely greater than the measured value 5*25, 
being about 5*7. j 

The increase in the ratio Jija found by Fage and Johansen is rather 
extreme, but other experimenters have found results in the same 
direction. Behind a circular cylinder, Tyler % found hja = 0*308, with 
a gradual increase downstream; in the experiments of Rosenhead 
and Schwabe ( loc. cit.) on a circular cylinder in a channel the spacing 
ratio in the regular part of the wake was 0*32 when h was less than 
| of the channel width H, but became 0*45 when the cylinder 
diameter was § H; whilst behind an elliptic cylinder of fineness ratio 
6:1, according to the experiments of Richards, || the initial value of 
hja near the cylinder was 0*32, a typical value where the regular 
features were fully developed was 0*42, and the ratio increased 
slowly farther down the wake. 

The wake behind a flat plate at incidences other than 90° has been 
examined by Fage and Johansen (foe. cit,)] the wake behind plates 
and aerofoils at various incidences has also been studied by Tyler 
(loc. cit.). The ratio of the longitudinal spacing to the breadth facing 
the stream (&/(6sina), where <x is the incidence) does not appear to 
vary much for incidences above about 30° or 40°. 

An interesting suggestion has been made by Hooker, ft On account 
of viscosity, the vortices diffuse as they pass downstream. For a 
diffused vortex alone, the vorticity at the centre falls to zero as soon 
as diffusion starts. But when account is taken of the velocity due 
to the other vortices, the velocity at the centre of any one vortex is 
not zero relative to the undisturbed fluid; the point of zero velocity 

f For comparisons of the measured drag coefficients with calculated values 
obtained by means of additional assumptions, reference may be made to the papers 
of Rosenhead and Glauert cited in §245. { Phil. Mag. (7), 11 (1931), 849-890. 

|J A.R.C. Reports and Memoranda, No. 1590 (1934); Phil . Trans. A, 223 (1934), 
279-301. tt iVoc. Roy. Soc . A, 154 (1936), 67-89. 
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is farther away than the centre of the vortex from the axis of the 
vortex-street. Nor is the vorticity symmetrically distributed in any 
one vortex; it is concentrated in that portion of the vortex which is 
nearer the axis of the street than the point of zero velocity. Hooker 
suggests that the usual methods of determining the centres of the 
vortices seriously overestimate the distance between the rows; in 
particular, when measurements of photographs are made, the point 
of zero velocity is usually taken as the centre. Hooker estimated the 
increase in the apparent distance between the vortex-rows due to 
this cause for his own experiments, and found that after allowance 
had been made for this effect, the spacing ratio was very near the 
theoretical value for a very considerable distance downstream. 
Eventually, however, there was a further increase, not to be accounted 
for in this manner. 

If the residual divergences, after allowance has been made for 
the effects mentioned by Hooker, are largely or wholly due to 
instability, we should expect the drag formula, obtained by momen¬ 
tum considerations, to be still valid. (Measured quantities have 
to be inserted therein, and difficulties of measurement, of course, 
remain.) There is not much really satisfactory evidence, but the 
formula seems to give a drag coefficient at any rate of the right 
order. 

247. The frequency with which vortices are shed. 

The note emitted by wires in a wind is connected with the 
frequency of the eddies discharged behind them. Relf and Owerf 
verified experimentally that the frequency of the note heard is the 
frequency of the eddies generated. The curve of Nd/U 0 against 
R (= U 0 djv) obtained by Relf and Simmons has been given in 
Chapter IX (Eig. 149). (They did not detect periodic motion below 
R = 100, but Richardson, % using delicate apparatus, was able to 
detect it down to about R = 34, which is also about the value 
obtained by Thom|| by visual means.) For the rising part of the 
curve at small Reynolds numbers, Tylerff suggests the formula 
Nd/V 0 = 0*198(1—19*7/1?), 

f A.R.C. Reports and Memoranda , No. 825 (1923). 

t Proc. Phys. Soc. 36 (1923), 153-165. 

|J A.R.C. Reports and Memoranda, No. 1373 (1931). The critical Reynolds number 
depends both on the proximity of boundaries and on the turbulence in the main stream. 

tt- Phil. Mag. (7), 11 (1931), 849-890. 
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which agrees well with the formula suggested by Rayleigh,f 
NdjU 0 = 0*195(1—20*1/jf?), 

as a result of his analysis of the original, observations of Strouhal.f 
Values of the frequency behind a flat plate at various incidences 
have been found by Fage and Johansen (loc. cit ., §246), and behind 
plates and aerofoils at various incidences by Tyler (loc. cit., § 246) and 
by Blenk, Fuchs, and Liebers.|| All agree that if b' is the breadth of the 
obstacle across the stream, Nb']U 0 is nearly constant for incidences 
above about 30°. There are discrepancies between the actual values. 
For plates, Fage and Johansen found a mean value about 0*148, 
Tyler 0*158, and Blenk, Fuchs, and Liebers about 0*18. Tyler gives 
the average value 0*150 for his aerofoils (less than for plates), and 
Blenk, Fuchs, and Liebers the average value 0*21 for theirs (greater 
than for plates).ff 


248. Steady flow in a wake. The flat plate at zero incidence. 

Very far downstream in a wake, if the motion were steady, the 
assumptions and approximations of the laminar boundary layer 
theory would be valid. The pressure would be nearly constant 
across a section of the wake, the transverse velocity small in com¬ 
parison with the longitudinal velocity, and the rate of change of the 
longitudinal velocity along the axis of the wake small compared with 
the rate of change across a section. The effective Reynolds number, 
in fact, would be u Q x[v , where u Q is the undisturbed stream velocity 
and x is measured downstream from an unspecified origin in the 
neighbourhood of the obstacle. Moreover, in an unlimited fluid, the 
pressure gradient along the axis of the wake would also be negligibly 
small, and the equation of motion would take the form 


du , Bu d 2 u 

= V —. 

dx dy dy l 


(31) 


But at a very large distance downstream, u would be nearly equal 
to u Q and v would be small. Thus, if we put 

u — ^ 0 (1 —w), (32) 

say, then a first approximation to w satisfies the equation 


% n 


8w 

dx 


8 2 w 

v 


(33) 


t Phil. Mag. (6), 29 (1915), 433-533; Scientific Papers, 6, 315-325, 
j Ann. der Phys. u. Chem. ( Wiedemann's Ann.), 5 (1878), 216-251. 
lj Luftfahrtforschung, 12 (1935), 38-41. 

ff Their value for a circular cylinder (0*207) was also rather high. 
3837.8 n T i 


r 



572 


WAKES 


[XIII. 248 


Considerations of momentum show that the drag D per unit breadth 
on the obstacle is given by 

D = pu 0 J (u 0 —u) dy = pu\ J w dy, (34) 

where the integral is taken right across a section of the wake. Since 
the effective Reynolds number is u^xjv, according to boundary layer 
theory the breadth of the wake will increase as x i . It follows from 
(34) that w must be of order ar*. In accordance with boundary layer 
theory we therefore introduce the variable 

V = (u^xfy, (35) 

and put w = (36) 

The boundary conditions are w -> 0 as y oo, and, for a symmetrical 
wake, dw/dT] = 0 when r) = 0. The solution is 

w — (37) 

where A is a constant. From (34) we find that 


00 



CO 


Consider now the wake behind a flat plate of length Z at zero 
incidence. From. Chap. IV, §53, equations (50) and (51), 

D = 1-328 pv$l(u 0 l/v)-i, 


and hence 


A = 


0-664., 


uju 0 = 1 


0-664 /A 
Vw \x) 




e-W, 


} 


(39) 


where rj is given by (35). f 

The first approximation to v is found from the equation of con¬ 
tinuity and the condition v — 0 at tj = 0. It is of order x~~ l . The 
second approximation to w, for which a term of order x- 1 must be 
added to (37), has been found by Goldstein ,% who joined the solu¬ 
tion so found (and valid for sufficiently large values of x) to a solution 
he had previously obtained|j for the velocity immediately behind the 
plate. This previous solution gives u/x* as a series of ascending powers 
of x, with coefficients which are functions of yjx* (suitably made non- 
dimensional), for small values of y/x and gives u as a series of ascending 


t Tollmien, Handbuch der JExperimentalphysik , 4, part 1 (1931), 269. 
J Proc . Roy . Soc. A, 142 (1933), 545-560. 

|| Proc . Carnb. Phil. Soc. 26 (1930), 18-30. 
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powers of with coefficients, which are functions of y, for large 
values of yjx * (where x is now measured downstream from the trailing 
edge). It was possible to calculate ulu 0 from this solution for a 
distance of 0*5 1 behind the trailing edge along, and near to, the 
axis, y = 0, and for a distance of 0*36 1 for other values of y. This 



solution was joined smoothly to the solution for large x along the 
axis, and it was found that in (37) the origin for x must be taken 
at a distance 0*52 1 upstream from the trailing edge. For non-zero 
values of y , interpolation between the values of u[u 0 given by the 
two solutions was employed, and so a complete solution for u/u 0 
behind a flat plate was found. In Fig. 230 this solution is compared 
with velocity distributions measured at two sections behind a plate 
by Fage and Falkner, the sections being at distances 0-02Z and 
0*512 1 behind the trailing edge.y There is fair agreement at the former 
section; at the latter the measurements show that the motion has 
become turbulent at both the Reynolds numbers of measurement. 

The flow behind a flat plate at zero incidence, for xjl < 1*0 (x 
measured from the trailing edge), has also been calculated by LuckertJ 
t Fage, Proc . Roy . Soc. A, 142 (1933), 560-562. 

t Berlin Dissertation , 1933; Schriften des Math . Seminars und des Institute f. 
angew . Math, der Univefsitat Berlin , 1 (1934), 245-274. 
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by the use of Mises’s method. (Chap. IV, §§50 and 59, pp. 126, 127, 
155.) Luckert tabulates 1— (uju 0 ) 2 against the (non-dimensional) 
stream-function for various values of xfl. The tables of Goldstein and 
of Luckert have been put into comparable form by Rosenhead and 
Simpson,f whose paper contains tables oiu\u§ at constant intervals 
of xjl and J&yjl (where R = u Q l/v) calculated both from Goldstein’s 
and from Luckert’s results. The values agree well along the axis; at 
large values of R^yjl there is a small systematic difference. 


249. The application of the Oseen approximation to the flow 

at great distances. 

The results mentioned in the last section for the velocity dis¬ 
tribution far downstream in a steady wake may be obtained with¬ 
out starting from the assumptions of the boundary layer theory. 
In flow past an obstacle, the velocity at large distances tends to 
become that of the undisturbed stream u 0 . If, instead of (u, v) 3 we 
write ('W'o+'M, v) for the components of velocity, where u 0 is the undis¬ 
turbed stream velocity, then u and v become small at large distances. 
If terms quadratic in u, v and their gradients are omitted, the two- 
dimensional equations of motion and continuity become 


du 

U{) dx 

dv 

U °dx “ 


-\ d £^ 


du 

dx 


+?=°- 

dy 


(40) 


where p is the difference of the pressure from the hydrostatic 
pressure, and V 2 stands for the operator d 2 jdx 2 +d 2 ldy 2 . A general 
solution of these equations can be expressed in the formj 


p = — pu 0 


dx’ 


U - 


Z±_ , 

dx. 



8<f> , 
v = -£ + 
8y^ 


2 k dy’ 


(41) 


t Proc. Camb. Phil. Soc. 32 (1936), 385-391. 

t Lamb, Hydrodywxinics (1932), pp. 610—615. It may be proved that this form gives 
the most general solution for two-dimensional motion. 
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where 

and 


k — uj'2v, 

V 2 <f> = 0 , 

(V 2 -£ 2 ) x = 0. 


(42) 

(43) 


Consider now a symmetrical wake. Then the most general expres¬ 
sions for <j> and % are 

, a i , -v' a cos n6 

<p = A 0 logr+J'A n — r ~, 

n~l 


(44) 


X — 2, C n K n (kr)oosn6, 


71=0 


where (r, 6) are polar coordinates, A 0 , A n , C n are constants, and K n 
is the modified Bessel function which, for large values of kr, has the 
asymptotic expressionf 


K n {kr) 


(JL\\ 

\2 hr] 


-kr 


(45) 


Now the vorticity £ is equal to e kx dx/dy; and £ and those terms in 
u, v which depend on y will, for large values of hr, all contain the 
factor exp[—&(r—#)] or exp[— kr(l — cos#)]. They are therefore 
insensible for large r outside the region where 9 is small, of order 
(kr)~*, i.e. (since 9 is approximately y/r, and rjx approximately 1 in 
this region) outside the region where y is of order h~*x*. This 
vaguely parabolic region is the wake. 

If now we find the components of velocity in polar coordinates 
from (41), and approximate for large kr and small 9, we find that the 
part of the radial velocity v r which depends on^is 


_ ( _!lU e -ftr(l-eos 6) V Q 


[2JcrJ 


71=0 


(46) 


whilst the most important term arising from is A Jr. Hence v r is 


00 

of order ( kr)~* T G n inside the wake, and of order A 0 [r outside the 

71=0 

wake. The breadth of the wake is of order r* and the velocity of 
order r~*, so that, apart from the general streaming, there is a finite 
inflow along the wake, which balances the outflow 2i tA 0 . This inflow 


00 

is found to be (ir/k) 2 C n , so that there is the necessary relation 

71 = 0 


between the constants. 



71=0 


(47) 


t Watson, Theory of Bessel Functions (C ambridge. 19 22). p. 202. 
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Consideration of the outflow of momentum through a large circuit 
shows that the drag force per unit breadth on the obstacle is 2irpu Q A Q , 
i.e. pu 0 times the inflow along the wake. 

A similar analysis may be carried through for the asymmetrical 
case. <p and % now contain terms in si and, and (f> also contains a 
multiple of 6, corresponding to a circulation. Considerations of 
momentum show that there is a lift force on the obstacle, whose 
magnitude per unit breadth is pu 0 times the circulation round a large 
circuit which is at right angles, where it cuts the wake, to the un¬ 
disturbed velocity u 0 . f 

Along the wake, where d is small and nearly equal to y/x, and x[r 
very nearly equal to 1, 

kr(l—cosd) == \kxd 2 == %ky 2 lx = u 0 y 2 j(4:vx).~ | rj 2 , (48) 

where is defined in equation (35). Hence (46) is a multiple 
of x~^e~^\ in agreement with (37), which was obtained by 
applying the approximations of the boundary layer theory in the 
wake. 

A second approximation to the velocity distribution at large 
distances has been obtained, without the approximations of the 
boundary layer theory, by Filon,{ and it has been shown by Gold- 
stein|| that, for the symmetrical case, the results in the wake reduce 
to those derived by the aid of the boundary layer approximations 
if a term due to the pressure gradient dp fix is included. This term is 
of order of magnitude (u^xfi)^ times the first approximation (as 
given by (37), for example). 

In the asymmetrical case the effect of the circulation is to displace 
the wake from the symmetrical position it occupies on the Oseen 
theory, and at an infinite distance downstream this displacement 
is logarithmically infinite. As a result, an attempt to calculate the 
moment on the obstacle in the asymmetrical case by using the 
second Oseen approximation and considering the outflow of angular 
momentum through a large contour leads to failure, giving a logarith¬ 
mically infinite result.ff 

A similar analysis may be carried out for a three-dimensional wake. 
When there is symmetry about an axis, this is a comparatively 

f Cf. Eilon, Proc. Roy. Soc . A, 113 (1926), 7-27. 
t Phil . Trans . A, 227 (1928), 93-135. 

|| Proc. Roy . Soc. A, 142 (1933), 563-573. 

ft Eilon, loc. cit. (Phil. Trans.), and Goldstein, loc. cit . 
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simple matter, since the equations (41) generalize to 


P 


-pu 0 


dcf> 

8x’ 

8x 2k\8x 

86 e kx 8y 

V = — -I-A, 

8y ' 2 k 8y 

ty e^Bx 
~8z + 21c Hz' 


-k x 


)■ 


(49) 


w 


where 


(50) 


V^ = 0, 

(V 2^2 )x _ 0j 

h is given by (42), and V 2 now stands for the operator 

a 2 /aa; 2 +a 2 /ay 2 4-a 2 /^ 2 . 

Then <f> and x can be expanded in Legendre polynomials. In x the 
coefficients are multiples of {lcr)~*K n+l (kr), where K is the same 
Bessel function as in (44) and (45). It is found that the breadth of the 
wake is of order r*, and the inflow velocity along it of order r~\ so 
that, apart from the general streaming, there is again a finite inflow 
along the wake, and a balancing outward flux in the irrotational 
motion outside the wake. The drag force on the obstacle is pu 0 times 
the inflow along the wake.f Moreover, the inflow velocity along the 
wake reduces to a multiple of £ _1 exp(— u Q y 2 ]4vx), and this result 
can be more simply obtained by applying the boundary layer 
approximations (compare Chap. IV, §51, p. 130, equation (32)), as 
is done in § 248 for the two-dimensional case. 

The general three-dimensional flow is naturally much more com¬ 
plicated, especially as, in the general case, the velocity arising from 
the potential of the irrotational part of the motion has a discontinuity 
in the wake which* is cancelled by the rotational part. The drag- 
result given above remains correct, and the lift force can be related 
to the circulation taken in distant circuits.J 


250. Three-dimensional wakes behind bluff obstacles. 

The wake behind a solid body in three dimensions is in some 
ways similar to the two-dimensional wake, but there are striking 
differences. 

t Goldstein, Proc. Roy . Soc . A, 123 (1929), 216-225. 

t Goldstein, ibid, 131 (1931), 198-208; Garstang, Phil, Trans . A, 236 (1936), 
25-75. The latter paper contains a very full analysis by the method of expansion in 
harmonic functions. 
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At very small Reynolds numbers the stream-lines form a wake 
whose width ultimately varies as r~ (§ 249). With increasing Reynolds 
numbers the stream-lines behind the body broaden out, and a station¬ 
ary region of retarded fluid behind the body is separated from the 
main flow by a vortex-sheet. In this region of retarded fluid there is 
a permanent circulation, corresponding to a vortex-ring. Stanton 
and Marshallf found the vortex-ring at Reynolds numbers of about 
5 behind circular disks in flowing water. When the Reynolds number 
R is increased, the dimensions of the vortex-ring increase—especially 
longitudinally—until a critical value of R is reached. At this stage 
the transverse diameter of the ring seems to be about one and a half 
times the diameter of the disk. Stanton and Marshall found that the 
vortex-ring behind a circular disk broke down at about R = 195. 
The critical value found by Simmons and Deweyf for air flow past 
circular disks was about 100; the difference is probably due to 
different amounts of initial turbulence in the flows. When the Rey¬ 
nolds number exceeds the critical value, an oscillating disturbance 
of the surface of the vortex-ring becomes visible, with the result 
that successive portions of its substance are discharged downstream 
at regular intervals of time which depend on the rate of flow and 
the dimensions of the disk. 

In investigating the wakes behind various obstacles experimenters 
have noticed some definite periodicity in the records of the velocity 
at points behind the obstacle, but have been unable to observe any 
uniformity or periodicity in the shape of the vorticity discharge. It 
was thought that the inability to make the vortices visible might 
be due to imperfection in experimental technique, and theoretical 
attempts were made to generalize the two-dimensional vortex-street 
to three dimensions. 

A theoretical generalization of the two-dimensional double row is 
a series of vortex-rings, but a system of rings inclined to the wake 
axis would drift away from it. The only possible configuration of 
vortex-rings would be a row of rings with planes at right angles to the 
wake axis, and Levy and Forsdyke|| have proved this configuration 
unstable. 

Rosenhead|f has suggested that the only possibility is a sequence 

t A.R.O. Reports and Memoranda, No. 1358 (1932); Proc. Roy. Sop. A, 130 (1930), 
295-301. X A.R.C. Reports and Memoranda, 'No. 1334 (1931). 

|J Proc. Roy. Soc. A, 114 (1927), 594-604.. 

ft Appendix to A.R.C. Reports and Memoranda, No. 1358 (1932). 




PLATE 35 



Loop discharge of vorticity behind a circular disk. 
Simultaneous photographs in two perpendicular 
directions 
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of irregularly shaped vortex-loops. Some photographs by Edenf show 
the gradual change in the form of the wake behind a flat plate 
inclined to the incident stream. (The introduction of a plate of any 
other shape, or of any other obstacle, altered only the degree of 
irregularity.) The photographs exhibit motion both in water and in 
air, and show clearly stream-line flow for small Reynolds numbers, 
and distorted surfaces of discontinuity with discharge of irregularly 
shaped vortex-rings at definite intervals at higher Reynolds numbers. 
Photographs by Stanton and Marshall^ furnish evidence of a still 
more definite nature, since the wake was photographed simultane¬ 
ously from two directions at right angles (Pl. 35). The oscillatory 
nature of the disturbance on the vortex-sheet was noted. There 
were two principal planes, one (A) defined by the axial line of flow 
and the line touching the crests of the vortex-loops, and the other 
(jB) at right angles. The orientation of the plane {A) with respect to 
the obstacle producing the wake is purely a matter of chance; it 
depends on the position of the point in the vortex-sheet behind the 
body where the disturbance first becomes big enough to make part 
of the vortex-sheet break away, thus beginning the process of forming 
a vortex-loop. When this plane coincides with, or is at a small angle 
with, the photographic field of vision, the photographs show the 
shapes of a loop when seen end on and from above. When the 
principal planes make an appreciable angle with the field of vision, 
the shapes in the photographs are composite ones of the two main 
aspects of the loop. The fact that all the photographs belonged to 
one or other of these two groups supports the suggestion that the 
discharge consisted of vortex-loops with the orientation of the 
principal planes purely a matter of chance. Photographs by Simmons 
and Dewey ( loc . cit.) of the flow in air provide additional con¬ 
firmation of a succession of distorted vortex-rings moving along the 
axis in the wake. No systematic investigation of the periodicity of 
the discharge under different conditions appears to have been made. 

At higher Reynolds numbers, the vortex-sheet and the vortex- 
loops diffuse very rapidly. A sheath of discontinuity along which 
corrugations travel in an irregular manner is usually seen imme¬ 
diately behind the body. At still greater Reynolds numbers the flow 
becomes completely turbulent. 

j- Advisory Committee for Aeronautics, Reports and Memoranda , No. 58 (1912), 
figs. 15-20. t Loo. cit . 
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251. The wake behind an aerofoil of finite span. 

The Lanehester-Prandtl theory of flow past an aerofoil of finite 
span was sketched in Chap. I, § 12, where the rolling-up of the trailing 
vortex-sheet was also mentioned. 



Fig, 231. 


The flow in the wake behind an aerofoil of aspect ratio 6 has been 
investigated by Fage and Simmons, f Measurements of the speed 
and wind direction were made in three transverse planes behind the 
f PM. Trans. A, 225 (1925), 303-330. 
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aerofoil, at distances 0*573, 2*0,, and 13*0 chords from the trailing 
edge, and in one plane in front of the aerofoil, 0*5 of a chord forward 
of the leading edge. It was verified that the total strength of the 
vorticity leaving a semi-span of an aerofoil, as obtained by integra¬ 
tion over a transverse plane close behind it, was equal to the circu¬ 
lation round the median section; and that the variation of the 
component of vorticity in the direction of the stream was closely 
connected with the distribution of lift along the span. Within the 
limits of experimental error, the flow was irrotational in the plane 
of measurement in front of the aerofoil and in the regions beyond 
the wing tips behind the aerofoil. The velocity at right angles to the 
transverse planes was approximately constant in the planes behind 
the aerofoil, so that in each of the planes the flow relative to the 
longitudinal velocity was two-dimensional. 

The diagrams in Fig. 231 give contour lines of constant vorticity 
component in the direction of the stream, and show the rolling-up 
of the trailing vortex-sheet. (The axis of y is along the trailing edge 
of the aerofoil, with the origin at the tip and the median section 
at y = 3. The axis of y is horizontal, and the undisturbed stream 
velocity is also horizontal, and at right angles to the axis of y. The 
axis of z is vertically downwards.) A progressive inward displace¬ 
ment of the vorticity core is noticeable. Immediately behind the 
aerofoil the vorticity is concentrated in a band which increases in 
depth and intensity towards the aerofoil tips; at two chords behind, 
the total strength of the vorticity is unchanged, but the weak region 
at the centre has disappeared and the distribution at the tip .has 
become less intense and is spread over a larger area. At thirteen 
chords behind, the rolling-up of the vortex band is almost complete; 
and the total measured vorticity is only about 82 per cent, of that 
leaving the aerofoil. 

252. The turbulent wake behind a symmetrical cylinder. 

When the boundary layer at the surface of a solid body 
becomes turbulent before it leaves the surface, the motion in 
the wake is turbulent. But even at lower Reynolds numbers, 
when a Tree 5 laminar layer of vorticity exists behind the solid 
body, the motion at some distance downstream becomes turbulent. 
(For the flow behind a flat plate at zero incidence, see §248, 
especially Fig. 230. Even when a vortex-street is formed behind 
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the obstacle, the motion sufficiently far downstream is completely 
turbulent.) 

The velocity distribution at a considerable distance downstream 
in the wake behind a symmetrical cylinder (two-dimensional motion) 
may be calculated on either the momentum transfer or the vorticity 
transfer theory, with Prandtl’s assumption for the apparent turbu¬ 
lent coefficient of diffusion and some further assumption concerning 
the mixture length L (Chap. 5, §§ 81, 82, 83.) As in § 248 (where non- 
turbulent motion was considered), the assumptions and approxima¬ 
tions of the boundary layer theory may be applied, and the pressure 
gradient dpfdx may be neglected, the axis of x being taken along the 
axis of the wake, with the origin at some unspecified point in the 
neighbourhood of the obstacle. If Z7 0 is the undisturbed stream 
velocity and {U 0 — U 3 V) the components of mean velocity in the 
wake, then for a first approximation terms of the second order in 
U , V and their derivatives may be omitted. Hence 


j dU 1 dr 

0 dx p dy 5 


(51) 


where r is the shearing stress. (Cf. equation (33), § 248, for non- 
turbulent motion.) On the momentum transfer theory 


r == — pzdUjdy, (52) 

where ep is the apparent turbulent coefficient of diffusion, and e is 
denoted in Chapter V by v{h 2 —h^) or I'v. (Chap. V, equations (20) and 
(22).) Prandtl’s assumption for e is 



(53) 


Prandtl now assumesf (i) that at sufficiently high Reynolds numbers 
or at a sufficient distance downstream there is geometrical and 
mechanical similarity in different sections of the wake, and that the 
values of l at corresponding points of two different sections are 
proportional to the breadths, 2 y 0 , of the sections, (ii) that l is constant 
over any one section. If l and y 0 are proportional to x m 3 we put 
rj = yjx m (so that 7] is proportional to yly 0 )> and UjU 0 =f(rj)lx n . 
Then e is of order x m ~ n , r of order x~ 2n , drjdy of order and 

dU jdx of order In order that both sides of (51) should be of the 

same order in x } we must have n +1 = m+2n. Moreover, if D is the 

f Verhandlungen des 2. internationalen Kongresses fur technische MechcmiJc , Zurich, 
1926, pp. 62-74. 
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drag per unit breadth on the obstacle, we find from considerations 

of momentum that r 

D = P U 0 j Udy , (54) 

where the integral is taken across a section of the wake far down¬ 
stream. Since the integral is of order x m ~ n , we must have m = n 3 
and hence m = n = f, so that 


and 


V = U/U 0 =f( v )lxi, 

Z 2 = a x x, 


(55) 

(56) 


where a x is a constant, f Then U is greatest in the middle of the 
wake.(?/ = 0), so that when y is positive cUjcy is negative, and 


U 0 


dU 

dx 


The equation for / is 



(57) 

(58) 


where dashes denote differentiation with respect to rj . Since the 
wake is symmetrical, dXJjdy vanishes on the axis, and /'(0) = 0. 
Moreover / is positive and f negative; and at the edge of the wake, 
where U = 0, so that / = 0, we should prefer dUJdy = 0, and there¬ 
fore /' = 0, in order that the velocity may pass smoothly over into 
that in the main stream. The first integral of (58) is 


rjf = 2a 1 /' 2 , (59) 

leading to /= £*)*, (60) 

where £ — vho = VlV o> (® x ) 

and 7] = rj 0 , y = y 0 at the edge of the wake, where / = 0, so that 
y 0 = The solution, which is based on (53) and makes e vanish 

with dU Idy, therefore gives a finite breadth to the wake.J 


t The same results follow from taking l oc y 0 oz </>(%), rjozyty 09 U/U Q = /(ij)/0(a:), 
where (j> and ifi may be any two functions. It is found that <j> oc ^ oc x%. 

J Schlichting, Ingenieur-Archiv, 1 (1930), 533-571. Schlichting also calculated the 
second and the third approximations to U. For an attempt to find the velocity dis¬ 


tribution in a wake with Harman’s form for l I constant X 


f/S ;Chap - v>§ 4 


see Tollmien, Ingenieur-Archiv, 4 (1933), 1-15. The graph of U against y has a point 
of inflexion, so that difficulties are encountered both at the maximum value of 
XJ (i.e. when dUJdy — 0) and at the inflexion (i.e. when d 2 UJdy 2 = 0). 



584 


WAKES 


[XIII. 252 


Thus, according to this theory, 

U/U max = (l-f*)», (62) 

and this result is compared with experiment in Fig. 232, which is due 
to Schlichting ( loc . cit.). f The plotted points refer to experimental 
results at four sections, at distances downstream varying from about 
100 cylinder diameters to 200 diameters. The agreement is satis¬ 
factory except at the edge of the wake, where the measured values 



of U approach zero more gradually than the calculated values. (This 
result is to be expected, since the turbulent interchange will not com¬ 
pletely vanish with dU/dy.) Similar experimental results were found 
by Fage and Falkner.J Schlichting also verified that, when a 
suitable origin was chosen, the breadth of the wake sufficiently far 
downstream varied as x* and the maximum value of U as x~K Again 

DL__ vl 

U 0 18 %**’ 

and it follows from (54) that 

A 1QI) 

2a i vopur 

so that a v and therefore the ratio of l to the breadth y 0 of the wake, 
can be determined from measurements of t) 0 and of either the drag 
coefficient or the maximum value of U. Since the edge of the wake 
is rather indefinite, the value, Y, of y at which U — \ U max is inserted 
in the equations instead of y 0 , this value being O44% 0 according to 

t Measurements behind a pair of parallel cylinders were also made by Schlichting 
(foe. cit.). f Proc. Roy. Soc. A, 135 (1932), 702-7,05. 
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equation (62). Schlichting found, from the results he considered the 
most accurate, that IjY = 0-47. 

On the vorticity transfer theory, in place of equation (57) we get 


TT dU _ d*U 
0 dx € dy 2 * 


(63) 


(Chap. V, equation (35)), which, with assumptions (53) and (56) for 


e and l, becomes 


J d£ == _ dUd*U 
0 dx aiX dy dy 2, ’ 


(64) 


This equation is obtained either on the assumption of two-dimensional 
turbulence (Chap. V, § 83) or on the modified vorticity transfer theory 
(Chap. V, § 85). Apart from the fact that a x replaces 2a x the equation 
is identical with (57), so the velocity distributions on the momen¬ 
tum transfer and vorticity transfer theories are the same. The value 
of l/Y deduced from the experimental results would, however, be 
V2 times as big on the vorticity theory as on the momentum theory. 

A criterion for judging between the two theories is provided by 
measurements of the temperature distribution in the wake behind a 
heated cylinder, since for a given distribution of velocity the apparent 
thermal conductivity due to turbulent mixing is twice as great on the 
vorticity transfer theory as on the momentum transfer theory, and 
thus, whereas the temperature and velocity distributions are the same 
on the momentum theory, the temperature distribution is the square 
root of the velocity distribution on the vorticity theory, f This 
matter is referred to again in Chap. XV, § 284, where it will be seen 
that the results on the vorticity theory are in fair agreement with 
experiment, whereas the results on the momentum theory disagree. 

The components of the turbulent velocity in the wake behind a 
cylindrical obstacle have been examined with the ultramicroscope 
by Fage, % who found that, though the turbulence is two-dimensional 
not too far downstream at low Reynolds numbers, it is three- 
dimensional at high Reynolds numbers, with the three components 
approximately equal. 

We may note that, on the generalized vorticity transfer theory 
(Chap. V, § 84), (63) would be replaced by 


-T-frU [ dL s 
L,v —- — \v —-- 
dy 2 \ dz 


dU 

dy 


f Taylor, Proc. Roy, Soc. A, 135 (1932), 685-696. 

% A.R.C. Reports and Memoranda , No. 1510 (1933). 


( 65 ) 
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(Chap. V, equations (37) and (45)), where e is L 2 v . With two-dimen¬ 
sional turbulence, or on the modified vorticity transfer theory, the 
last term on the right goes out. The equation obtained by omitting 
the last term leads, in the case considered here, to fairly satisfactory 
agreement with experiment. 

253. The turbulent wake behind a row of parallel rods. 

The wake behind a row of parallel equally-spaced similar rods in 
a plane at right angles to the stream has been investigated by Ander- 
likf and by Gran Olsson.f If A is the distance between two neigh¬ 
bouring rods, the velocity distribution in any section will be a periodic 
function of y , with period A, the velocity being least behind the centre 
of a section of one of the rods and greatest behind a point half-way 
between two rods. The notation of the previous paragraph will be 
used, with the axis of x through the centre of the section of one of the 
rods. Then U has a maximum at y = 0 and a minimum at y = |A. 
The undisturbed stream velocity in the wake is taken as the velocity 
at y = JA, so that V — 0 there; and it is sufficient to find U for 
0 < y < JA, since it will be symmetrical about y = 0 and anti- 
symmetrical about y = |A. 

On the momentum transfer theory, the equation for U may again 
be taken in the form (51), with r and e given by (52) and (53). It is 
assumed that l is constant, so that in order that both sides of the 
equation may vary in the same way with x, U must vary as x~ x ; and 


UjU 0 = AF(y)/x, (66) 

where A is a constant, chosen so that F = 1 at y = 0 , and F vanishes 
at y = |A. The equation for U is 



*7^—2 

0 ox by by 2 

(67) 

so that 

F = 2 VAF'F". 

(68) 

Since F = 

1 and F' = 0 at y = 0, 



\F* = \+ll*AF'K ' 

(69) 

Hence 

_ pm } dF 
y \ 3 / J (1 -FY 

(70) 


F 

t Magyar Tudomanyos Akademia Matematikai is Termiszettudom&nyi JSrtesitdje, 
52 (1934), 54-79. $ Zeitschr.f. angew. Math, u . Mech, 16 (1936), 257-274. 
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A (iAP\i r 

dF r(f)r(f)/<L4m 

(71) 


4 l 3 ) J 
0 

(1 -F*p - T{1) \ 3 / ’ 

so that 


A- A3 

184-7Z 3 * 

(72) 


On the vorticity transfer theory the equation (67), with 2 1 2 
replaced by l 2 , would be obtained, so the velocity distribution 
would be the same, only the experimentally determined value of l 
being different. 

We have previously pointed out that the turbulent interchange is 
not to be expected to vanish completely when dTJjdy — 0. Prandtl 
(loc. cit .) has suggested that \dUjdy\ in (53) should be replaced by 
an average value throughout a neighbourhood, and that it is probably 
sufficient for this to take 



where l x is a second length, not too big. Gran Olsson noticed that if 
in (73) we take l ± = A/27 r, then the equation 


TT?E -JLl dU \ 

0 “ dy\ € dy) 

has the simply-harmonic solution 


where 

Also 


U A 
U 0 - x C ° S 


2rcy 

T’ 



A 3 

8t tH 2 ' 


2ttA U 0 1 2 
Xx 


(74) 


(75) 

(76) 

(77) 


and is constant over a cross-section, so that the equations and 
solutions on the vorticity transfer and momentum transfer theories 
are identical. 

Gran Olsson verified experimentally that U oc a? -1 . A comparison 
of the theoretical distribution over a section with his measured 

3837.8 II • l 1 
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values at three sections sufficiently far downstream is shown in 
Fig. 233.f 

The temperature distribution when the rods are heated is con¬ 
sidered in Chap. XV, § 285. 



0 0-05 0*10 0-15 0*20 0-25 0-30 0*35 0*40 0*45 0*50 


Pig. 233. 


254. The turbulent wake behind a body of revolution. 

In a wake behind a body of revolution, in which the mean motion 
is symmetrical about an axis, let (r, 6, x) be cylindrical polar coordi¬ 
nates, x being measured along the axis of symmetry and r being 
distance from it. If U 0 is the velocity of the undisturbed stream, 
U 0 —U the velocity in the wake parallel to the axis, and r the shear¬ 
ing stress, then far downstream the equation for U is approximately 


Tr dU 11$/ v 

Uq-z~- = -: — (rr). 

dx pr dr 

(78) 

On the momentum transfer theory 


r = —pedU/dr, 

(79) 

and PrandtFs assumption for e is 


e = P\3Ujdr\. 

(80) 

Hence (since dUjdr is negative) 


TJ du id r 72 fduy] 

(81) 


t A comparison of (70) with experiment was also given by Anderlik (loe. cit.). 
In addition, he considered the equation with Karman’s form for l. 
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The drag force on the solid body of revolution is given by 

D = 2vpU 0 j Ur dr, (82) 

the integral being taken from the axis to the edge of the wake. With 
the same assumptions as in the two-dimensional case—similarity in 
different sections, l proportional to the breadth of the wake at 
corresponding points of different sections, l constant over any one 
section—we find, by proceeding as in the two-dimensional case 


(§ 252), that 


CL 


oc x~ 


l oc r 0 oc x *, 


(83) 


where r 0 is the radius of the wake. Hence we put 

V = r/x*, UjU 0 =f(r))lxi, l 2 = ax*. (84) 

We then find, after a first integration of the equation for /, that f' 2 
is proportional to t]f, exactly as in (59), so that we once more have 

U/U m a^Cl-a 2 , (85) 

where { = 17/170 = r[r 0 , ( 86 ) 

and 7] = r) 0 , r == r 0 at the edge of the wake.f U/U m8iX is shown plotted 
against r/R as the fnU-line curve in Fig. 234, where R is the value 
of r at which U = \XJ m ax . The crosses in Fig. 234 represent mean 
experimental results obtained by Hall and Hislop, and the theoretical 
and experimental results have been made to agree at r = R. 

On the generalized vorticity transfer theory we find from Chap. V, 
§84, equations (38) and (44), that in cylindrical polar coordinates 
the equation for the first approximation to U may be written^: 


U 0 


8U 

dx 


r= - (8 2 U 1 8U\ dLg 


r \ dr 2 r dr ) 


86 


-Vg 


dL r 1 dU 


( 87 ) 


d6 r dr 


where v r , vg are the components, in the directions of r and 6 increasing, 
of the turbulent velocity; L r and L g are the components in those 
directions of the vector ‘mixing’ displacement whose components 
are denoted by L v L 2 , L z in Chap. Y, § 84; and e is L r v r . There are 
two ways of simplifying this equation on the analogy of putting the 
last term in (65) zero. We may simply put the last term in (87) zero, 

so that C t£? = ./W_ 1 ! 5 Y (88) 

0 dx \dr 2 r dr) 


f Swain, Proc. Boy. Soc, A, 125 (1929), 647-659. A second approximation is found 
in this paper. 

$ Cf. Goldstein, Proc . Camb. Phil Soc. 31 (1935), 358. 
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This is the equation that would be obtained on the assumption that 
the eddying motion, as well as the mean motion, is symmetrical 
about the axis. 

VO' 

0-9 

0-8 

0*7 

U 0-6 
Umax. 

0*5 

0*4 

0-3 

0*2 

0*1 

0*5 1*0 1*5 20 25 

r/R 

Pig. 234. 



Alternatively we may use Cartesian coordinates y and z instead of 
r and 6 (with y = r cos 9, z — r sin 9), transform, and put 


when 9—0, so that the axis of y is then along the direction of r 
increasing, and the axis of z is along the direction of 9 increasing, but 
is straight. The equations of the transformation are 


w — v e , 


9L 3 __ dLg T 
dz 89 + r 


_ 9L r j /q/v\ 

17 “ ~89~ L * (90) 


fj = L r V r -\-L g Vg 
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when (89) holds, and (87) reduces to 


Y—d*U , T — 18 U 

L ' v 'fr2+ L ° v »r-fr- 


This may be shown to be the same equation as on the modified 
vorticity transfer theory (Chap. V, § 85). If we further assume that 
the turbulence is isotropic, so that 


then 


Lq Vq = L r v r = e, 

0 8x \8r 2 Sr ) 


(93) 


In two dimensions, when Prandtl’s assumptions are made for e, the 
equations for U on the vorticity transfer and momentum transfer 
theories become identical (apart from a constant to be determined 
from experiment). But this is not the case for motion symmetrical 
about an axis, since neither ( 88 ) nor (93) will reduce to the equation 
of the momentum theory. 

Bor either ( 88 ) or (93) we take e to be given by (80), and if we 
assume as before similarity in different sections, so that at corre¬ 
sponding points in different sections l is proportional to the radius 
r 0 of the wake or of the value JR of r at which U = \U mw then (with¬ 
out assuming l constant over any one section) we find as before that 
t' ma x OC x~*, l oc x*. We therefore put 

V = r/x*, UIU 0 =f( v )/x*, l* = g(r,)x*. (94) 

Then from ( 88 ) we deduce the following equation for /: 

v - h 2 /'= m-nf-n ( 95 ) 

At rj = 0, V is positive and dU/8y zero, so that /(0) > 0,/'(0) = 0. 
With these conditions we find that, if l is constant across a section 
(g(rj) constant), then (95) has no real solution at all,/' being imaginary. 
If g{rj) oc rj p , then there is no real solution unless p < — 1 ,-so that l 
becomes infinite on the axis. In spite of this, solutions have been 
worked out with p — — 2 (so that l oc over a section) and 
p = —3 (so that l oc r -} ). These are shown in Fig. 234, the former by 
the broken line —, and the latter by the dotted line . The two run 
together over the middle of the range. In the first case, the solution 
was found by numerical integration; in the second 

U/U max =(l-P)*, 

where £ is given by ( 86 ). Moreover, p — —3 is the only value of 
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p for which U and BU/dy vanish together at the edge of the wake. 
(In two dimensions, if Z 2 oc y v , then U and dUjdy vanish together if, 
and only if, p = 0.) 

In the case of (93) a solution for / can be found with l constant 
over a section. This solution never vanishes; it is always positive 
and tends to zero at infinity like a multiple of t?- 2 , so that there is no 
edge to the wake. The solution is certainly wrong in the outer parts 
of the wake. In the inner parts, it is very near the solution on the 
momentum transfer theory. In Fig. 234 it is shown by the chain- 

dotted line —. in the region in which it is distinct from the 

solution on the momentum transfer theory, f 

The temperature distribution behind a heated body of revolution 
will be considered in Chap. XV, §286, where it will appear that, 
except in the outer parts of the wake, the experimental evidence is 
in favour of the validity of the modified vorticity transfer theory. - 


255. The turbulent spreading of jets. 

The methods of the last three sections may also be used to 
calculate the turbulent spreading of jets discharged into still fluid. J 
At some distance from the mouth of the nozzle from which the jet is 
discharged, the assumptions and approximations of the boundary 
layer theory may again be applied right across the section, and the 
pressure gradient along the axis of the jet may also be neglected. It 
appears that the breadth of the jet increases linearly downstream. 

For two-dimensional motion, if # is measured along the axis of the . 
jet from some suitable origin, and (U, V) are the components of mean 
velocity, the approximate equation of motion is 


jjdU _ 1 <3t 

dx dy p dy' 


(96) 


where r is the shearing stress. For positive y, dUjdy is negative, U 
being greatest in the middle and zero at the edge of the jet; and on 
the momentum transfer theory, with Prandtl’s assumption for t (see 
eqns. (52) and (53)), the equation for y positive is 


u?u m _ 

dx dy 


4MDT 


(97) 


f Eor the solutions on the vorticity transfer theory see Goldstein, Proc. Carnb . 
Phil. Soc. 34 (1938), 48-67. Eor the experimental results of Hall and Hislop see a 
forthcoming paper in the Proc. Gamb. Phil. Soc . (July, 1938.) 

t The calculations for laminar motion were set out in Chan. IV- 8 57- 
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The rate M at which momentum flows across a section of the jet 
is constant, and 

M = 2 P J U 2 dy. (98) 

0 

There is a stream-function ip such that 

U = ~, 7=-^. • (99) 

dy dx 

Then with the same assumptions as in § 252—similarity in different 
sections sufficiently far downstream, l proportional to the breadth 
of a section and constant over any one section—Z and the breadth of 
a section are proportional to x and the maximum velocity to ar*. 
Hence we put 

l = cx, rj = y/x, ip = AxtFfa), ( 100 ) 

so that U = A^fl, F=A( 2 rjF'-F). ( 101 ) 

A is a constant. The jet being symmetrical, V and dUjdy vanish on 
the axis, so that F(0) = 0 , F"(0) = 0 . The equation for F is 

F’z+FF” = 2c*-^(F " 2 ), 

drj 

which integrates at once to 

FF ' » 2c 2 F n . (102) 

This equation also follows at once from the momentum equation 
for the portion of fluid on one side of a plane parallel to the axis 
and between two infinitesimally near sections, namely 

v 

P UV+^jpU*dy = T, (103) 

where the lower limit in the integral is taken at the edge of the jet. 
If we take ^/( 2 c 2 )* as independent variable instead of rj, then 2 c 2 
disappears from ( 102 ). We use the dash to denote differentiation with 
respect to the new independent variable. Then A may be chosen so 
that F'(0) = 1 , and the equation has to be integrated with the 
boundary conditions F( 0 ) = 0 , _F'( 0 ) = 1 . At the edge of the jet 
Z7 = 0 , dUjdy — 0 , so that F' = 0 , F" = 0 . The equation was 
integrated by ToUmien,*)* who found that 7j[(2c 2 ) i = 4-n*/(3V3) = 2-412 
at the edge of the jet. A comparison of the theoretical curve so 

t Zeitechr.f. angew. Math . u* Mech. 6 (1926), 468-478. 
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obtained with measured values due to Forthmannf is shown in Fig. 
235, where U/U max is plotted against y/Y, and Y is the value of y at 
which U — |i7 max . There is a small systematic discrepancy. Forth- 
mann also verified that the breadth of the jet was proportional to x, 
and the maximum velocity to ar*, with the origin for x suitably chosen. 
He found c = 0-0165 and IjY = 0-17 (in contrast to the value 0-47 
found by Sehlichting on the same theory in a two-dimensional wake). 



Eig. 235. 


It follows from the value of xjj in ( 100 ) that the flux of matter 
across a section of the jet increases as x*, so that the jet is drawing in 
fluid from its surroundings. 

On the vortieity transfer theory (97) would be replaced by 


U—+V— = e— = _72 d JL 82 E 
ex 8y 8y 2 8y oy' 1 ’ 


(104) 


which, with l independent of y as in ( 100 ), is the same as ( 97 ) with 
l 2 instead of 2 P. Hence the same velocity distribution would be 
obtained, only the value assigned to l as a result of the comparison 
with experiment being different. Whereas, however, the temperature 
distribution for a jet of heated fluid would be the same as the velocity 
distribution on the momentum transfer theory, it would be the square 
root of the velocity distribution on the vortieity transfer theory. No 
experiments appear to have been reported. 


f Ingmieur-Archiv, 5 (1934), 42-54. Measurements have also been made by Peters 
and Bicknell, for which see Rossby, Papers in Physical Oceanography and Meteorology, 
Massachusetts Institute of Technology and Woods Hole Oceanographic Institution, 5, 
No. 1 (1936), IT. 
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For a jet symmetrical about an axis,, if x is measured along the 
axis of the jet and r at right angles to it, and U, V are the components 
of mean velocity in the directions of x and r increasing, then the 
approximate equation of motion on the momentum transfer theory, 
with PrandtFs assumption for e, is 


U—+V—: 

dx ^ 8r 


U being greatest on the axis and zero at the edge of the jet, and 
dUjdr negative. 

The constant rate of flow of momentum across a section is 


Uh dr. 


From the equation of continuity there is a stream-function xft such 

“ 17-124. F = (io?) 


With the same assumptions as before, l and the breadth of the wake 
are proportional to x, and the maximum velocity to x - 1 . Hence we 

l = cx, 7j — r/x, if* = AxF(rj), (108) 


so that 


The equation for F is 

d I FF' 


v = 

X\ 7) 

dyiv \ • nil ' 


(109) 

( 110 ) 


Since U is finite on the axis, F'/rj must tend to a finite value as rj 
tends to zero, and since V and dU/dr vanish on the axis, F'—Fjr) 
and F"Irj — F'/rj 2 must tend to zero when tj tends to zero. Hence 
also F( 0 ) = 0 , and ( 110 ) integrates without the addition of any 
constant to _ c 2 (F"—F'/r)) 2 . (Ill) 


After changing the independent variable to 77 /c^ in order to eliminate 
c 2 from the equation, we may choose A so that W / r\ -> 1 when 
rj -> 0 . The resulting equation was integrated by Tollmien ( loc. cit.). 
At the edge of the wake V = 0 and dU/dr — 0 , so that F r = 0 , 
F"—F'I rj = 0. Tollmien found that 77 /c f = 3-4 at the edge of the 
wake, A comparison of the theoretical curve with the results of 

3837.8 II Mm 
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measurements by Rudenf and by KLuethef are shown in Fig. 236, 
where U/U max is plotted against r/lt 3 and r = R when U = \U m2Jx . 
The full-line curve is the theoretical curve, the dotted curve was given 
by Ruden as representative of his experiments (no single results being 
given), and the circles and squares are due to Kuethe. It appears that, 



Fiq. 236. 


for a jet discharged from a nozzle, the theoretical results hold fairly 
accurately, at any rate over the middle portion of the jet, for distances 
downstream of the mouth of the nozzle greater than about eight 
diameters of .the mouth. 

The flux of matter across a section increases for the symmetrical 
jet in proportion to x. 

Calculations for a symmetrical jet on the vorticity transfer theory 
have been made by Howarth|| by the methods employed in § 254 for a 
symmetrical wake. Exactly analogous results are found, the equation 


f Die Naturwissenschaften, 21 (1933), 375-378. 
t Journ. Applied Mechanics, 2 (1935), 87-95. 

|| Proc . Cairib. Phil. Soc. 34 (1938), 185-194. 
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corresponding to (88) (symmetrical turbulence) having no real 
integral if l is constant across a section. This equation was integrated 
both with l proportional to r- 1 and to r~* 9 as for wakes, and the 
equation corresponding to (93) (modified vorticity transfer theory) 
with l constant over a section. The results found did not agree with 
the experimental results. 

A two-dimensional problem on the spread of a mixing region, which 
is of some interest and which leads to analysis rather simpler than 
that for the motions discussed 
above, is the turbulent mixing of 
a stream of fluid with fluid at 
rest, the mixing taking place along 
a single boundary between them. 

Thus a stream of fluid, flowing 
parallel to the axis of x with 
velocity U 1} is supposed to begin 
to mix with still fluid at some value of x (Tig. 237). With the axes as 
shown in the figure, dUjdy is positive, so the equation of motion on 
the momentum transfer theory is 

u?H + v?v ,Lbm 

dx dy dy\ \8y) 



Fig. 237. 


( 112 ) 


the sign of the term on the right in (97) being changed. On the 
assumption of similarity in different sections, l will be proportional 
to the breadth b of the mixing region, and U will be a function of 
y/b. It is easily found that in order that both sides of (112) should 
vary in the same way with x, b must again be proportional to x. 
Hence we put 

l — cx, 7] — yjx, *(j = AxF(rj), (113) 

so that U^AF'W, V = AtqF'W-Fir,)}, (114) 

where A is a constant to be chosen later. The equation for F is 


F"(F+2c*F m ) = 0. (115) 

F" — 0 corresponds to U — constant. Inside the mixing region 

F+2c i F m = 0. (116) 

Let t) = v)i and rj = be the boundaries of the mixing region, as 
shown in the figure. Put 

’ } ' == (2^* (T, “ %) - 


(117) 
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Then F+ J ^ = °' (118) 

and F = d^'+ewU^Gos^rj'+dasm^rj'), (119) 


where d x , d z , d 3 are constants. These three constants, together with 
Tji and rj 2 , must he determined from the boundary conditions. Four 
boundary conditions are 

U=V v ~=0 at v = Vl , 

& ft c\r\\ 


U = 0, = 0 at 

8y 

If then we take A — (2c 2 ) i U v 

these four boundary conditions are 

dF . d 2 F n , n 

— = 1, = 0 at r> — 0 


= 0 at W = 


dVi—Vi)- 


These four equations determine d v d 2 , d 3 , and (i] 1 —t] 2 )/(2 c 2 ) } . As 
fifth equation the condition V = 0 at rj = 7j x is taken, which leads 
to ^i/(2c 2 ) i = J? 7 at 7/ = 0, and determines 7] t /(2c z )* and hence 
tj 2 /(2c 2 )*. Fluid is being drawn into the mixing zone from the stagnant 
region, but the flux of matter and momentum into the mixing zone 
from the stream is due only to the inclination of the boundary to the 
direction of the stream. The analysis is due to Tollmien ( loc . cit.), 
who finds 


d x = -0*0062, d <j = 0*987, d Q = 0*577, 

7 ? 1 /(2c 2 ) i =,0*981, . 7 7 2 /(2c 2 )^ = —2*04. 

The solution has been generalized by Kuethe (loc, cit,) to the case 
of the mixing of two streams with velocities U x and E7 2 , so that at 
rj = 7 ] 2 , U = XJ % instead of zero. For a discussion of the fifth 
boundary condition, and for numerical results, reference may be 
made to the original paper. 

On the vorticity transfer theory the equation corresponding to 
( 112 ) is the same with l 2 in place of 2 Z 2 , namely 

dx 3y dy dy 15 


(123) 
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so that the velocity distribution is the same, only the experimentally 
obtained values of the constants being different. The temperature 
distribution (if one of the portions of fluid is hotter than the other) 
is, however, different (Chap. XV, §287). 

When a symmetrical jet is discharged from a large nozzle, with 
practically uniform velocity at the mouth of the nozzle, then near the 
mouth, where the breadth of the mixing zone at the edge of the jet 
is small compared with the jet radius, the curvature will have no 
appreciable effect. The solution above should then apply to the 
mixing zone. Tollmien has compared his solution with measurements 
at half a diameter from the mouth of the nozzle of the large Gottingen 
wind tunnel,t 224 cm. in diameter, and found satisfactory agreement 
with c = 0*0174 and the breadth of the mixing zone equal to 0*225a;. 
It is to be remarked, however, that the Gottingen measurements 
were made with a total-head and static-pressure tube, and that the 
velocity fluctuations in such a region are very large indeed (cf. 
Kuethe, loc. cit.), so that the measurements are difficult and, if no 
allowance is made for the velocity fluctuations, are subject to error 
(cf. Chap. VI, § 111, pp. 253, 254). 

As we go downstream from the mouth along a symmetrical jet 
discharged from a large nozzle, as above, the annular mixing region 
at the edge will grow in breadth, and the core of fluid in which poten¬ 
tial flow occurs will decrease in radius until it finally disappears, and 
the mixing region occupies the whole jet. Experiments and approxi¬ 
mate calculations have been made by Kuethe (loc. cit.) to determine 
the velocity distribution between the mouth and a section where the 
core has disappeared, which is about 5 diameters downstream. 

ADDITIONAL REFERENCES 

For an account of vortex-streets and three-dimensional wakes reference 
may be made to Falkenhagen, Handbuch der Experimentalphysik , 4 , part 1 
(1931), 155-182, where other works are cited. To these may be added 
Lock, Phil . Mag . (6), 50 (1925), 1083-1089, and Carter, Journ. Aero. 
Sciences , 2 (1935), 159-161. For three-dimensional wakes see also Jeffreys, 
Proc. Boy. Soc. A, 128 (1930), 376-393, and (at low Reynolds numbers) 
Nisi and Porter, Phil. Mag. (6), 46 (1923), 754-768, and Schmiedel, 
Physik . Zeitschr. 29 (1928), 593-610. The wakes behind a strut and behind 
a sphere are considered by Ermisch, Abhandl. Aero . Inst. Aachen , No. 6 (1927), 
pp. 46-50. The wake behind a stream-line body of revolution at a non-zero 

f Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen , 2 (1923), 73. 









XIV 

HEAT TRANSFER (LAMINAR MOTION) 

256. Introduction. 

The problem of heat transfer is difficult on account of the number 
of parameters involved. Moreover, the kinematic viscosity and the 
thermometric conductivity, two of the most important parameters, 
vary with temperature; and it follows that the velocity field depends 
upon the temperature differences present: in particular, the field for 
heat transfer from solid to fluid may be different from the field 
for heat transfer from fluid to solid. 

Particular problems may conveniently be classified into problems 
involving laminar flow and those involving turbulent flow, and a 
further subdivision may be made into cases of free convection and of 
forced convection. By free convection is meant flow in which the 
motion is caused by the effect of gravity on the heated fluid of 
variable density; by forced convection, flow in which the velocities 
arising from the variable density distribution are negligible in com¬ 
parison with the velocity of the main or forced flow. 

In this chapter the governing equations are developed on the basis 
of certain simplifying assumptions, and are applied to the solution 
of several problems involving laminar flow. The assumptions are that 
the viscosity and the thermal conductivity are constant in the field, f 
that liquids are incompressible, and that gases obey the perfect 
gas law. 

257. The equation of state. 

The equation of state of a fluid relates the pressure p to the density 
p and the absolute temperature T. For liquids, which are assumed 
to be incompressible, this has the form 

P — Po> 

while for gases, which are assumed to obey the perfect gas law,J 

P ^ Po m. 

P T Po T 0 m’ [ ’ 

| This is strictly permissible only if the temperature differences involved are small, 
since the viscosity and thermometric conductivity vary with temperature. In an 
investigation by Busemann (Zeitschr. /. angew. Math . u. Mech. 15 (1935), 23-25) of 
a particular case of laminar flow along a fiat plate, these factors are taken into 
consideration, t Jeans, Dynamical Theory of Gases (1925), p. 114. 
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where %> 0 , p Q , T 0 are the pressure, density, and absolute temperature 
in some standard condition, M is the gas constant,f and m is the 
molecular weight of the gas. 


258. The equation of continuity. 

Tor compressible fluids the equation of continuity isj 

“ °- 

which may also be written 

1 Dp ,8u 8v 8w _ 

~pm + te + 8i + te~ 0 - 


( 2 ) 

(3) 


259. The equations of motion. 

For compressible fluids the stress components are given by (17) 
of Chap. Ill with the addition of the term 


8v 8w' 
+ ^ + Tz 


to each of p xx , p yy , p zz .\\ The equations (19) of Chapter III for the 
accelerations f x , f y , f z of a fluid element are unchanged, and we 
obtain the equations of motion in the formft 


Du 


-TC- -g+pX+M[V%+ 


1 8 


8udv dw 

I o_. i 


3 dx \dx dy dz 


(4) 


Dt 8x 
with two similar equations. 

The external force per unit mass, which has the components 
X,T,Z, and is denoted by F, includes all the impressed forces. These 
forces will usually be conservative except for the force which arises 
from the effect of gravity on the fluid of variable density. We 
therefore put F=-gradn+G, 

where G represents the excess force per unit mass due to the variable 
density. Now consider an element of volume Sr, density p, pressure 
Pi and absolute temperature T . By the principle of Archimedes the 
excess force on the element is (p —p 0 )g Sr, where g is the vector of the 
earth’s acceleration \ and hence the excess force per unit mass is 

(P—Po 


G = * (—)• 


t is used for Reynolds number, and some other symbol must therefore be 
chosen for the gas constant. 

t Lamb, Hydrodynamics (1932), p. 6. || Ibid., p. 544. ft Ibid., p. 546. 
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Tor liquids G vanishes, while for gases 


G = g 


( l -M) 


from (1). This force is important only in problems of free convection: 
for these problems the pressure variations are small, so that 


m 


(5) 


G=— g 

and G is proportional to the excess temperature {T—T 0 ). Hence 

F = - gradQ-g . (6) 


260. The energy equation. 

The rate at which work is being done by the surface stresses on the 
fluid inside any surface S is 

| ( u Pnx+VPny+ w P nz ) dS, 

s 

as in § 37 of Chapter III. Transformation by Green’s theorem, as 
previously, may be used to show that this quantity is equal to 

— j* p(uX-\-vY-\~wZ) j p ^(u 2 +v 2 +w 2 ) dr 

-/*(!Hs+wh+J 0 *- (7 > 

which replaces (27) of Chapter III. The expression for the dissipa¬ 
tion function <t> isf 


® = M e L+^ v +4+2e^+2e| a: +2ey— iy[e xx +e m +e zz f 


r 2 
= q-3 


2 / 0 u 0 ^ 
\8x dy 


*£V+2^V+2^V+2W 

8z] \dx) \dy) \dz) 
(dw dv\ 2 [du dw\ 2 (dv 
+ +\ + Xfx 


n 


( 8 ) 


which replaces (28) of Chapter III. 

The first term in (7) is minus the rate at which work is being done 
by the external forces, and the second is the rate of increase of the 
kinetic energy of the fluid. Further, cujdz+dvldy+dwjdz measures 
the rate of dilatation of the fluid at the point (x, y, z),% and hence the 
third term represents the rate at which work is done by the pressure p 
t Ibid., p. 548. X Ibid., p. 5. 


3837.8H 


H n 
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in compressing the fluid inside the surface S.-f The fourth term in 
( 7 ) is proportional to the viscosity and represents the rate at which 
work is being done against viscosity; this work is no longer available 
as mechanical energy, and takes the form of heat developed in the 
fluid, t 

An equation for the temperature distribution can be obtained by 
considering the energy balance in an elementary parallelepiped, with 
centroid at P [x, y, z), of sides 8 a;, By, 82 and volume Sr, through 
t which the fluid is flowing. Let E 

P Ps. be the total kinetic energy, i.e. the 

\ 1 sum of the kinetic and intrinsic 

\ ' \ energies, in this element at time t. 

Sz -^|B' Then 

dL____ P :|d- *'+ w - K+K+K <») 

\ where W is the rate at which 

work is being done against the 
XI external forces, so that 

6x c ' W =- P (Xu+Yv+Zw)Br, 

E 1 is the rate at which work is being done on the element by the 
surface stresses, E% is the rate of conduction of energy through the 
boundaries in the form of heat, and E s is the rate of convection of 
kinetic and intrinsic energy through the boundaries. 

Let e be the total kinetic energy per unit mass of the element. Then 
E is equal to pe Sr, and so 

2® SeW. 

St VS/: Stj 

For E x we have, from (7), 


-,(«x + »r+*,Wg + £ + 5' 


+ 2 p Wt ^ 2 + w2 + w2 )+ <1) 8r - 


To calculate P 2 , the energy conducted into the element through 
the sides, we use the rule|| that the rate of conduction of heat through 
an element of area 8 S is — k(dT/8n) BS, where k is the thermal con¬ 
ductivity and n is the normal drawn in the direction considered. 

t Lamb, Hydrodynamics (1932), p. 9. J Ibid., p. 549. 

jj Carslaw, Conduction of Heat (1921), p. 4. 
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Now at P (x,y,z) the temperature gradient in the positive direction 
of the rr-axis is STjdx, and the temperature gradient at ABCD in 
this direction is 


8T 

8x 


8 xd*T 
'¥ to?' 


Similarly at A'B'Q'D' it is 


8T hx 8*T 
8x + 2 dx 2 ‘ 


Hence the rate of conduction of heat inwards through ABCD is 



and outwards through A’B'C'D' it is 


—&8ySz|' 


'8T 8x d*T 
dx + ¥ ~to? 


therefore, for these two faces together, the rate of conduction of heat 
into the element is 


1c SxSydz 


—■ 

dx 2 ’ 


and summing for all the faces we find 

E 2 = JkV 2 T8r, 

where J is the mechanical equivalent of heat. In c.g.s. units J has 
the value 4-18 X10 7 ergs per calorie. 

The rate of convection of kinetic and intrinsic energy through an 
element of area 8 S is pv n eSS, where v n is the velocity normal to the 
element. It follows that the rate of convection of kinetic and intrinsic 
energy into the elementary parallelepiped through the face ABCD is 

BySz 

and out of it through the face A'B'C'D' it is 
SySz|p«e+y^(pwe)j; 

for these two faces together the rate of convection into the element is 

—Sa%Sz|-(pas); 


8 , ’ 
pue ~TTx ipUe) 
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and summing for all the faces we find 




Sr 


dp f de . 3e de 
\ So;” % 




St. 


by the equation of continuity (2). 

Substituting these expressions in (9) we obtain the equation 

4=-j>(S+|+S)+l4 (,i, +'”+"’' ) +' ,iiV ' r +®- (w) 

Now for a perfect gas for which the specific heat at constant volume, 
c v , is constant, the total kinetic energy per unit mass is given by 

€ = }(u 2 +v 2 +w 2 )+Jc v T. (11) 

The first term on the right-hand side of (11) represents the kinetic 
energy of the mass as a whole, and the second term represents 
its intrinsic energy, f With the expression (11) for e, equation 
(10) becomes 

T DT IdU , 8V , 8W\ T7T-79m , 

This energy equation determines the temperature distribution in any 
field of flow. 

The same equation holds also for liquids, which are assumed to be 
incompressible, so that the second term on the left-hand side vanishes 
tad the equation becomes 

DT 

pJc v ~ = J¥7 2 T +$>. (13) 

For gases it is useful to transform equation (12) to another form. 
For perfect gases the relation 

J( c p~ c v) — R/m 

holds, J where c p is the specific heat at constant pressure, and B 
and m are the same as in equation (1). Hence 

Jc v T = Jc p T—BTjm = J Cp T-p/p, 

from the equation of state (1). This gives an alternative expression 

t If c, is a function of T this term must be replaced by J f c, dT. 

% Jeans, op. tit., p. 185. 
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for the intrinsic energy of a perfect gas; and for the total kinetic 
energy per unit mass we have 

e = l(w 2 +t> 2 -fw 2 )+(/c T—pjp). (14) 

Then 


De 1 D. 2 2 2 . T DT Dp (8u 8v 

's = +v+w)+pJC - u 


(15) 


when we make use of the equation of continuity (3), Substituting 
in (10), we have an alternative form for the energy equation for a 
perfect gas: 


pJc„— 

r TU 


DT Dp 


Dt Dt 


= JW*T+®. 


(16) 


261. Dynamical similarity. 

The isothermal flow of a viscous fluid at speeds which are small 
compared with the speed of sound is known to depend only on the 
Reynolds number, and the flow pattern is identical for two experi¬ 
ments provided that the Reynolds number is the same. When heat 
transfer is occurring, the temperature distribution may be shown to 
depend on three parameters: 

(1) the Reynolds number R = u Q d[v, where u Q is a representative 
velocity and d a representative length; 

(2) the Prandtl number a = v/k, where k = Jc/(pc v ) and is called 
the thermometric conductivity; and 

(3) the Grashoff number Gr = r 0 )/(v*5P 0 ), where T x and T 0 

are two representative temperatures. 


The Prandtl number cr depends only on the material properties of 
the fluid; it is therefore preferable to the Peclet number Pe =* u Q d/K 
which, like the Reynolds number, depends on the characteristics of 
the flow.f When a is unity the solution of a problem may be con¬ 
siderably simplified, because the temperature and velocity distribu¬ 
tions are then, in some cases, identical. 

The heat transfer coefficient or Nusselt number Nu is defined by 
the relation 0 _ (17) 


where Q is the quantity of heat transferred in unit time from an 
immersed body across an area 8, (T x —T 0 ) is a representative tempera- 

■f Since Pe = <xR, a or Pe may be adopted arbitrarily as a fundamental parameter. 
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ture difference, and d a representative length, f It follows that the 
solution of the equations may be written 

Nu = f(B, a, Gr). (18) 

The analogy between heat transfer and skin-friction, described in 
Chap. XV, §279, leads to the use of an alternative heat transfer 
number to replace the Nusselt number. This number is 

Nu _ Q _ 

crS pCp $Uq(T± Tq) 

and it may conveniently be denoted by the symbol k s . Then (18) 
may be written 

F(R, a, Gr). (19) 


It has already been remarked that heat transfer problems may be 
divided into cases of free and of forced convection. For the former 
the Reynolds number is of no significance, since no representative 
velocity exists, and in such cases the solution of the equations has 

Reform Nu=/(„,Gr>. (20) 


For forced convection the forces due to the action of gravity on the 
fluid of variable density are assumed to be negligible in comparison 
with the impressed forces; the Grashoff number is then of no signifi¬ 
cance, and the solution of the equations is 


or (alternatively) 


Mu = /(£, <l), 





( 21 ) 

( 22 )- 


Two other non-dimensional quantities have to be considered in 
some problems. These are (T x —T 0 )/T 0 , which is a measure of the 
variation of the physical properties of the fluid due to the tem¬ 
perature differences present,J and uH[2Jc p {T x —T a )], which is the 
ratio of the kinetic energy to the change of intrinsic energy. The 
quantity Uq/( 2Jc p ) is a measure of the temperature differences which 
arise from the variation of pressure and from the dissipation due to 
viscosity,|| and the number l/[2/Cp(2i—:T 0 )j will be unimportant 

f other books on heat transfer a heat transfer coefficient q is defined as the 
rate of heat transfer per unit area per unit temperature difference. This quantity is 
convenient physically, but suffers from the disadvantage that it is not dimensionless. 

t The experimental results for free convection from a heated horizontal cylinder 
in diatomic gases have been critically examined by Hermann ( Ver. deutsch . Ing., For - 
schungsheft 379 (1936)) with special reference to the influence of this parameter, which 
was eliminated by extrapolation to small values. |[ Cf. § 263, p. 613. 
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only if these temperature differences are small compared with the 
imposed temperature difference Thus there are definite 

limits to the applicability of the theory developed in this chapter. 
On the one hand, the temperature differences must be small enough 
to permit the assumption that the physical properties do not vary 
with temperature. On the other hand, the temperature differences 
must be large-enough compared with the quantity ul/(2Jc v ) to permit 
the dissipation and the temperature changes due to pressure variations 
to be neglected, as they will be except in §§ 263, 264, 265, 269. 

The above equations, which govern the convection of heat, apply 
also to the diffusion of other physical quantities—in particular, to 
the diffusion of solid particles in a moving fluid, provided that the 
heat convection parameters are replaced by corresponding mass 
diffusion parameters. 


262. The convection of heat in potential flow. 

The theory of the convection of heat in potential flow has been 
developed by Boussinesqf and by King4 Let <f> and if; be the velocity 
potential and the stream-function for the potential flow of an incom¬ 
pressible fluid in two dimensions. Then the velocities are given by 


U = 8 -$. = 8 A 

8x dy’ 

V== 8 1 = -W 

By Bx 5 


(23) 


while the temperature distribution is given by (13): 

BT BT 

u 0 -± + v— = >N*T } (24) 

Bx ‘ By v ' 

where k = kjpc v \ the dissipation function vanishes since viscosity is 
neglected. Changing coordinates from (x, y) to (0, ifj) and substituting 
from (23) for u and v 9 we find from equation (24) that 


BT_ IB 2 T B 2 T\ 
d<j> ~ + dtp*}' 


(25) 


Boussinesq neglects the term B 2 TjB(j> 2 in (25) and builds up solutions 
of the simplified equation based on the 'point-source solution’ 



t Journ . d. Math . 1 (1905), 285-332. 


X PhiL Trans. A, 214 (1914), 373-432. 
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while Kin g retains the complete equation and builds up solutions 
from the following solution of (25): ' 






(27) 


where K 0 is the modified Bessel function of the second kind. 

For the circular cylinder, which Kang considered in detail, he 
chose a distribution of heat flux from the surface which gave results 
for the total heat flux in agreement with his experimental results. 
This distribution involves discontinuities of temperature between 
the surface and the fluid flowing over it; the theory is unsatisfactory, 
and it is clear that the effects of viscosity are of great importance. 
King’s experimental results obtained with a whirling arm were used 
for the calibration of his hot wire anemometer, but Hilpert’sf are 
probably more accurate. 


263. Boundary layer equations. 

When the Peclet number u 0 d/ic is large, the conditions with 
respect to the temperature distribution near the surface of a heated 
body past which fluid is flowing are the same as those with respect 
to the velocity distribution when the Reynolds number is large. A 
boundary layer of small thickness exists near the surface, in which 
the temperature falls rapidly from its value at the surface to the 
value in the main body of the fluid, and the approximations of 
Chapter IV may be applied to the equations (4) and (16) for the 
velocity and temperature. The equations for the temperature layer 
will be developed on the assumption that the Prandtl number a is of 
order unity, so that the thickness of the temperature layer is of the 
same order of magnitude as that of the velocity layer. 

Consider the flow near a cylindrical body held normal to a stream 
of undisturbed velocity u 0 . The motion is two-dimensional, and if 
x is measured along the surface, y normal to it, and z along the 
generators of the cylinder, the terms depending on z disappear. Thus 
equations (4) become (eq. (8) of Chap. IV) 


2m . 8u , du 
~di +u te + \ 


P 8x^ T 8y z> 


—Ku 1 = 


t Cf. § 272. 
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where K is the curvature of the surface. The components of g at the 
point {x,y) are (Ig, mg), where (l,m) are the direction cosines of the 
downward-drawn vertical and g is the magnitude of the earth’s 
acceleration. Hence for the components of the external force arising 
from the variable density, we have, from (5), 


X = 
7 = 



(29) 


Taking the equation of continuity in the form (3), and substituting 
for p from (1), we have, for perfect gases, 
du dv 1 Dp l jDT 
dx dy p Dt T Dt 


0 , 


(30) 


while for liquids the form = 0 (31) 

still holds. Now suppose that 3 and S' are the thicknesses of the 
velocity and temperature layers respectively, and further that 3 
and 3' are of the same order of magnitude, f Let u 0 , the velocity at 
infinity, and d , a characteristic length of the body, be of standard 
order; then dujdx and dv/dy are both 0(1). Also p~ x Dp/Dt is small 
compared with unity if p Q ul is small compared with the standard 
pressure p 0 —that is, if the velocities in the field are small compared 
with the velocity of sound; T~ x DTjDt is small compared with unity 
if the temperature difference between the surface and the main 
body of the fluid is small compared with the standard absolute 
temperature T 0 . Both these conditions wall be assumed to hold, and 
the equation of continuity (30) for gases then reduces to the same 
form (31) as for incompressible fluids.^ 

For two-dimensional motion the energy equation (16) becomes 


P jJ 8 s 


, ST , ST\ 
'»\~St +U te +V dy)' 


-{ d f +u d j? + M = J jcli 

- \et^ 8x^ Syj \ 


8 2 T , 8 2 T\ . . 

s^ + Wr 


(32) 

It was shown in Chapter IV (equation (14), p. 122) that the dis¬ 
sipation function for incompressible fluids is given approximately by 


3 > 



(33) 


f This is equivalent to assuming that o-l is 0(1). 

% It does not follow that the second term in (12) may be put equal to zero; p is 
a large quantity and this term is of the same order of magnitude as the other terms. 
3837.8 n O O 
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For compressible fluids an additional term —f ^du/dx-^dv/dy) 2 is 
present (see equation (8)). The approximate form (31) of the equa¬ 
tion of continuity shows that this is small, and 4> is therefore given 
as before by (33). 

The velocity u varies from zero at y = 0 to u x (say) at y = 8, while 
the temperature T varies from T x (the surface temperature) at y = 0 
to T 0 (the temperature of the body of the fluid) at y = S'. Taking 
u x and (Ti-To) as quantities of standard order, u is 0(1) and v is 
0(8), d 2 T/dx 2 is 0(1) and d 2 T/dy 2 is 0(S'~ 2 ) and hence d 2 Tjdx 2 may be 
neglected. Also udTjdx is 0(1) and vdT/dy is 0(8/8') which is 0(1); 
udp/dx is 0(1) while v dpjdy is 0(8) (since, by (28), dpjdy is at most 
0(1)) and therefore v dpjdy may be neglected. Equation (32) then 
becomes 


p Jc p(^ 


'8T , 8T , 
-— Vu -— u 
dt dx 




(34) 


The corresponding equation for liquids obtained in the same way 
from (13) is 

, (8T , 8T , 8T\ T1 8 2 T , I8u \ 2 

p J c v (~+ U - + «-) _ + . 


(35) 


An alternative form will now be derived for the steady motion of 
gases when no external force X is present. Putting X = 0, and multi¬ 
plying by we see that the first equation of (28) may be written 


P 




— flU 


dho 

dy 2 ' 


Adding this to (34) we have, since dpjdt = 0 for steady flow, 


whencef 


T DT D 
pJc »~m +p Dt 



= Jlc 


8*T 

8y 2 


8 2 (u 2 \ 

'w)’ 


V.{J Cp T+\u 2 ) = (Jc p T+iau 2 ), 


(36) 


since kj(pc p ) = k and a = v/k. This form is used in § 269 to derive an 
equation for the reading of a thermometer in a moving fluid for the 
special case cr = 1. 

To obtain the order of magnitude of 8', we note that kj(pc p S' 2 ) or 
fcj S' 2 must be 0(1) if the convection terms on the left-hand side of (34) 
are to be of the same order as the conduction term on the right-hand 
side. Hence 8' is 0(/c*). If the equations are reduced to non-dimen- 


f Busemann, Handbuch der Experimentalphysilc, 4, part 1 (1931), 366. 
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sional form by replacing u by u[u Q , x by x(d, T by TK^—Tq), etc. 
we find for the order of magnitude of the thickness of the temperature 
layer 


* = o[ \ = of l±\ 

d \a/ pc p u 0 dj \\j oR] 


It is relevant to note the magnitudes of the terms u dp fix and 
p(dufiy ) 2 which occur in (34). Apart from the variations produced 
by gravity, the pressure variations in the field are 0(/m§), and hence 
u dp fix is 0(pul/d ). Also jx = pu 0 d/R , and dufiy is 


0(uj S) = O(u 0 fit/d) 

by (9) of Chapter IV; hence fi(dufiy) 2 is 0(pul/d ), and therefore u dp fix 
and ix(dufiy) 2 are of the same order of magnitude. It follows that if 
account is taken of the dissipation term fx(dufiy) 2 it is necessary to 
take account also of the term u dp fix (except for the flat plate for 
which dp fix == 0). Further, both these quantities may be neglected 
if they are small compared with the other terms in (34). Since the 
other terms are 0[pJc p u^Q—T^jd] this is permissible if 

ul![Jc p {T x -T 0 )} 

is a small quantity. 


264. The momentum and energy equations for the boundary 
layer. 

The momentum equation for the boundary layer is similar to 
that derived in § 52 of Chapter IV, except that it is necessary to add 
the term arising from the gravity forces (29). Equation (33) of 
Chapter IV is then replaced by 

8 8 r s 8 1 



where % is the velocity at the outside of the boundary layer. 

The corresponding energy equation for the boundary layer may 
be derived either by integration of (34) across the layer or by con¬ 
sidering the energy balance in an element of the layer. Only the 
former method will be given here. If 8' is the thickness of the 
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temperatur 6 boundary layer, we obtain, on integrating (34) from 

= i 3s > 

0 

layer) ‘xZ “* y ” *'■ the mter «k» ° f «» temperature 

S' S' S' 

J '’“s ^=s / ^ ^ W % - 

0 0 o ox 

S' g, 

0 0 
S' g> 

™ d i'w da ”iiS pTd!/ ~^ T )^-f 
0 0 

Also 0 vanishes for y = 0, and for y = S'we have from (2) 


(Hv=s- 


8' 


- Jo“#+'(pWf ^ 

0 Q w 

hence, making use of (2), 

8 

C/dT ST dT\ 

j \ p -dt +pu te +pv ty) d y 

S' g, 

" v(| j P 0,+S-j ^ 

where r is the temperature at the outside of the layer. Substitutiug 
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in (38) we obtainf 


1 0 0 

-3”(i J P iy+i J | (|+«|) Jj 

\ 0 0 7 J A 



This is the equation for perfect gases. The corresponding equation 
for liquids, obtained in the same way from (35), is 



d 1 

puT dy — T'A J pu dy 

o J 

8 ' 

ri (dT\ , C(8u\ 2 , 

= — JJc — +u. — dy. 

\ 8 y)y=o p J l py 


(40) 


265. Boundary conditions. 

The conditions satisfied by the temperature require (i) that it shall 
have given values at the surface of the body or, alternatively, that 
there shall be no heat transferred, in which case the temperature 
gradient normal to the surface must vanish, and (ii) that the tempera¬ 
ture shall have a given value at a large distance from the body. For 
flow through a pipe the condition at infinity is replaced by a corre¬ 
sponding condition at the entry. It is sometimes necessary to replace 
the condition at infinity by a condition at the outer edge of the 
boundary layer. Outside this layer the terms JIcV 2 T and on the 
right-hand side of (13) and (16), due respectively to conductivity and 
dissipation, are negligible. For liquids (13) then becomes 


r DT a 

^m = “• 


and hence T = T 0 . 

For the flow of liquids the temperature is therefore constant except 

■j* Frankl (Trans. Gentr . Aero-Hydrodyn. Inst., Moscow, No. 176 (1934)) has derived 
an integral equation similar to (39) which is applied to calculate the effect of com¬ 
pressibility and dissipation on the drag of a flat plate. 
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in the regions in which conductivity and viscosity are important, 
and the condition at infinity may be replaced by an identical condi¬ 
tion at the edge of the boundary layer. For gases, on the other hand, 
(16) becomes, for flow outside the boundary layer, 


pJc P - 


DT 
Dt ' 



and the integral of this is 

Jc p T— j — = constant. 


(41) 


Also outside the velocity layer the equation 


J —+|g 2 4-£2 = constant 

holds, where Q is the potential of the external forces, i.e. the potential 
energy per unit mass. Hence from (41) 

Jc p T+%%*+& = constant. (42) 

It follows that the temperature T' at the outer .edge of the velocity 
or temperature boundary layer, whichever is the thicker, is given by 


T'-T n = 


1 

2Jc, 


('u\—ul ), 


(43) 


where u x is the velocity at the outer edge of the layer, and u 0 , T 0 are 
the velocity and temperature in the undisturbed stream at the same 
value of Cl. The equation (43) holds generally with u 0 , T 0 denoting 
the velocity and temperature in the undisturbed stream, if the varia¬ 
tion of £2 is neglected. 


266. Laminar flow in a circular pipe. Wall at constant tem¬ 
perature. 

The solution of the problem of heat transfer to a fluid flowing with 
the Poiseuille velocity distribution through a circular pipe of radius a, 
at a section of which the temperature of the surface changes discon- 
tinuously, has been obtained by Graetzf and Nusselt.J Take 
cylindrical coordinates r, (f>, z, with the origin at the centre of the 
section at which the wall temperature changes from T 0 to T v and the 

f Ann. d. Phys. 18 (1883), 79-94; 25 (1885), 337-357. 

J Zeitschr. des Vereines deutscher Ingenieure, 54 (1910), 1154-1158. 
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axis of z along the axis of the pipe. The motion is steady, and 
equation (16) for the temperature becomes 

D8 ( 44 ) 


where 


Dt 
d = 


= kVW, 
T—T, 


% 


— T ’ 
0 - L 1 


°, j 

n f 


(47) 


and k is the thermometric conductivity; in this equation the terms 
due to the pressure gradient and the dissipation have been neglected. 
The boundary conditions are 

0 = 0 for z > 0 and r = a, (45) 

0=1 for z = 0 and r < a. (46) 

For the Poiseuille flow 

u r = 0 , u Q ^ 

-(*•/«)*]. 

where u m is the mean velocity. With these values for the velocity 
components equation (44) becomes 

0 /r\ 2 l 36 \d 2 6 l dd dm fAQ . 

"I W Jte ~ K [d^ + rd? + 8?. J ; (48) 

the term dWjdcf) 2 vanishes since there is symmetry about the axis of 
the pipe. It is assumed that d 2 Qjdz 2 may be neglected in comparison 
with dWjdr^-^r— 1 ddjdr. Solutions are then obtained by putting 

KZ 




2u m a 2 ] 

where /? is an undetermined constant, so that equation (48) becomes 
d 2 4 r 


dr 2 


If we write 
this equation is 


r dr a?l \a) _ 
( 8 r/ffl = r', 


d 2 ip 1 dip 
dr 72+ 7d? + 


A 2 ’ 


ip = 0 . 


(49) 


The series solution of this equation which is free from singularities 
at the origin is 

r' 2 3r' 4 /I 1\ 

# ^_ i _r r+ _( i+ _) + " 

The boundary condition (45) requires that i p shall satisfy 

-AM = o. 
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This equation has an infinite number of roots, of which the first three 
are 

A> = 2-705, ft = 6-66, ft = 10-6. 

Equation (49) has therefore an infinite number of partial solutions 
of the form 

A n exp 


5 kz \ fr\ 
l 2u m a 2 ) Xn \a/ > 


where Xn( r / a ) stands for *p(fi n rla,fi n ). The constants A n are deter- 
mined from the boundary condition (46), and Nusselt gives for the 
first three A 0 = +1-477, A x = -0-810, A 2 — +0-385. The tem¬ 
perature distribution is 



(50) 


where d=2ais the diameter of the pipe. Fig. 238f shows the tempera¬ 
ture distribution given by (50). The outer layers of fluid take up the 
temperature of the walls very quickly and the radial temperature 
distribution soon becomes steady. 

To obtain a comparison with experimental results it is necessary 
to calculate the mean temperature weighted with respect to the 
velocity, since this is the temperature which is measured when 
fluid which has. passed through the pipe is mixed.' This mean 
temperature ff M is given by 




_o 


u 

f e.2u m [l-(r/af]2rrrdr 

l 

f ^ u m[ 1 — (r/a) 2 ] 2nr dr 


f 0(W 2 )^ 

which becomes f) • _o_ 

M ‘ x 

/ (i -P)H$ 

0 

t Gtrober and Erk, Die Qrundgesetze der Warmeubertragung (Berlin, 1933), 180. 
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on putting £ = r/a. The value of the integral in the denominator 
is 0*25, while the value of the numerator has been calculated from 
(50) by Groberf and by Jacob and Eck.J They obtain 



Putting S M = 7frzifr> 


we have for the mean absolute temperature T M 
T M =T 1 +(%-T 1 )f 1 . 

f Die Ghrundgesetze der Warmeleitung und des Wameuberganges (Berlin, 1921), 
p. 181. t Forsch. Ingwes. 3 (1932), 121-126. 

3837.811 
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The heat transfer to the wall in unit time for a length l is given by 
the difference between the heat content of the fluid entering at 
2=0 and the fluid leaving at % = l. Hence we obtain 

Q = 

The Nusselt number depends on the choice of a mean temperature 
difference, which is taken to be the arithmetic mean of the mean 
temperature differences between the fluid and the wall at entry 
and exit—i.e. i(l+0jf)(2o—^i)- Hence (equation (17)) 


Nu 


u m d 2 (l—A\ 
2 kI \1+A)’ 


with Kl/(u m d 2 ) as the variable in the function f v A comparison 
between this formula and experimental results for oil is given in Figs. 
239 and 240. These figures are taken from McAdams’s book,f where 
full references to the experimental data may be found. Fig. 239 gives 
the results for heating oils and Fig. 240 for cooling oils: it will be 
seen that different results are obtained in the two cases. The reason 


is the distortion of the velocity distribution from the parabolic form, 
due to the variation of viscosity with temperature. 


267. Laminar flow in a circular pipe with constant tempera¬ 
ture gradient. 

A related problem which has a simple solution is that of finding 
the temperature distribution in a circular pipe whose walls are kept 
at a uniform temperature gradient, and in which fluid is flowing with 
the Poiseuille velocity distribution.^ The conditions will be similar 
at each section of the pipe, and we may put 

T = Az+g{r ), 


where A is the temperature gradient. Substituting this form together 
with the velocity distribution given by (47) in equation (16), and 
neglecting the pressure term and the dissipation term, we obtain the 


equation 



The solution which is flee from singularities and satisfies the condi¬ 
tion g = 0 at the surface of the pipe, r = a, is 


2u m Aa 2 ' 
k [1 


l/r\ 2 1 fr\ 

*5 [a] + 16 la) 


t Heat Transmission (New York, 19'33), pp. 203-210. 

t Cf. Nusselt, loc. cit.; Eagle and Ferguson, Proc. Roy. iSoc . A, 127 (1930), 640-566. 
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This gives T max = Az-l U ^L 

8 K 

as the temperature at the centre of the pipe; for the mean tempera¬ 
tures T m and T M we obtain 


and 



Tr dr = 

6 K 


T — ^ f r _ A z * * u m-A - a2 

*rdr-Az-- — 


where T m is the unweighted mean, and T M the mean weighted with 
respect to the velocity—i.e. the temperature which is measured in 
fluid which is mixed after passing through the pipe. The rate of heat 
transfer per unit area, Q, is equal to k(dTldr) r=a , which from (51) is 
Tcu m Aal2K ; and the value of the Nusselt number Nu (equation (17) 
with Q/8 replaced by Q and d as the pipe diameter) is, when based 
on the mean temperature T m , 


Nu = 


2 aQ __ 

Wn-Az) - 


but when based on T M it is 


Nu = 48/11. 


268. Forced convection in a laminar boundary layer at a flat 
plate along the stream. 

For steady flow past a flat plate, at temperature T x and parallel to 
a stream of velocity % 0 and temperature T 0 , the pressure p is constant, 
so that equation (16) governing the temperature distribution is 


pJc, 


[ dT , dT\ 


r ,d*T 


(52) 


When the heat generated by dissipation is neglected, this becomes 


dT , dT 
u—+v— 
dx dy 


d 2 T 
: 8y *’ 


(53) 


and the boundary conditions are 

T — T x at y = 0, T = T 0 at y = oo. 

For small temperature differences the velocity distribution is the 
same as for isothermal flow. The velocity % outside the boundary 
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layer is taken equal to the undisturbed velocity u 0 , and the solution 
in Chap. IV, § 53 shows that, if 

V = 

and ip is the stream-function, then 

ip = (vu 0 z)*f (■>}), u = \uj’, v = 

where f(y) satisfies the equation 

/'"-hr = o. 

With these values of u and v equation (53) can be satisfied if the 
temperature is a function of y only. If we put 

T = T-(T x ~T 0 )Q(-n), 

(53) becomes 6"+crf6' = 0, (54) 

where a — v/k, and the boundary conditions satisfied by 8 are 
0 = 0 at •>] = 0, 0 = 1 at 7) = oo. The solution of (54) with these 
boundary conditions isf 

6{ v ) = a x (a) J expj-o- dy, 


where 


“i( c 


— = J expl—o- J fdy \ dy 


Substituting / = —f'jf", we obtain the alternative form 


6(7)) = ol^ct) 



Fig. 241 shows the variation of 9 with r) for a number of values of a. 
Pohlhausen (loc. cit.) tabulates a 1 (a) 5 and remarks that 

a i( cr ) 0-664o*, 

which is shown for comparison in Table 19. 


Table 19 


cr 

ai(a) 

0 * 6640 ^ 

o -6 

0-SS2 

0*560 

o*7 

0-585 

0*589 

o-8 

0*614 

0*616 

°*9 

0*640 

0*641 

1*0 

0*664 

0*664 

i*i 

0*687 

0*685 

7*o 

1 * 2,9 

1*26 

10*0 

1*46 

i*43 

15*0 

1*67 

1*64 


rf Pohlhausen, Zeitschr.f. angew. Math. u. Mech. 1 (1921), 115-120. 
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The heat tr ans fer in unit time from one side of a plate of length l 
and breadth & is i 



= c x 1 (a)kb(T 1 —T 0 y(u 0 llv), 

and the corresponding value of the Nusselt number is 
Nu = a 1 (CT )^(« 0 Hv) = 


Also 


Jc ~^U- 
ks ~ eR- 


If + 


where G f (= 1-328.R-*) is the coefficient of mean friction of the surface. 

The local value of Nu is one-half the total value. Measurements to 
determine the heat transfer from a heated flat plate have been made 
by Elias, f The results in the laminar region for the local heat transfer 
are scanty and scattered; the theoretical formula seems to represent 
them as well as could be expected. 

The energy equations (39) and (40) can also be used to obtain an 
expression for the heat transfer. For brevity we shall consider only 
the case of an incompressible fluid, though the result for a com¬ 
pressible fluid is substantially the same. An approximate expression 
for the velocity distribution (Chap. IV, § 60, p. 157) is 


~ = 2 - 


2 §3 + § 4 ’ 


where 8 — 5-83(kk/w 0 )* and is the thickness of the velocity layer. If 
we neglect the dissipation function and take the density as constant, 
(40) becomes 



where S' is the thickness of the temperature layer. Assuming that 
the temperature distribution is similar to the velocity distribution, 
so that 


we obtain 
8 ' 


Ti-To S ,_r 8' 3 


'S'*’ 


J MT-T„) iy = 


t Zeitschr.f. angew. Math . u. Mech. 9 (1929), 434-453; 10 (1930), 1-14.' 
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where x = 8'/8 and is the ratio of the thicknesses of the temperature* 
and velocity layers, and is independent of x . Then (55) gives 

“° 8,2 (^ x_ Iio x3+ Bo x4 ) = 4kx • (56) 

For the velocity layer 

“" 8, (A - ® + I5o)“ 4 “- < 57 > 

and dividing (56) by (57) we have 

X 3 [l +0*182(1—x 2 )—0*047(1—x 3 )] = 1/or. (58) 

An approximate solution of (58) which, for values of a greater than 
unity, differs by less than 5 per cent, frum the accurate solution is 

X = (59) 

From (57) and (59) we obtain for the heat transferred in unit time 
from one side of a plate of length l and breadth b 

Q = 0"686o*£&(Zj L — T 0 )^(UqIIv), 

and the corresponding value of the Nusselt number isf 

■Nu = 0-686or^(u 0 l/v). 

This method of solution shows how the proportionality to cr*, re¬ 
marked by Pohlhausen, arises. The result applies only for S'/S < 1, 
that is for a > 1, since the value of u used in (55) holds only 
for y < S. For S'/S > 1 the algebra is more complicated, because 
two different expressions have to be used for u\ but it gives an 
identical expression for the rate of heat transfer for values of a greater 
than 0*5. 

269. The reading of a thermometer in a moving fluid. 

PohlhausenJ has also obtained the solution of the problem of the 
plate thermometer—i.e. the temperature which a thermometer in the 
form of a flat plate placed parallel to the stream will read when 
no heat is being transmitted to or from it by the fluid. In this pro¬ 
blem the heat generated by dissipation cannot be neglected, and the 
temperature distribution is now given by (52) together with the 

Cf. Kroujiline, Techn. Physics U.S.S.R. 3 (1936), 183-194. 

J Zeitschr.f. angew. Math. u. Mech. 1 (1921), 120, 121. 

Qq 


3837.8 II 
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condition of zero heat transfer from the surface. The velocity distri¬ 
bution is the same as before, but the boundary conditions for 
the temperature are now dT/dy = 0 at y = 0 , T = Tq at y = oo. 
Changing to the new variable t? as in § 268, and putting 

T = T °+\£-y- 

we obtain 6"-\-ofQ'-\-2af" 2 — 0, (60) 

where f{r,) has the same meaning as in § 268. The boundary condi¬ 
tions are 0' = 0 at 17 = 0, and 9 — 0 at r, = oo. The solution of (60) 
satisfying these conditions is 


6(7]) = 2 cr J exp|— cr j / dr )j J /" 2 exp|a J / dr^ dr, dr,. (61) 
Hence, if 6(0) is denoted by a 2 (cr), 

a 2 (a) = 2a J exp|—cr J/dijj J/" 2 exp(o- J/cfyj cibjj dij. (62) 


Since / = and therefore 


exp^cr J/cfy) = [f (*?)/f (0)]~" 


(61) may be written 


d(rj) = 2or 


J(/'r[j(/") 2 - CT ^] *?, 


with a corresponding expression for a 2 . For cr = 1 the expression 

for 9 reduces to at \ a w 

d(7]) = 4 —/ 2 

since/'(0) = 0,/'(oo) = 2; and hence 


T = To+ 2 ( 63 ) 

This result, which is equivalent to the statement that the energy 
per unit mass (Jc p T-\-\u 2 ) is constant for a — 1 , may be verified 
directly from the original equation (52). (Of. equation (36).) 

Pohlhausen has tabulated the function (61) for a number of values 
of cr, and his results are reproduced in Fig. 242. He also gives values 




Fig. 242. 
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of « 2 (<r), which are reproduced, together with the approximate form 
4 <t* for comparison, in Table 20. 


Table 20 


a 

<*2<<d 

4°“^ 

o *6 

3*08 . 

3.09 

o-7 

3*34 

3*34 

0-8 

3-58 

3-58 

0*9 

3*80 

3*79 

1*0 

4*00 

4*00 

i*i 

4*20 

4*19 

7*0 

10*06 

io *6 

10*0 

n *86 

12*6 

i5*o 

14*14 

15*5 


The relation between the reading T x of a plate thermometer and 
the temperature T 0 of the main stream is 

T t = %+A(a), 


wiere A<„> - | %«') * £ 

For thermometers of other forms it is possible to derive a solution 
if a is unity. In this case (36) has an integral 

Jc p T-\-\u 2 = constant. 

Hence, from equation (43), » 

Jc P T+\u z = Jc^Tz+lul- 

It will now be shown that this expression satisfies the boundary 
condition of no heat flow from the surface. It satisfies the condition 


JL(Jc p T+%u z ) = 0, 

and since d{^u 2 )jdy = udu/dy = 0 at the surface, it follows that 
dTjdy = 0, and hence there is no heat flow.f The temperature T x of 
the surface is therefore given by 


to obtain the temperature T 0 of a stream of velocity u 0 of fluid for 
which a = 1, the reading T ± of a thermometer immersed in it must 
be reduced by an amount ul/(2Jc p ), which is the thermometric 
equivalent of the kinetic energy of the stream. 


t Busemann, loc. cit. on p. 612. 
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For values of a of the order of, but not exactly equal to, unity, 
A. A. Griffith, in an unpublished communication, has suggested a 
formula ^ = T Q +[ul/(2Jc p )][l-(l-a)m^ 

for either laminar or turbulent boundary layers, though the value 
of m will depend on whether the boundary layer is laminar or turbu¬ 
lent, and on the shape of the body. Griffith suggests values of m 
about 1 for a stream-line body (aerofoil) and about 1-4 for a circular 
cylinder. This formula has been experimentally verified by W. F. 
Hilton*}* for speeds below the ‘compressibility’ stall, with average 
values of m over the surface about 1*1 or 1*2 for an aerofoil at small 
incidences and about 1*57 for a circular cylinder. 


270. Forced convection from a cylinder near the forward 
stagnation point. 

Near the forward stagnation point of a cylinder imm ersed in a 
moving fluid, the velocity u x outside the boundary layer increases 
linearly with distance from that point, so that u x = p x x. The 
velocities in the boundary layer are given in § 54 of Chapter IV. If 
the body is heated to temperature T x , equation (34) for the tempera¬ 
ture distribution is dT dJ1 ^ 

u- — \-v— = k —?, (64) 

8x dy dy 2 


if we neglect the term udp/dx and the dissipation function <5. The 
boundary conditions are T = T x at y = 0, T = T 0 at y = oo. 

The equation has a solution which is a function of y only. Putting 

v = (ft Irfy, u = ft^f (ft> v — — (vft )%?) 3 

as in Chap. IV, § 54, and further 

T = (fli -T 0 )9(r,), 


we find that (64) becomes^ 

9"+afd' = 0. (65) 


The boundary conditions for 9 are 6(0) = 0, 6( oo) == 1 , and the 
relevant solution of (65) is 


6(rj) = ot z (a) J exp <t | / dyj dr}, 


where 



See a forthcoming paper in the Proc. Boy. Soc. 


J Squire (unpublished. 
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The rate of heat transfer from a section of the cylinder of breadth b 
and length x measured from the stagnation point, is 

Q = 

and the corresponding value of the Nusselt number is 

Nu = oc 3 (a)(^/v)K (66) 

where d is a representative length. A set of values of a 3 (or), together 
with the values of an approximate form 0*570 cr 04 for comparison, 
is given in Table 21. 

Table 21 


a 

ot z (a) 

0*570 a 0 ' 4 

0*6 

0*466 

0-465 

0*7 

o*495 

o-495 

o-8 

0*521 

0*521 

o*9 

0*546 

0-546 

TO 

0*570 

0-570 

IT 

0*592 

0-592 

7-o 

1*18 

1-24 

10*0 

.1*34 

1-43 

i 5 *o 

i*54 

i -68 


These results may be compared with experiments on the distribu¬ 
tion of heat transfer from a heated cylinder in a fluid stream. Near 
the stagnation point of a circular cylinder the theoretical value for 
the velocity outside the boundary layer is approximately correct, 

and is . ,, 

% = 4 u Q xjd, 

where u 0 is the velocity of the main stream and d is the diameter of 
the cylinder. Hence ft 1 = 4 u 0 /d; taking a for air as 0*733 we obtain 

from (66) Nu=101 (u 0 d/v)i. 


For u 0 djv — 4xl0 4 the theoretical value of Nu is 202. Values 
obtained experimentally are: 


Lohrischf 
. KleinJ 

Drew and Ryan|[ 


206 

190 

185 (approx.) 


The agreement between theory and experiment is satisfactory. 


t Forschungsarbeiten des Ver. deutsch. Ing., No. 322 (1929), 46-67. 
f Archivfiir Wdrmemrtsehqftund Dampfkesselwesen, 15 (1934), 150. 
|| Trans. Amer. Inst. Ohem. Eng. 26 (1931), 118-147. 



XVI. 271] 


(633) 


271. Further solutions for forced convection in a boundary 

layer. 

Other problems of forced convection have been considered by 
Fage and Falkner.f They neglect the dissipation function and the 
term depending on the pressure, so that the energy equation for 
steady motion in the boundary layer has the form (64). It is assumed 
that the compressibility of the fluid may be neglected, so that the 
velocity distribution is unaffected by the heat transfer and may be 
supposed known. 


Now put 


T-T x 

T,-T ± 


(as in §270), where T x is the temperature of the surface, which is 
taken to be a function of x , and T 0 is the temperature at infinity. 
Then equation (64) becomes 


38 , 8- 

u - \-u— 

dx T r 


-jP 0 dx V dy K dy z * 


(67) 


The boundary conditions are 6 = 0 at y = 0, 8 = 1 at y = oo. 
If the temperature at the surface is expressible in the form 

T x = T 0 +Bx^, 

where B and ft are constants, (67) becomes 


«?+v 

dx ' x' 


.,1 , 86 8 2 6 
J V ty K fy 2 ' 


( 68 ) 


Page and Palkner consider cases for which it is sufficiently accurate 
to assume that the velocity at the outer edge of the layer is given by 

u x = cx m , 

where c and m are constants, as in Chap. IV, §54. Then (Chap. IV, 
equation (66)) the stream-function is ('u 1 vx)*f(r}), where 

rj = (ujvx^y, 

80 «=%/(,>. 

There is a solution for which 8 is a function of r\ only, so that 
(68) reduces to 

6"+a[Um+l)fd'-ff'(e~l)] = 0 . 

Fage and Falkner now assume that it is sufficiently accurate to make 
f A.R.C* Reports and Memoranda , No. 1408 (1931). * 
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u increase linearly in the boundary layer—i.e. they replace f'(rj) 
and f(r}) by ocrj and \acrf respectively, where a = /"(0). The equation 
for 6 then becomes! 

6"+a 0 ll(m+l)7 ] W'~-p7 1 (9-l)] = 0. (69) 

The boundary conditions are 0(0) = 0, 0(oo) = 1 . Equation (69) 
may be solved numerically and the rate of heat transfer per unit 
area at the point x found in the form 

Q = -Jc(dTldy) y=0 = a&m-TMuJvx)*, 

where a 4 (o-) is the value of 6'(rj) at ij = 0. Referred to x as ‘represen¬ 
tative distance’ the corresponding local heat transfer number is 

Nu = a 4 (o-)(%a:/v)*; 

a 4 (a) depends on both m and The total heat transfer is obtained 
by integration. 

Taking the value of a for air as 0-77, Eage and Ealkner calculated 
the value of a 4 (0-77) for a number of cases, and their values are 
given in Table 22. 

Table 22 


m 

p 

“ 4 ( 0 - 77 ) 

Remarks 

o 

o*5 

0*4 

0*3 

0*2 

o 

0*425 

0*406 

0*386 

0*363 

0*310 

Plat plate 
a = 0*332 

i 

o 

0-450 

Uniform intensity of 


1*0 

0-674 

skin-friction 


- 0*7 

0 (approx.) 

a = 0*757 

X 

0 

1 o* 6 oo 

Uniform gradient of 


I 

0 

CO 

CO 

6 

skin-friction 


— I 

0 (approx.) 

a = 1*233 


Eor a flat plate kept at uniform temperature (m = 0, /? = 0) Eage 
and Falkner’s method gives a 4 = 0-310, whereas the corresponding 
exact value obtained by Pohlhausen is 0-3034 This difference 
arises from the assumption that in the heated layer the velocity 
increases linearly with distance from the surface. 

The calculated results were compared with experimental results 

t a depends on m, and numerical values may be found from a short table given 
in Chap. TV, § 64, p. 180, wherein (<PF/dY 2 ) rim0 would be here denoted by [2/(m+ 1 )]!<*, 
and what is there denoted by /? is equal to 2ml(m+ 1 ). 

t See p. 624. For*the flat plate the local value of Nu is one-half the total value. 
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obtained by measuring the beat transfer (i) from a piece of platinum 
foil in the form of a flat plate, and (ii) from a nickel strip embedded 
in a circular cylinder, which in both cases were heated by passing 
an electric current through them; reasonably good agreement was 
found. 



In the case of the platinum foil (rn = 0), experiments were made 
on the middle half of the foil, this half being of breadth b (say). The 
average temperature elevation was estimated to be 150° C. from the 
mean electrical resistance. The value (0-4) of /? was chosen to make 
the dis tribution of heat transfer as determined from the solution 
above in as close agreement as possible with that determined from 
the physical properties of the foil on the assumption that the heat 
transferred to the air from any strip was equal to the heat generated 
in the strip. The theoretical temperature change BP (where l is the 
length of the foil) was found by making the measured resistance of 
the foil equal to that calculated from the assumed temperature law 
and the physical properties of the foil; and for j8 = 0 - 4 was found to 
be 220° C. If we integrate the expression obtained above for the rate 

3837.8 n Kr 
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of teat transfer per unit area at the point x , after replacing T x — T 0 
by Bx& and putting % equal to tte undisturbed velocity u 0 of the 
stream, we find that the heat transfer from one side of the plate is 


2a 4 

2 / 3+1 


JcbBlP 



If we double this so as to obtain the heat transfer from both sides 
of the foil, and divide by kb times the average temperature elevation 
found in the experiment (as above), then we find the Nusselt number 


Nu = 


4x0-406 220/yU 

1-8 X 150 \ v ) 



The values found for this same quantity by measurement of the 
total heat transfer are represented by 


Nu = 1-50 (%Z/v)t. 
The results are shown in Fig. 243. 


272. Forced convection from a circular cylinder.f 

Many experimental investigations have been made of the heat 
transfer from a heated circular cylinder at right angles to the air- 
stream. For gases the results can be expressed by the empirical 

form ’ ia ' Nt. = OB", 


where the index n increases with Reynolds number. Hilpert’sJ 
results for laminar flow for a range of R from unity to 2*4 x 10 5 are 
shown in Fig. 244 as a curve of logNu against log R. The cy lin ders 
were all at a temperature of 100° C.; the air was at room temperature. 
Hilpert also investigated the influence of the temperature difference 
between the cylinder and the air, and found that it could be represented 
by the formula 

Nu = O 



For gases the dependence of the heat transfer coefficient on the 
Prandtl number a is unimportant, since a does not differ greatly 
from unity. For liquids the Nusselt number will, however, vary with 
o-, and from the experiments of Davis|| this dependence can be 
expressed in the form Nu = Rn 


t The subject-matter of this section is from a lecture by Schmidt, Proc. 4th 
Internat. Congress for Applied Mechanics, Cambridge, 1934, pp. 97 , 98 . 

I ^l r ~ C \'/ ngwes ‘ 4 ( 1933 )> 215-224; Ver. deutsch. IngForschungsheft 355 (1932). 
|| Phil. Mag . (6), 44 (1922), 920-940. 
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273. Free convection from a heated vertical plate. 


The problem of the calculation of the heat transferred from a hot 
vertical plate in still air was considered by Lorenzf in 1881, on the 
assumption that the temperature and velocity at any point depend 
only on the distance from the plate. The experiments of Schmidt 
and Bec km ann % showed that this assumption is invalid, and indicated 
an alternative method of solution. The thickness of the layer in 
which the temperature and the velocity differed appreciably from 
the values at infinity was found to be small compared with the height 
of the plate: hence the approximations of the boundary layer theory 
will be valid. The pressure p is equal to the hydrostatic pressure, 
and with the origin at the lower edge of the plate, the axis of x along 
the plate and the axis of y normal to it, the governing equations 
(§263) are 


du 

dx 




du , du 

U — +V-— : 

dx dy 


d 2 u , IT-T, 


8T , dT d 2 T 

u-~ — \-v — = /c—-, 
dx dy dy 2 

provided that the temperature difference between the wall and the 
air is small compared with the absolute temperature. The undis¬ 
turbed air temperature is T 0 ; let T x be the temperature of the plate. 
Then with 

Zi -To 

the last two equations become 


i *i +v te ssv 0!* + (Ozl j,U 

su. ' > *1 m I 


86 . 89 8*6 

U-— + V — = K—Z. 

dx dy dy 2 


The boundary conditions are u — v = 0, 0=1 at y = 0, u = 0, 
$ = o at y = 00 . The partial differential equations can now (follow- 


t Ann . d. Phys. 13 (1881), 582-606* 

t Mech. u. Thermodynamik , 1 (1930), 341-349, 391-406; cf. Schmidt, Proc, 
4th Internal Congress for Applied Mechanics , Cambridge , 1934, pp. 98-102. 
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ing Pohlhausen) be transformed into ordinary differential equations 
by tbe substitutions 


(eay) ' 


Ip(x, y) = 4 vCx*f{rj), 

0(*>y) = 9iv)> 

where tft is the stream-function defined by 

8Ji M 

u — v = ——, 

8y 8x 

so that u = 4vC' 2 x i / , (ij) ; v = vCx-^rjf—Zf). 

The equations for / and g are 


r + 3ff-2p+g = 0, 
g"+3afg' = 0, 

and the boundary conditions are /( 0 ) = 0 , /'( 0 ) = 0 , g( 0 ) = 1 , 
/'(oo) = 0, £ 7 ( 00 ) = 0. These boundary conditions also suffice to make 
u — 0 , 6 = 0 at x = 0 , and the transformations indicate that 6 and 
the quantity w/(4vC , 2 x i ) should be functions of Cy\x* only, where 



The equations have been solved in series by Pohlhausen for air 
(cr = 0-733), and the theoretical local value of the Nusselt number 
at a point distant h from the lower edge of the plate was found to be 

Nu = ^ = 0-508 = 0-359(Gr)*, 

where a is the heat transfer in unit time from unit area for unit 
difference of temperature, and Gr is the Grashoff number (p. 607): 

Gr = gh*(T x -T Q )I(v*T 0 ). 

Schmidt and Beckmann, in their experiments on heat transfer from 
vertical plates, found good agreement with the results of this theory.f 
Figs. 245 and 246 show comparisons between the theoretical and the 
measured temperature and velocity, respectively, for a flat plate of 
height 12-5 cm. at a temperature of 65° C. in air at 15° C. 

f Measurements of heat transfer from plates in a pressure chamber over a range 
of pressures from 0*043 to 65 atmospheres by Saunders (Proc. Boy. Soc . A, 157 (1936), 
278—291) gave results in agreement with those of Schmidt and Beckmann. 




Fig. 245. 
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An alternative method of solution may be obtained by use of 
equations (37) and (39).+ For steady flow, with constant pressure 
and with dissipation neglected, these equations simplify to 


8 8 



0 0-5 1-0 1-5 2-0 2-5 

C«/x* 


Fig. 246. 

where S' has been put equal to S, since the fluid will tend to ascend 
only in the region where the temperature of the fluid is raised. Also, 
since p is constant (the variation of pressure with height being 
neglected), equation (1) gives 

pT = p 0 T 0 ,. 

where p 0 and T 0 are the density and temperature at infinity. Hence 
(70) and (71) become 



f Squire (unpublished). 




642 


HEAT TRANSFER (LAMINAR MOTION) 


[XIV. 273 


Suitable approximate expressions for u and T which satisfy the 
boundary conditions are 

«=i) 2 - 



Fig. 247. 


where u x is a velocity which is a function of x and which is to be 
determined. The temperature difference {T X —T Q ) between the plate 
and the air is assumed small compared with T 0 , so that 



to a sufficient approximation. With these expressions for u and T 
(72) and (73) give approximately 


and 


d ( u l&\ _ J Ti—T 0 \ 8 vu x 

dx\ 105/ y \ T 0 ) 3 8 

d lu x S\ 2 k 
dz\~3oJ = T’ 


where, in the first equation, a term has been omitted which is of higher 
order in ( 2 [—T 0 )/T 0 than those included. The solution of these 
equations is 





5-17y 
3 
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and the corresponding value for the local heat transfer number at a 
point distant K from the lower edge of the plate is 


Nu 


ah 


= 0-508(7* 




#>( 21 — T 0 m 



For air a = 0-733, and this expression gives 


Nu = 0-382 


-gW{T x -T 0 ) 


v*T n 


0-382(Gr)*, 


which is 6 per cent, higher than the accurate solution. (Closer 
approximations could be obtained by taking more complicated expres¬ 
sions for u and T.) Figs. 247 and 248 show the relation between the 
approximate and the exact solutions for the temperature and the 
velocity, respectively, for air, 6 again denoting (T — T a )j(T x —T 0 ) 
in Fig. 247. 

274. Other problems of free convection. 

Hermann-)- has extended the solution for free convection from a 
vertical plate (§273) to the case of free convection from a Horizontal 
cylinder in the range (10 4 < Gr < 3.10 s ) in which the laminar 

t Fer. dmtseh. Ing., Forechungsheft 379 (1936), 1-24. See also the footnote on p. 608. 

3837.8 II s s 
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boundary layer equations may be used; good agreement was 
obtained with the experimental results of Jodlbauer.f As in the 
case of the plate, the Nusselt number is proportional to (Gr)i.J 
Pig. 249 shows the measured temperature and velocity fields for a 
cylinder of diameter 50 mm. with the surface at 105° C. in air at a 



Fig. 249. 

temperature of 18° C. (The radial distances outside the cylinder are 
enlarged 10 times in comparison with the scale for the cylinder 
diameter.) 

If the Grashoff number is sufficiently high the flow in the boundary 
layer associated with free convection may become turbulent. Her- 
mann|| has investigated the transition to turbulence for vertical 
plates and circular cylinders. It was found that jS 8 , the Reynolds 
number formed from the maximum velocity in the boundary layer 
and the boundary layer thickness, was about 300 at the transition 

t Forsch. Ingwes. 4 (1933), 167-172. See also Schmidt, Proc . 4thInternat. Congress 
for Applied Mechanics , Cambridge , 1934, pp. 102, 103. 

t The proportionality to (Gr)£ holds for all cylinders, as may be deduced from the 
governing equations. 

|| Loc. cit. on p. 643. 
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point for both plates and cylinders; this is associated with a value 
of about 10 9 for the Grashoff number for a vertical plate and 3*5 X10 8 
for a horizontal cylinder. 

Griffiths and Davis} and Saunders} have made experiments on heat 
transfer from plates with a turbulent boundary layer. These gave the 
result that the Nusselt number is proportional to Gr J , as compared 
with Gr* for a laminar boundary layer. 

The complete measurement of the temperature and velocity fields 
for free convection from a body is a lengthy process, but the heat 
transfer can be found by Topler’s ‘Schlieren’ method. This depends 
on the variation of the refractive index of air with density, and 
involves only the measurement of the deviation of light rays passing 
through the air. A full account of the ‘Schlieren’ method has been 
given by Schardin,|| and its application to problems of free con¬ 
vection has been described by Schmidt.}} 

f ‘Transmission of Heat by Radiation and Convection’ (Special Report of the 
Food Investigation Board, No. 9, London, 1922; revised edition, 1931). 

{ Loc. cit. on p. 639. 

|| Ver. deutsch. Ing., Fmchungsheft 367 (1934). See also Chap. VI, § 134. 

ff Pm. 4th Internat. Congress for Applied Mechanics, Cambridge, 1934, pp. 103-110. 

ADDITIONAL REFERENCES 

A list of additional references for Chapters XIV and XV will be found at 
the end of Chapter XV. 
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HEAT TRANSFER (TURBULENT FLOW) 

275. Introduction. 

Tttw exact analysis of heat transfer in turbulent flow is dependent on 
a knowledge of the distributions of mean velocity and of the velocity 
fluctuations,- concerning which theories have been formulated only 
in recent years. Before these developments the only important step 
taken was due to Reynolds,! who suggested that heat and momentum 
were tr ans ferred in the same way, and deduced that heat transfer 
was proportional to skin-friction. The momentum transfer theory of 
turbulent flow (Chap. V, §81) neglects the effect of fluctuating 
pressure gradients, and since these pressure fluctuations do not 
infl uence the heat transfer the assumptions of the momentum 
transfer theory and of Reynolds’s theory are equivalent (§279 
infra). 

In this chapter the heating due to pressure changes and to the 
dissipation of energy by viscosity will be neglected, and considera¬ 
tion will be limited to incompressible fluids; the distributions of mean 
velocity and of the velocity fluctuations will be assumed to be the 
same as for isothermal flow; and the variations in conductivity, 
viscosity, and specific heat with temperature will be neglected. The 
application of the results to heat transfer in compressible fluids 
(provided that c p , the specific heat at constant pressure, is used in 
the formulae) may be justified for small temperature differences 
under the same conditions as in Chapter XIV (pp. 608, 609). 

The temperature at any point in a field of turbulent flow has a 
mean value denoted by T and a fluctuation of magnitude T' (the 
mean value of which is zero), while the velocity has mean com¬ 
ponents U, V, W and fluctuating components u, v, w.% 

276. The equation of eddy heat transfer. 

The equation (13) of Chapter XIV for the temperature T in an 
incompressible fluid, with dissipation neglected, is 

DT 

pc— = W>T, (1) 

f Proc. Manchester Lit. and Phil. Soc. 14 (1874), 7-12; Collected Papers, 1, 81-85. 

t The same remarks with regard to taking means apply to the temperature as to 
the velocity. (See Chap. V, § 68.) 
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where c is the specific heat. If U+u is substituted for u, V+v for 
v, W+w for w, and T+T' for T, and mean values are taken, (1) 
becomes (when use is made of the equation of continuity, as in 
Chap. V, § 69) 



The rates of heat transfer by molecular conductivity across unit 
areas normal to the coordinate axes in the positive directions of 
these axes are —JcST/dx, —kST/dy, —JcdT/dz, respectively. Equa¬ 
tion (2) shows that the effect of the fluctuations is to add to these 
rates of heat transfer by molecular conductivity the eddy heat 
transfer terms pcuT', pcvT', pcwT', so that the resultant rates of 
heat transfer are (—JcdT/dx+pcuT'), etc. In turbulent flow the 
effect of the eddy heat transfer terms is large compared with the 
effect of the molecular conductivity terms except where the tempera¬ 
ture gradient is very large. (This is analogous to the largeness of the 
Reynolds stresses compared with the viscous stresses except where 
the rate of deformation is very large.) When the molecular conduc¬ 
tivity terms are neglected, (2) reduces to 


8 ^ + U d ~-+V 8 -f+W~ = —^(uT')—^-(vT')--(wT'). (3) 
dt ‘ dx dy 3z dx v dy dz K • 

In cylindrical polar coordinates (r, d, z) (3) becomes 

ST V 8T KdJT v dT 
8t + r dr + r 86 + * 8z 


(4) 


277. Example. Flow between parallel walls with a constant 
temperature gradient in the direction of flow. 

Consider the heat transfer for steady flow between two parallel 
fixed walls each of which is kept at the same constant temperature 
gradient. The origin being taken midway between the walls, the 
axis of x parallel to the mean flow and the axis of y normal to it, the 
mean temperature may be written T — Ax+6(y), while for the mean 
velocity U = U(y), V — 0, W = 0 . Of the eddy heat transfer terms 
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uT ' is independent of x and wT f is zero, so ( 2 ) becomes 

k(* %-**)-**>+• 

and this may be integrated to give 

y 

pcvT' = k^-—pcA f JJ dy , (5) 

ty J 

the constant of integration vanishing since vT' and dT/dy vanish by 
symmetry at the centre of the channel, y = 0 . 

The corresponding result for flow through a circular pipe with a 
constant temperature gradient in the direction of flow is easily 
derived in the same way, and is 

pcv/r = J Ur dr, (6) 

where U now stands for the axial velocity at a distance r from the 
axis of the pipe. 

278. The mixture length theory. 

It has been shown (Chap. V, eq. (19), p. 206) that, with the concep¬ 
tion of mixture as in the kinetic theory of gases, the rate of transfer 
of a property 9 across unit area normal to the y-axis and in the 
positive direction of this axis is 

Q = —LvdQ/dy, (7) 

where L is written for (A 2 —/q). The two 'mixture length’ theories 
of turbulent flow, the momentum transfer theory and the vorticity 
transfer theory, differ in their assumptions that momentum and 
vorticity are transferable in this sense, the effect of the fluctuating 
pressure gradients being neglected in the former theory. These 
fluctuating pressure gradients, however, cannot affect the heat 
transfer, and we may .therefore identify Q with the rate of heat 
transfer across unit area normal to the t/-axis in the positive direction, 
so that Q = pcvT'. The property 9 which is being transferred is the 
heat content per unit volume, equal to pcT. Then (7) becomesf 

pcvT' = — pcLvdTjdy . (8) 

t Eq. (8) holds if T is a function of y only. In (10) and (11) no allowance is 
made for the effect of the axial temperature gradient on vT', so a term of the form 
AL'v is neglected: this term is small compared with the terms retained. 
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With Prandtl’s further hypothesis that 

Lv = l^ 


dU dT 


(8) becomes vT' = -Z* _ 

dy dy 

It is reasonable to suppose that the quantity Lv and the mix ture 
length l are the same for heat transfer as for momentum or vorticity 
transfer, since the same mechanism is at work, and it will be assumed 
that this is the case. 

For the flow in a channel considered in § 277, (5) gives 

V 

dT - f 

— ( K +Lv) = AjUdy, (10) 

where k = Jc/pc and is the thermometric conductivity of the fluid; 
for the corresponding flow in a pipe (6) gives 

gy _ a £ 

_ {K+LrVr)== ±j Urdr> ( 11 ) 

where L r is measured in the direction of r increasing and v r is the 
turbulent velocity component in that direction. 

279. Reynolds’s analogy between heat transfer and skin- 
friction. 

Reynolds']* suggested that in turbulent flow momentum and heat 
were transferred in the same way. If we now consider flow parallel 
to the #-axis with heat transfer in the positive direction of the y-axis, 
this statement (which requires that the velocity fluctuations parallel 
to the mean flow should be proportional to the temperature fluctua¬ 
tions) is represented analytically by the equation 

vT' _ jjg /121 

where U m , T m are the mean velocity and mean temperature for the 
region of flow considered, and U 1; T x are the velocity and temperature 
at some reference plane. It follows that the rate of heat transfer 
Q (= pcvT) in the positive direction of the y-axis across unit area 


f Loc. cit. on p. 646. 
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normal to this axis is correlated with the Reynolds shear stress 
T (= —pwv) in such a way that 


_ Q _ Z 

pc{U m -U x ){T m -T x ) P (U m -U x r 


(13) 


Between the heat transfer from a fixed wall at temperature T v for 
which U x = 0, and the skin-friction at this wall we obtain from (13) 
the relation 7„ 


\ C P 


(14) 


where k B is the heat transfer coefficient defined by QJ[poU m {T- i _—T m )\ 
(cf. Chap. XIV, equation (19)), and c f is the skin-friction coefficient 
To KipUh); the zero suffix indicates that values are taken at the 
boundary wall. 

To examine more closely the conditions for which Reynolds’s 
theory is applicable, consider the flow of a fluid in which the mean 
velocity U is a function of y only, or alternatively is large compared 
with the component V (as for flow in channels, wakes, and boundary 
layers). The equations for the velocity distribution on the momentum 
and vorticity transfer theories are then 


and 


u 8 -E +y 8 -E = 

dx dy 
dx dy 


i dp , a / eu , -p-8 

p dx'dy\ dy dy 
1 dp , . , jr-.d*U 




(15) 

(16) 


respectively. When heat is being transferred the equation for the 
temperature, obtained from (2) and (8), is 


u e £+v?Z = 

dx dy 



(17) 


Inspection of these equations shows that there is no direct correla¬ 
tion between velocity and temperature if the velocity distribution is 
controlled by the vorticity transfer theory, f If, however, the 
momentum transfer theory is applied, so that TJ satisfies (15), 
equation (17) has a solution for which (T—r o ) is proportional to TJ 
provided that the conditions dpjdx = 0 and a = v/k = 1 are satisfied, 

t The quantity Lv can. be eliminated between (16) and (17), so that the tem¬ 
perature distribution can be calculated from the observed velocity distribution 
without making any assumption about Lv . This calculation,* however, involves 
a differentiation of the experimental velocity curve, which is not a very accurate 
process. 



XV. 279] 


REYNOLDS’S ANALOGY 


651 


and provided also that the boundary conditions for T and U are 
analogous. In these circumstances the relations 


8U y- 8U 

T - 


n jOl rrr-OT 

Q = < 19 > 

for the shear stress and the rate of heat transfer per unit area, lead 
to the results (13) and (14).j- 

It follows that Reynolds’s theory holds only under special condi¬ 
tions. The condition a — 1 is of importance only when a region of 
laminar flow is present or a region in which the viscous stresses and 
molecular heat transfer are comparable with the Reynolds stresses 
and eddy heat transfer—for example, in the neighbourhood of a 
wall. An extension of the theory in such cases for values of a not 
equal to unity has been given by Taylor, Prandtl, and Karman.J 
The importance of the condition dp/dx — 0 is rather uncertain. It 
is satisfied for flow in the boundary layer along a flat plate at zero 
incidence, and in wakes and jets. Prandtl|| has pointed out that for 
flow in pipes, where a pressure gradient is present, the correct value 
for the heat transfer would be obtained in this way if heat sources 
and sinks were present in the fluid. If these sources are of strength 
q per unit volume, equation (17) becomes 


V ST ylT =1 

dx By pc 


8 ( 8T f-BT 
— Ik- —\- Lv— 
dy\ by 8y 


then (T—T 0 ) is proportional to U, the velocity distribution given 
by (15), provided that 

c ( T m—T 0 ) 8x’ 


where U m and T m are the average values of U and T.ff The sources 
could be realized experimentally by passing an electric current 


t The above discussion is concerned with turbulent flow. The corresponding 
results for laminar flow are obtained simply by omitting the eddy transfer terms 
from the •equations for the velocity and the temperature. The equations for the 
velocity and temperature are again analogous if the conditions dp]dx — 0 and <r = 1 
are satisfied, and if the boundary conditions for T and XJ are analogous. 
t See § 280 below. 

|| Physik. Zeitschr. 29 (1928), 487-489. 

The equations have been written out to cover the case of two-dimensional flow, 
but exactly the same conclusions hold for the flow in a circular pipe. 

3837.8 II T t 
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through a conducting liquid, such as mercury, flowing in a channel 
or pipe having non-conducting walls which are kept at a constant 
temperature. The conclusions of the theory are usually compared, 
however, with the results of experiments on heat transfer from fluids 
in pipes for which no sources are present. 

For the case in which the walls of a pipe are kept at a constant 
temperature gradient of magnitude A per unit length, the tempera¬ 
ture distribution has been calculated on the basis of the momentum 
transfer theory by G. I. Taylor.f From equation (11) 

= Ur dr, 

the rate of heat transfer Q per unit area for any section, given by (8), is 

r 

_ firn a r> 

Q — —pc(K+L r v r )— — —pc— Ur dr. (20) 

or r J 


The equation for the shear stress on the momentum transfer theory is 


p(v+L r v r ) 


dU _ r dp 

dr 2 dx ’ 


( 21 ) 


where, since r is measured from the axis of the pipe and dUjdr is 
negative, r is negative. J (If A is positive, then dT/dr is positive 
and Q is negative.) Eliminating L r v r between (20) and (21), we 
obtain for the temperature at any point, wheu a = 1, the equation 


T—T c 


2 

c(dpldx) 

2 

c{dpjdx) 


r 



( 22 ) 


where T c and XJ C are the temperature and velocity, respectively, at 
the centre of the pipe. From Stanton’s measurements of the velocity 
distribution at about i? = 10 5 , Taylor calculated the values of 
—Q/(pcAU c r) from (20) and the temperature distribution from (22). 


t Proc. Roy. Soc. A, 129 (1930), 25-30. 

t In the corresponding equation in Chap. VIII, equation (31), denotes the 
positive shear stress. 
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The results, which apply for a — 1 and B = 10 5 , are partly repro¬ 
duced in Table 23, where T 0 is the temperature at the wall. 


Table 23 


r 

a 

u 

u. 

Si 

1 I 

o-o 

1*000 

1*000 

o*i 

o*995 

0*9941 

o*2 

0*982 

0*9790 

°*3 

0*966 

0*9614 

o- 4 

0*944 

o*9353 

°*5 

0*916 

0*9040 

o*6 

0*882 

0*8665 

o*7 

0*844 

0-8255 

o*8 

o*794 

0*7730 

o *8s 

0*764 

0-7419 

°*9’ 

0*722 

0-6990 

°‘95 

0*664 

0-6435 

0*98 

0*596 

0-5750 

o*99 

0*548 

0-5285 

1*00 

0 

0 


The value of T n - -T c was 

T n -Z 


-0-4264 


ZpAUl 

dp I OX ’ 


(23) 


and if Q 0 and t 0 are the rate of heat transfer per unit area and the 
shear stress at the wall respectively, so that r 0 — \a{dpjdx), it was found 
that 


Qo__ 0 . 4 1iM 

t 0 - spjdx ' 


(24) 


The mean velocity U m over a section, the mean unweighted tempera¬ 
ture difference T 0 —T m , and the mean temperature difference T 0 —T M 
weighted with respect to the velocity—i.e. the temperature differ¬ 
ence measured in mixed fluid which has passed through the pipe— 
were found by graphical integration to have the values 

a 

U m = j 2 j Urdr = 0-822U C , 

0 

a 

T 0 —T m = | J (T 0 -T) r dr = 0-801 (T 0 -T c ), 

0 

a 

f (T Q -T)Urdr = 0-823 (T 0 -T c ). 
a 2 U m J 


Z-Z 
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From these and from (23) and (24) we obtain the relationship 

1 0*4264X0*823 2 , A ./2 

__ ■ x — = 1*04 — 

k H 0*411X0*822 c f \c fj 

between the heat transfer coefficient, defined by 

Jc B = \Qo/[poU m (T M ^o)] [, ♦ 

and the skin-friction coefficient defined by c f = |r 0 /(|pZ7^)|. Thus 
the correct application of Reynolds’s analogy for a particular case 
leads to a result different from (14) even for a = 1. 

An investigation of the effect of inlet length on heat transfer 
has been made by Latzko,f for fluids for which cr = 1, on the basis 
of the 1 /7th power law for the velocity distribution near a wall. The 
results obtained depend on the velocity 1 and its derivative being given 
accurately by this power law; no sufficiently accurate experimental 
data are available to check the results. 

As remarked above, an important limitation to Reynolds’s theory 
arises in connexion with the validity of the momentum transfer 
theory: when this does not apply, Reynolds’s theory also fails. It is 
shown later that this is certainly the case for wakes. It seems, 
however, that the extended theory (for a not equal to unity) gives 
good agreement, with the experimental results for heat transfer 
from pipes to fluids flowing through them. The momentum transfer 
theory gives the correct velocity distribution near a wall, and it may 
be that the agreement for heat transfer from pipes is due to the 
correct formulation of conditions near the wall. 

280. The extension of Reynolds’s analogy. 

Reynolds’s analogy fails for fluids for which <r is not equal to unity, 
owing to the existence of a layer near the wall in which the transfer 
of heat and momentum by conductivity and viscosity are of impor¬ 
tance. Extensions to allow for the effect of this layer have been 
made by Prandtl,J Taylor,|| and Karman.ff 

Taylor arid Prandtl assume that a sharp boundary exists between 
a laminar wall layer and the turbulent core. In this core the condi¬ 
tions postulated by Reynolds are assumed to hold, so that equation 

f Zeitschr.f. angew. Math. u. Mech. 1 (1921), 268-290. 

J Loc. cit. in footnote || on p. 651. 

|| A.R.C. Reports and Memoranda , No. 272 (1919). 

ft Proc. 4th Internat. Congress for Applied Mechanics , Cambridge , 1934, pp. 
77-83. 
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(13) is satisfied, U v T x now representing the velocity and temperature 
at the boundary between the wall layer and the core. In the wall 
layer the velocity and temperature distributions are assumed to be 
linear, with the Reynolds stresses and the eddy heat transfer negli¬ 
gible, so that'the shear stress and heat flow are given by 


dU pU, 

T ° ^ % “ Vi ’ 

Q = Qo= -h d -£- = - 

dy 


T x T 0 
Vi 


(25) 


where r 0 , Q 0 are the shear stress and rate of heat transfer per unit 
area at the wall, T 0 is the wall temperature, and y x is the thickness 
of the wall layer. Eliminating y x and T x from (13) and (25) we obtain 
the result ^ 

pciT^TJ = p^Zi+ia-lWUj 



In this equation U x /U m must be determined from some theory of 
rurbulent flow. If the thickness of the wall layer can be defined by 
U r y x lv = constant, where U r is the 'friction velocity’, (t 0 /p)1, then 
with UjU T a function of yU r jv (as with either a power law (Chap. VIII, 
equation (23), p. 340) or a logarithmic law (Chap. VIII, equation (8), 
p. 333)) for the velocity distribution near the wall but outside the 
viscous layer, we shall have U x /D r = constant. Further, since 
U r \TJ m = V(£°/)>t u il u rn = -4\/(£ c /)> where A is a constant. Hence 
(26) becomes 

With Blasius’s power law (Chap. VIII, equation (20), p. 339) for 
flow in pipes, c f is proportional to JR-*, wherd R is 2aU m lv and a 
is the radius of the pipe. Prandtl found that the assumption 
U x /U m = MjR~* best fits the experimental results, and this corre¬ 
sponds to a value of 5*6 for A. The formula (27), with this value of 
A, is in satisfactory agreement with the rather scattered experi¬ 
mental results for heat transfer to fluids for which the value of a 
does not differ greatly from unity. For other values of a the agree- 


r+A(*-1) I(t\ 




(27) 


t Th© more general Cj is used here for pipe flow also, instead of the y of Chaps. VII 
and VIII. 
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ment is not satisfactory. Karmanf pointed out that this is probably 
due to the assumption that a sharp boundary exists between the 
wall layer (in which the velocity and temperature distributions are 
assumed linear, and the eddy stresses and eddy heat transfer negli¬ 
gible) and the turbulent core. He suggested that the field of flow 
should be divided into three regions: (1) a turbulent core in which 
heat and momentum are transferred by turbulent mixing and in 
which Reynolds’s analogy applies; (2) a transition layer in which 
heat and momentum are transferred both by turbulent mixing and 
by molecular processes (conductivity or viscosity, respectively); (3) 
a laminar layer at the wall in which no turbulent mixing occurs, and 
in which the velocity and temperature distributions may be taken 
as linear. 

In both the laminar and transition layers we take Q = Q 0 and 
t = r 0 , where the zero suffix denotes values at the wall. Measuring 
y normal to the wall, we put U = U l9 T = T v y = y l9 at the edge 
of the laminar layer and U = J7 2 , T = T 2 , y = y 2 , at the edge of the 
transition layer. In the laminar layer the relations (25) hold, where 
Tq is the temperature of the wall. In the turbulent core Reynolds’s 
analogy is assumed to hold, so that 

pe(£k-c = (28) 

where U m , T m are the mean velocity and temperature respectively. 
This relation, with Q = Q 0 and r = r 0 , will hold at the junction of 
the core with the transition layer. In the transition layer a velocity 
distribution of the form 

U/U T = a+blo ge U r y/v 

is assumed, as in the fully turbulent region, but with different values 
for a and b. The values of a and b in the transition layer are deter¬ 
mined so that U and dUjdy shall be continuous at y = y v For the 
laminar layer (25) gives dTJjdy = t 0 //a = U\[v and UJU T = y x U T /v. 
For the transition layer dTJjdy — bU T jy'. If TJ and dTJjdy are con¬ 
tinuous at y — y v we obtain 

b = UJv = UJU„ 

and a = _?^|log e ^5_lj = -&(log e &-l). 

f Loc. cit. in footnote ff on p. 654. The derivation of the resulting equation 
(equation (30) below) was not given. 
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An examination of the experimental values of UjU r in the transition 
layer leads to the choice of 6 = 5. This makes a = —3*05, and the 

curve U/U r = -3-05+5 lo&yUJv 

passes fairly well through the experimental points in the transition 
layer (of. Chap. VIII, Figs. 92 and 93). This curve meets the curve of 
UjU T in the fully turbulent region, whose equation is given by (9) of 
Chapter VIII, where yUJv = 30; accordingly we take y 2 U T jv = 30. 
Then in the transition layer 

T 0 Ip = v% = (v+Lv)dUldy = (v+Lv)bUJ y> 

so that Lv — yUJb—v. 

Further 

QJpc — —(k+Lv) dT/dy = —(K—v+yU T lb)dT/dy, 


and the integral of this equation is 


'm m _ Qob } (x—v+y 2 UJb\ 
i 2 _i 1 _ -^log^ —- J, 


since y x UJb = v. Hence, since — rjp and v/k = a, 
T x -T 2 = 9zbU T log e (l-o+<ry 2 l yi ). 

CTa 


(29) 


Ehmination of T x and T 2 from (25), (28), and (29) leads to the 
equation 

To~T m = ^[Uv-Ut+oU.+bUMl-a+ayMl 

CTq 

We put UJU T = UJU r -\-b log e y 2 (y x 

(by the condition of continuity at y = y 2 ) and U T jU m = ^ this 

equation, and obtain 

1 __ p cU m (T 0 T m ) 

Qo 

With 6 = 5 and y 2 UJv = 30, this becomes 


A = |+5 yQ[(v-l)+log e {l+0-83(a-l)}]. 


(30) 
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281. Comparison between theory and experiment for flow in 
pipes. 

The experimental values obtained for heat transfer from pipes to 
fluids flowing through them are mostly rather scattered owing to 
difficulties of measurement. These difficulties arise (1) from the 
effect of the entry length, in which the temperature distribution has 
not settled down and in which the rate of heat transfer is higher than 
the final value, and (2) from the variation of the properties of fluids 
with temperature, which results in the heat transfer coefficient for 
a finite rate of heat flow being different from the coefficient for an 
infinitesimal rate. The theoretical formulae apply only to the 
coefficient for an infinitesimal rate of heat flow. For gases the varia¬ 
tion with temperature of the Prandtl number a is not large; but 
further errors may be caused by the convection currents which arise 
from the variation of density with temperature. For water the 
variation of cr with temperature is important; Table 24 gives a set of 
values of a for water at various temperatures, and it will be seen 
that <r changes from 12*45 at 0°C. to T02 at 160° C. 

Table 24 


°c. . 

. o 

5 

10 

15 

<* . . 

12-45 

10*46 

8-93 

7'73 

° c. . 

20 

25 

30 

40 

Cf 

6-75 

5-96 

5*30 

4*29 

°c. . 

5° 

60 

70 

80 

cr 

3-55 

2*99 

2*56 

2*22 

°0. . 

90 

100 

no 

120 

or 

i *95 

i *74 

1*56 

1*40 

°c. . 

130 

140 

150 

i6q 

cr 

1*27 

1*17 

1*09 

1-02 


Eagle and Fergusonf have made a complete series of experiments 
on the heat transfer from pipes to water flowing through them, in 
which the difficulty of the variation of o* with temperature was sur¬ 
mounted by measuring the heat transfer at three different rates of 
heat flow and extrapolating the results to obtain the heat transfer 
coefficient for an infinitesimal temperature difference. The effect 
of the entry length was eliminated by heating the tube electrically, 
so that a linear distribution of temperature along the pipe was 

t Froc. Roy. Soc, A, 127 (1930), 540-566. 
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obtained. The section for which the heat flow was measured was at 
such a distance from the beginning of the heated section that the 
entry effects had completely died away. The experiments extended 
over a range of values of o* from 3 to 10 , and a range of Reynolds 
numbers from 5.10 3 to 2 . 10 5 . Eagle and Ferguson proposed an 
empirical formula to fit their experimental results, of the form 

A = J[ + S(<7-l)-C(<7-l) a 
tC 

— 1)—y(<7— l) 2 ]. 

where A, JB, C, a, jS, y, are functions of the Reynolds number and 
Cf is the skin-friction coefficient r 0 /(^pU%). The experimental values 
of these quantities are given in Table 25, together with the values of 
2/Cf obtained from the experiments of Stanton and Pannell.f 

Table 25 


logR 

A 

B 

100C 

*/«,/ 

a 

p 

iooy 

3*7 

3°7 

99 ' s 

123 

207 

1-483 

0*480 

0-595 

3-8 

3x1 

97 

124* 6 

220 

1*414 

o *439 

0*56® 

3*9 

3 i 5 

96 

126 

234 

1*343 

0*411 

o- 53 s 

4*0 

321 

97 ' 5 

I 27 * 5 

250 

1*284 

0*390 

0*51 

4*1 

329 

99 

129 

266 

1*237 

0*372 

o* 4 8 5 

4*2 

34 i 

ior 5 

I30' 5 

284 

1*202 

0-358 

0*46 

4*3 

356 

104* 5 

132 

303 

1*175 

0*345 

°" 43 6 

4*4 

372 

108 

133 

323 

1*152 

o *333 

0*41 

4*5 

390 

in* 5 

134 

344 

x*X 33 

0*324 

0*39 

4*6 

409 

116 

I 3 S' 5 

366 

1*118 

0*316 

o *37 

4*7 

• 429 * 5 

120* 5 

I 37 -5 

388 

1*105 * 

0*311 

°* 35 5 

4*8 

450 

126 

140 

411 

1*094 

0*307 

o *34 

4*9 

* 47 °' 5 

132 

143 

434 

1*084 

0*305 

o *33 

5 *o 

49 i* 5 

x 3 8* 5 

i 4 6 ,s 

457 

1*075 

0*303 

o *32 . 

5*1 

SI 2 * 5 

X 45 

iso* 5 

480 

1*069 

0*302 

o* 3 i 5 

5*2 

535 

151* 5 

X 55 ' 5 

503 

1*064 

0*302 

0*31 

5*3 

555 

158* 5 

i6o* 5 

524 

ro6o 

0*301 

0*30® 


The values of lc H = QI[pc{T M —T 0 )U m ] are based on the mean water 
temperature 

(Tm-To) = J (T-T 0 )Ur dr, 


as obtained by the 'mixing cup 5 method; hence the theoretical 
formulae developed in the previous section are not strictly com¬ 
parable with them. To reduce them to comparable forms an analysis 

f Phil. Trans. A, 214 (1914), 199-224. 

U U 
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similar to that given by Taylor f for a = 1 and R = 10 5 is needed. 
However, Karman has compared the results .given by (30) directly 
with Eagle and Ferguson’s experimental results; the comparison is 
shown in Fig. 250, and there is good agreement. The results of other 

0'005 


\ 



experimenters are rather scattered, and are not reproduced here. A 
collected account of them has been given by Lorenz. $ 

282. Flow along a heated flat plate. 

The calculation on mixture length theories of the velocity distribu¬ 
tion for flow in a turbulent boundary layer along a flat plate was 
considered in Chap. VIII, §165, where a comparison with experi¬ 
ment was also shown (Chap. VIII, Fig. 112). If the plate is heated, 
f See pp. 652-654. 

t Zeitschr.f. techn. Physilc, 15 (1934), 155-162, 201-206. 
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and maintained at a constant temperature, then on the momentum 
transfer theory the temperature and velocity distributions are similar. 
To find the temperature distribution on the vorticity transfer theory, 
we note first that the equation for the temperature is 

U—+Y— = — 

dx dy d'jl/ dy dyj 

if Lv is replaced by P\dU/dy\, on PrandtTs assumption (9). The tem¬ 
perature distributions at different sections are assumed to be similar, 
and the same assumption for l is made as in the calculation of the 
velocity distribution (Chap.VIII, eqns. (81) and (82)). Putting rj = yj 8, 
where 8 is the boundary layer thickness, and (3^—jT)/(3 r7 1 —jP 0 ) = g(r]), 
where T x is the temperature of the plate and T 0 the temperature of the 
main stream, we findf that, on the vorticity transfer theory, 

g = 1 - 0 ( 1 /,-1). 

This formula satisfies the condition g = 1 at t? = 1; but neither of the 
conditions, (1) that the fluid in contact with the plate should have 
the same temperature as the plate, or (2) that the temperature 
difference between the fluid in the main stream and the fluid in the 
boundary layer should pass smoothly to zero, can be satisfied. The 
constant G is therefore determined by making the theoretical and 
experimental values of g agree near rj = 0*25. The resulting curve for 
the temperature distribution is shown in Pig. 112 of Chapter VIII 
(where djd 1 is written for (T x — 2 7 )/(T 1 -~ T 0 )), for comparison.with the 
curve obtained from the momentum transfer theory and with the 
experimental results of Elias. 

The calculation of the temperature distribution from the observed 
velocity distribution on the vorticity transfer theory, without any 
assumption concerning Lv (by eliminating this quantity between the 
equations for the velocity and the temperature), involves differentia¬ 
tion of the observed velocity distribution, and has not yet been 
carried out in view of the scatter of the experimental velocity 
observations, and also of the doubtful validity of the assumption of 
similarity in the velocity and temperature distributions (the calcula¬ 
tions being very difficult without this assumption). 

283. The temperature distribution between rotating cylinders. 

The velocity and temperature distributions between rotating 
cylinders at different temperatures have been investigated by 
t Howarth, Free. Boy. Soc. A, 154 (1936), 373-376. 
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Taylor.f It was found that the velocity distribution over the central 
region could be explained by the vorticity transfer theory but not 
by the momentum transfer theory (see Chap. VIII, § 170). If the 



0-2 ’ 0-3 0-4 0-5 0-6 

Log 10 fr cm.) 

Fig. 251. 

cylinders are kept at a constant temperature difference, the rate of 
heat transfer Q per unit length is constant, and therefore 

. Q = 2irpcL r v r rdTldr, 

where r is measured radially from the axis of the cylinders. The 
results of Taylor’s experiments are shown in Kg. 251, where the 
temperature is plotted against log 10 r. A linear distribution over the 
central region is obtained, showing that L r v r is constant in this 

f Proc. Roy. Soc. A, 151 (1935), 494^512. 
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region. On the momentum transfer theory we should have 

(Ur) = constant, 

dr I dr 

but, whereas TJr varied by only 0-4 per cent, over a region (marked 
‘a’ in Fig. 251) covering 83-5 per cent, of the space between the 
cylinders, when the rotating inner cylinder was maintained at a 
higher temperature than the outer one the temperature decreased 
continually outwards, the change in the same region being 22 per 
cent, of the temperature difference between the cylinders. Near 
the walls the velocity and temperature distributions could not be 
defined closely owing to difficulties of measurement, but they were 
similar to those which would be predicted by the momentum transfer 
theory. 


284. The temperature distribution in the wake of a heated 
cylinder.-]- 

It has been shown (Chap. XIII, equations (55), (60), and (61), 
p. 583) that on certain assumptions the velocity distribution in the 
wake of a symmetrical cylinder, on either the momentum transfer or 
the vorticity transfer theory, tends far downstream to 

UIU 0 = Kx~if( v ), 

where /(i?) = [l-(^o) ! ?> ' 

(Ut-ZJ) is the velocity in the wake, U 0 is the undisturbed velocity 
of the stream, K is a constant, x is measured along the axis of the 
wake from an origin near the body, 77 = yx~* 9 and y] 0 is the value of 
rj at the edge of the wake. The result (31) is in good agreement with 
the experiments of Schlichting and of Fage and Falkner. 

If the body is heated, the equation for the temperature distribu¬ 
tion in the wake (equation (3), with vT' as in ( 8 ), or equation (17) 
with molecular conduction neglected) becomes 




dx dy \ 8y 


If (31) is accepted from experiment as a valid result for the velocity 
distribution, the temperature distribution can be calculated without 
making any assumption as to Lv. On the vorticity transfer theory 


t Taylor, Proc. Roy. Soc. A, 135 (1932), 685-696. 
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(either the two-dimensional theory or the modified theory) the 



0 0-2 0-4 0-6 0-8 H 1-2 

■nho 


Fig. 262. 

so that the equation for /(•> 7 ) is 

-mf+vf) = Lvf. (34) 

If T 0 is the temperature outside the wake and if 
T—T 0 — const, x-ty ( 77 ), 

then from (32) — i^o(0+#') = (Lvcb'). ( 35 ) 

07 ] 

We substitute for Lv from (34) and integrate with respect to rj. Then 

# = <P'(f+r)f)!f, (36) 

no additive constant being necessary since <p' = 0 at rj = 0 . Hence 

* “ 1exp ( I f+7 ‘*} “ “'Hi / i=K)i *} 

= ! —(’?/ 1 7o) 1 * 


( 37 ) 
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If we put Lv = l 2 \dUjdy\, and make the same assumptions for l as in 
calculating the velocity distributions (Chap. XIII, equation (56)), (35) 
integrates at once to (37); hut (37) may he obtained without any 
assumptions as to Lv, if (31) is taken as an empirical result.f 

On the momentum transfer theory the temperature distribution is 
similar to the velocity distribution, so that <f> = /. 

The results on the momentum and vorticity transfer theories are 
compared with the experiments of Fage and Falkner % in Fig. 252, in 
which (T—T 0 )I(T C —T 0 ) is plotted against T 0 being the value of 
T in the middle of the wake. The full line is <f>(rj) and the dotted line 
is /(■>j) (which is the value of (T—T 0 )l(T c —T o ) on the momentum 
transfer theory). The points are the experimental results. It will 
he seen that the agreement with the vorticity transfer theory is good 
except near the edge of the wake. 


285. The temperature distribution in the wake behind a row 
of heated parallel rods. 

We have seen in Chap. XIII, § 253, that on either the momentum 
or vorticity transfer theories the velocity distribution behind a row 
of parallel equally-spaced similar rods tends to 

U/U 0 = Kx~ 1 f(y), (38) 


where ( U Q —U) is the velocity in the wake, U Q is the mean velocity 
of the stream, K is a constant, x is measured downstream from an 
origin near the rods, and the axis y = 0 passes through the centre 
of the section of one of the rods, which are situated at a distance 
A apart; and that, with Lv oc x~ x and constant across a section 


of the wake, 


f(y) = cos(27ry/A), 


(39) 


while with Lv = l z \8Ujdy\ and l constant. 


f(y) = F(y)> 


where F(y) is the function defined in equation (7.0) of Chapter XIII. 

When the rods are heated, the temperature distribution far down¬ 
stream is given by (32). If the function/(y) in (38) is assumed to be 
known, the temperature distribution can he calculated without any 


-j- If wo wore to regard f(r)) as not given by an analytical expression, but simply 
by a curve drawn through the experimental points, we should write 

J vfdnlV+vf) = iog(/-H/')-2 J/'W+nfl 

to avoid the double differentiation. 

t Proc. Roy. Soc. A, 135 (1932), 702-705. 
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assumption as to Lv. On the momentum transfer theory the tempera¬ 
ture distribution is the same as the velocity distribution. On the 
vorticity transfer theory the equation for f(y) is 

U 0 flx = -Lvf (40) 

(since the equation for U is equation (33)). If 
T—Tq = const, x-tyty), 

where T 0 is the temperature far downstream, then from (32) 

-tr 0 #r = l(i^'). 

Substituting for Lv from (40) we obtain 



The solution which satisfies the condition </>'■ = 0 for y = 0 is 



(41) 


where C is a constant. 

This equation holds on the vorticity transfer theory for any 
value of Lv. If the experimental velocity, distribution were known 
sufficiently accurately this could be used to determine the tempera¬ 
ture distribution. With / as in (39), (41) gives 


0 = / = cos(2tt?//A), 

thus verifying that when Lv is independent of y the temperature 
distribution is the same as the velocity distribution, which it must 
be since the vorticity transfer theory and momentum transfer theory 
are then identical. 

With / = F, (41) gives 


<t> 


- oF \ 


dF 



F 


(42) 


since F = 1 at y — 0. From the equation for F (see Chap. XIII, 
equation (69)), (42) may be written 


0 = 




dF 

F\l-F*)i 


1_ 

F 



667 


XV. 285] WAKE BEHIND ROW OF HEATED RODS 


which is easily transformed into 

1 

1 


*IC = j+( 1 - 


[± 

-(l_j2)n 

J dF 

F 

F 


(1 -F 2 )* dF 


F' 


-(1 -F*)i 


(1 -F*)* 1 


But if 

then 


F 

1 

= J(1—-F 2 )^ J (1- F*)~i dF 

F 

O = f dF 
. P J (ilf»)* 


(1-F 2 )~i dF 


2935 


4^ 


l f dF 
3J (1 -F' 

F 


F*)i 


(Chap. XIII, equations (70) and (71)). Also F = 1 at y = 0, and 
hence to make <f> = 1 at y — 0 we take G = 1, so that 


cf> = F+^(l-F 2 )K 


(43) 


These results are shown in Fig. 253, and compared with some 
experimental results of Gran Olsson.f It may be noted that the 
temperature distribution given by (43) is asymmetrical, and that 
(f> f is infinite at y = |A. This defect is not necessarily due to the 
vorticity transfer theory, but is probably due to the assumption 
that Lv (which in this case is put equal to l 2 \dUjdy | in obtaining the 
formula for F) vanishes for 8U/dy = 0; it might be expected that the 
solution would fail at y = iA. 

Owing to the rapid equalization of temperature in the wake of the 
grid it is possible to compare theory and experiment only at a distance 
of 25 cm. downstream of the rods (which were placed 6 cm. apart): 
this distance is not really sufficient for the assumptions made in 
developing the theory to be valid. Farther downstream, however, 
the temperature differences were hardly measurable. 

Gran Olsson also investigated the temperature distribution in the 
wake of a single heated rod which forms part of a grid of equidistant 
rods. WithPrandtl’s assumption that Lv = l 2 \dUjdy\ the tempera¬ 
ture distribution is the same as if all the rods are heated, since 

t Zeitachr.f. angew. Math. u. Meek. 16 (1936), 257-274. 

X X 
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Fig. 253. 



dUfdy vanishes in the planes midway between the rods. With Lv 
constant across a section of the wake the temperature distribution 
at any section, given by (32), is shown to be 

T-T 0 = CT c —(r 0 )exp[- (log, 2)^)2], 
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where T c is the temperature at the centre, T 0 is the temperature 
outside the wake, and y x is the value of y for which (T—T 0 )/{T C —T 0 ) 
is equal to 0-5 at the section concerned. Gran Olsson’s experimental 
results are compared with the temperature distribution given by 
this formula in Kg. 254, in which the scale of the experimental 
results has been chosen to make theory and experiment agree at 
y — 0 and y = y x . 


286. The wake behind a heated body of revolution. 

The equation for the temperature far downstream in the wake of 
a heated body of revolution is 



(44) 


(Of. equation (4); x is wri tten for z, and U 0 for V z , and L r v r 8T/8r 
has been substituted for —v r T'.) 

On the momentum transfer theory the temperature distribution 
is the same as the velocity distribution, which (Chap. XIII, equation 
(84)) we take to be 


U/U 0 =f( v )lxi, 


(45) 


where rj = rjx i , so that if 


T—T 0 = constant, x-tyfy), (46) 

then <f> = /. 

Expressions for according to the vorticity transfer theory 
have been found by Goldsteinf on the various assumptions on which 
the velocity was found in Chap. XIII, § 254. The results are shown 
in Fig. 255, where, with T c as the temperature at the centre of the 
wake, (T—T 0 )I(T C —T 0 ) is plotted on the same scale as V /t/ max in 
Fig. 234 of Chapter XIII, i.e. against r/R, where R is the value of 
r.for which U = %U m ax . The figure also contains the mean experi¬ 
mental results of Hall and Hislop, J which, apart from a small 
systematic discrepancy of doubtful significance, agree well with the 
results calculated on the modified vorticity transfer theory except 
near the edge of the wake. 

Thus it appears from Figs. 234 and 255 that the experimental 


f Proc. Camb. Phil. Soc. 34 (1938), 48-67 and 351-353. The calculation on the 
modified vorticity transfer theory with l constant over a section of the wake has also 
been carried out by Tomotika, Proc. Roy . Soc. A, 165 (1938), 53-64. 

J Proc . Camb. Phil. Soc. 34 (1938), 345-350. 
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evidence is in favour of the validity of the modified vorticity transfer 
theory except in the outer parts of the wake. 

The mean experimental velocity and temperature distributions 
are compared in Fig. 256 (p. 671). 

When the velocity distribution—i.e. the function f(rj) in (45)_ 



0 -S 1-0 1-5 2-0 2-5 

r/R 

Fig. 256. 


has been found experimentally, it is possible to find <f> without 
any assumption as to L r v r by eliminating this quantity between 
the equations for the temperature and the velocity, as in the pre¬ 
ceding section. It may be shownf that if the scales for t? and f(rj) 
are altered so that 

*l = r/B, U/U m&x =f( v ), (47) 

then on the vorticity transfer theory with symmetrical turbulence 

s=i ~ y+wW-41 ^*,1 <48) 

t Goldstein, loc. tit . 
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and on the modified vorticity transfer theory with isotropic turbu¬ 
lence 

( vj \ 

~ 2 / rf+2f ir >\- < 49 > 

0 

On the momentum transfer theory ( T—T 0 )/(T C —T 0 ) is equal to 
17/CU, All these results are independent of the value of the coeffi- 
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cient of turbulent diffusion; and the experimental results suffice to 
show that for no value of that coefficient can either the momentum 
transfer theory or the vorticity transfer theory with symmetrical 
turbulence lead to satisfactory results, whereas the modified vor¬ 
ticity transfer theory does lead to satisfactory results over the inner 
portion of the wake with Prandtl’s assumption for the coefficient 
of turbulent diffusion and with l constant across a section of the 
wake. 
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287. The temperature distribution in heated jets. 

In Chap. XIII, § 255, pp. 597-599, we considered the two-dimen¬ 
sional problem of the turbulent mixing of a stream of fluid with 
fluid at rest, when the mixing, beginning at some value of x (where 
the stream is moving parallel to the #-axis) takes place along a single 
boundary between the two portions of fluid. If one of the portions 
of fluid is hotter than the other, and T is the temperature in the 
mixing region, then (equation (17) with molecular conduction 

neglected) _ ^rp g rp g 

~ =—-ILv 

dy\ 


whilst the equation for the velocity on the vorticity transfer theory is 


v eu ejj 

dx T 8y 


j-d*u 


Now, as in Chap. XIII, equation (114), 

U = AF'( V ), V = A{r,F(7,)-F{ v )}, 
where rj = yjx and A is a constant. Hence 

—AxFF" = LvF"\ 
and if T = constant+g^), 


then —AxFg r = —{Lvg'). 

dr] 

w „ , d IFF" , 

Hence *’ = 

If the theoretical solution obtained by putting Lv~l 2 dUjdy } 
l = cx (as in Chap. XIII, §255) is sufficiently accurate, then on the 
vorticity transfer theory 

F+c 2 F /f/ = 0, 

so that Fg' = -A.(c 2 F"g') = —c*F m g'—c t F”g" 

dr) " ' 

= Fg'—c 2 F"g", 

and ,, n 

9 — 0 , 

g = Ar]-\-B. 

Thus the temperature distribution, which on the momentum transfer 
theory is the same as the velocity distribution, is a straight line on 
the vorticity transfer theory. According to Rudenf this latter result 
is in much better agreement than the former with the temperature 
t Die Naturwissenschaften, 21 (1933), 375-378. 
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distribution at the edge of a large heated symmetrical jet near the 
mouth of the nozzle. 

Calculations of temperature distributions have been made by 
Howartht for heated two-dimensional jets andheated jets symmetrical 
about an axis in three dimensions. Tor the plane jet, with l oc a; as 
in Chap. XIII, §255, equation (100), the temperature distribution 
on the vorticity transfer theory is the square root of the velocity 
distribution. No experiments have been reported. For the sym¬ 
metrical jet all the calculations have been carried out which are 
analogous to those mentioned in the preceding section for sym¬ 
metrical wakes. Small scale graphs of both velocity and tempera¬ 
ture distributions have been published by Ruden (loc. cit.). The 
observed values of (T—T 0 )j(T c —T 0 ) are rather greater than the 
observed values of UjU c , so the momentum transfer theory does not 
give a satisfactory result. The vorticity transfer theory with sym¬ 
metrical turbulence leads to a result completely at variance with 
experiment. The calculated velocity distribution according to the 
modified vorticity transfer theory with isotropic turbulence and with 
l constant across a section of the jet does not agree well with the 
observed velocity distribution, but the corresponding calculated tem¬ 
perature distribution is in satisfactory agreement with the experimen¬ 
tal results. Consequently an attempt to calculate the temperature 
distribution from the observed velocity distribution without any 
assumption concerning the coefficient of turbulent diffusion did not 
lead to a satisfactory result. 

t Proc. Camb, Phil. Soc. 34 (1938), 185-203. 
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NOTE ON THE CONDITIONS AT THE SURFACE OF 
CONTACT OF A FLUID WITH A SOLID BODY 

The question of the conditions to be satisfied by a moving fluid in contact 
with a solid body was one of considerable difficulty for a long time, and its 
importance will justify a short historical note. At the present time it appears 
to be definitely settled that for practical purposes the fluid immediately in 
contact with a solid body may be taken as having no velocity relative to the 
solid, at any rate for nearly all fluids; but the exact conditions on a molecular 
scale remain still in doubt. 

That a real fluid could not slip freely over the surface of a solid body was 
recognized by Daniel Bernoulli, who ascribed to this fact certain large dis¬ 
crepancies between the results he had calculated for a perfect fluid and those 
he had measured with a real one: ‘Enormes has differentias maxima ex parte 
adhaesioni aquae ad latera tubi tribuo, quae certe adhaesio in hujusmodi 
casibus incredibilem exercere potest effectum.’f Du Buatf came to the con¬ 
clusion that when the mean velocity of water flowing along a channel is 
sufficiently small, the fluid adjacent to the surface is at rest. Coulomb found 
that the resistance of an oscillating metallic disk in water was scarcely altered 
when the disk was smeared with grease, or when the grease was covered with 
powdered sandstone, so that the nature of the surface had practically no 
influence on the resistance;|| and he also suggested that the molecules of the 
fluid in contact with an oscillating cylinder have the same velocity as the 
cylinder, that the molecules a short distance away have a smaller velocity, 
and that at a lateral distance of two or three millimetres the velocity becomes 
zero ( loc . cit., p. 296). 

During the nineteenth century three different hypotheses were put forward 
f by various authors at various times. According to the first, the velocity is the 
same at a solid wall as that of the solid itself, and changes continuously in the 
fluid, which has everywhere the same properties. This seems to have been 
Coulomb’s belief. The second was put forward very clearly by Girard in the 
discussion of his experiments on the flow of liquids through tubes. He supposed 
that a very thin layer of fluid remains completely attached to the walls. The 
question then arises as to the conditions at the outer surface of this layer; 
Girard assumed that the rest of the fluid slips over it. He also supposed that 
if the walls are of the same material everywhere, the layer has a constant 
thickness, so that its surface presents to the current the same irregularities 
as those of the wall itself. Further, he assumed that the thickness of the layer 
depends on the curvature of the wall, and on the temperature, ft He took it to 

t Hydrodynamica (Argentorati, 1738), p. 59. 

t Principes d'Hydraulique, 1 (Paris, 1786), 92, 93. 

|| Memoires de Vlnstitut National des Sciences et des Arts: Sciences Maihimatiques et 
Physiques, 3, prairial, an 9 (1800), 286. 

tt Memoir es de la Classe des Sciences Mathematiques et Physiques de Vlnstitut de 
France , 14 (1813, 1814, 1815), 254, 324, 329. Similar ideas, but with a much thicker 
stagnant layer, had been expressed before, notably by Prony in his Recherches 
physico-mathtmatiques sur la tMorie des eaux courantes (Paris, 1804). 
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be different for different liquids or different materials of tho wall, and to 
become zero for liquids which do not wet the wall, as for mercury in glass tubes; 
in such cases he supposed that the liquid slips over the surface.f Thirdly, from 
the same molecular hypotheses which led him to the equations of motion of 
a viscous fluid, Navier deduced that there is slipping at a solid boundary, 
and this slipping is resisted by a force proportional to the relative velocity. 
Since the tangential stress on the solid wall at any point is the same as 
the stress at a neighbouring internal point of the fluid, this is equivalent to the 
boundary condition (3u = fidu/dn for flow in one direction along a plane wall, 
where u is the velocity, the differentiation is along the normal away from 
the wall, and is a constant, such that fi/fi is a length. This length is zero if 
there is no slip. Navier explained Girard’s results by an application of this 

theory.} 

For some time confusion prevailed. Poisson obtained conditions essentially 
the same as Navier’s, but suggested that these conditions are to be applied at 
the outer surface of a stagnant or quasi-solid layer similar to Girard’s.|| Stokes 
was initially inclined to the first hypothesis, but when calculations on flow 
through pipes gave results not in agreement with experiments then known to 
him (though they would have agreed with Hagen’s or Poiseuille’s), he hesitated 
between this hypothesis andNavier’s.}} In his report to the British Association 
in 1846 he mentioned all three hypotheses without deciding between them;}} 
finally he decided on the first, on the grounds that the existence of slip would 
imply that the friction between solid and fluid was of a different nature from, 
and infinitely less than, the friction between two layers of fluid, and also that 
the agreement with observation of results obtained on the assumption of no 
slip was highly satisfactory.]J|| Poiseuille, in his memoir on the movement of 
the blood, found a layer of stagnant blood at the walls of the containing vessel. 
He was led to examine the flow, through glass tubes, of liquids holding opaque 
bodies in suspension, and observed stagnant layers at the walls of thicknesses 
much less than any obtained by Girard.}}} In his memoir on the flow of liquids 
through capillary tubes he remarked merely that the velocity cannot be uni¬ 
form over a section of a tube, since it is known that the velocity of blood in a 
tube falls away from a maximum at the axis to a small value near the walls; 
but he added that hydraulic engineers should study the movement of particles 
in moving liquids with the aid of a microscope.} } } Hagen, who obtained the laws 
of flow in capillary tubes experimentally a short time before Poiseuille, simply 
stated in his first paper that the velocity increases at a uniform rate from 
zero at the walls to a maximum in the middle; later he adopted the idea of a 

} Memoires de VAcademic Eoyale des Sciences de VInstitut de France , 1 (1816), 236, 
247, 258. 

} Ibid. 6 (1823), 414-416, 432-436. 

|| Journal de VJ^cole Poly technique, 13 (1831), 161-169; see also Memoires de 
VAcadimie Eoyale, 11 (1832), 539. 

}} Trans. Camb. Phil. Soc. 8 (1845), 299, 300; Math, and Phys. Papers, 1, 96-98. 

}} Papers, 1, 185, 186. 

HI) Trans. Camb. Phil. Soc . 9 (1851), [17], [18]; Math, and Phys. Papers, 3, 
14, 15. 

}}} Mimoires des Savants Strangers, 7 (1841), 150. 

}}} Ibid. 9 (1846), 521. See the reference to Fage and Townend on p. 679. 
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stagnant layer near the walls, but without slip, and found that in his tubes the 
layer had to be thinner than the thinnest writing-paper.t Darcy, in his great 
memoir on the flow of water through pipes, substantially agreed with Girard’s 
hypothesis.$ Helmholtz, in his discussion of experiments by Piotrowski on 
the oscillations of spheres filled with liquid, adopted Navier’s hypothesis and 
concluded that though there might be no slip in the case of water in contact 
with glass, or of ether or alcohol in contact with glass or a metal surface, there 
was a considerable slip for water in contact with a gilt surface.]| 

Gradually, however, the hypothesis finally adopted by Stokes, that there 
is no slip and that all parts of the fluid have the same properties, gained 
ground. The results of calculations on this hypothesis for the flow' through 
tubes, begun by Stokesff and carried out by various authors, J J gave consistent 
results not only when applied to Poiseuille’s experiments on the flow of water, 
but also—contrary to the opinion of most of these authors, and in disagreement 
with experiments carried out by Poiseuille himself||||—for the flow of mercury 
through tubes of glass (which is not wetted by the mercury).ftt Moreover 
Whetham, who carried out experiments on the flow of water through silvered 
and copper tubes and repeated some of Piotrowski’s experiments, came to the 
conclusion that there was no evidence of slip; J and Couette,|||||| after discuss¬ 
ing at length various experiments on the determination of viscosity, including 
some of his own, came to the same conclusion, which Maxwell, in his experi¬ 
ments on the oscillations of glass disks in air, had also arrived at some time 
before.f ftt All these experiments, being concerned in the main with methods 
of determining viscosity, relate almost entirely to non-turbulent flow; only 
Couette specially discussed the conditions at the boundaries for turbulent flow, 
and his conclusion was that the relative velocity is zero actually at the 
boundary, but changes very rapidly in its neighbourhood. 

Any discussion of views held regarding the molecular phenomena at a 
surface of contact of a solid and a liquid would lead us too far astray; but a 

t Poggendorff's Annalen der Physik u. Ghemie, 46 (1839), 433; Abhandlungen der 
Koniglichen Akademie der Wissenschaften zu Berlin (1854), mathematische Abhand¬ 
lungen, pp. 57 and 62. 

t Memoires des Savants Grangers, 16 (1858), 347. 

|| Sitzungsberichte der mathematisch-naturwissenschaftlichen Classe der K. Akademie 
der Wissenschaften zu Wien, 40 (1860), 607-658; Wissenschaftliche Abhandlungen, 
1, 196-222. 

tf Trans. Camb. Phil. Soc. 8 (1845), 304, 305 ; Papers, 1 , 104, 105. 
tt Wiedemann, Poggendorff's Annalen der Physik u. Ghemie , 99 (1856), 217-221; 
Neumann (see Jacobson, Archiv fur Anatomde, Physiologie u. wissenschaftliche Medicin 
(1860), pp. 88-91); Hagenbach, Poggendorff's Annalen, 109 (1860), 385-426; Mathieu, 
Comptes Bendus des Stances de V Academic des Sciences, 57 (1863), 320-324; Boussinesq, 
Comptes Bendus, 65 (1867), 46-48. 

HI] See p. 1186 of the report on Poiseuille’s memoir by Messrs. Arago, Babinet, 
Piobert, andftegnault, Comptes Bendus, 15 (1842), 1167-1186. 

ttt Warburg, Poggendorff's Annalen, 140 (1870), 367-379; Villari, Memorie della 
Accademia delle Scienze delV Istituto di Bologna (3), 6 (1875), 487-520; Koch, Wiede¬ 
mann's Annalen der Physik u. Ghemie, 14 (1881), 1-12. 

ttt Phil. Trans. A, 181 (1890), 559-582. Warburg (op. cit. p. 370) had found no 
change in the discharge of water from a glass tube when the latter was silvered. 

||||!l Annates de Chimie et de Physique (6), 21 (1890), 491, 508, 509. 
tttt Phil. Trans. A, 156 (1866), 255, 256; Scientific Papers, 2, 9, 10. 
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few words may be added on the results so far obtained for gases on the kinetic 
theory. Maxwell, though chary of attempting the investigation (because, as 
he said, ‘it is almost certain that the stratum of gas nearest to a solid body is 
in a very different state from the rest of the gas’) carried out some calculations 
at the request of a Royal Society referee, and arrived at the conclusion that 
if there are no inequalities of temperature, then slipping takes place according 
to Navier’s equation, and the length fi/{3 is a moderate multiple of the mean 
free path, L , of a gas molecule,—probably about 2 L. Thus at atmospheric 
pressure the slip would be negligible: for rarefied gases, however, it would be 
considerable. This latter deduction is in agreement with experiment.f An 
investigation of the question has lately been undertaken by Rocard,J whose 
conclusion is that if the aggregate of molecules near a solid wall continues to 
have the properties of a gas, then not only the relative velocity, but also its 
normal derivative, must vanish at the wall, so that the velocity of the fluid is 
practically the same as that of the wall at some short distance away; he 
decided that, in fact, the stratum next to the wall does not have the properties 
of a gas. 

After these brief historical and theoretical summaries, it remains to set out 
the reasons for the assumption—now generally accepted, and adopted through¬ 
out this book—that slip, if it takes place, is too small, or a quasi-solid layer of 
fluid, if there is one, is too thin, to be observed or to make any observable 
difference in the results of the theoretical deductions. In the first place we 
have the valuable evidence of direct observation, even though this can hardly 
be regarded as conclusive by itself. Thus in their examination with an 
ultramicroscope of the turbulent flow of water through a square pipe, the 
slowest particle observed by Fage and Townend had a mean velocity of 
0-006 feet per second when the average velocity across a section of the pipe 
was 0*83 feet per second: on the assumption of no slip it was calculated that 
this particle would be at a distance of about 2-5 X 10~ 5 inch from the surface,— 
much too small to measure.|| Then we have the agreement with observation of 
calculations relating to the determination of viscosity, and to Stokes’s, and 
Oseen’s theories of motion at small Reynolds numbers.ft More important are 
the agreement between Taylor’s calculations and observations on the stability 
of flow between rotating cylinders tt and the agreement between experiment 
and the results of several calculations mentioned in this book. These calcula¬ 
tions relate, however, for the most part only to non-turbulent flow; and 
probably the most satisfactory evidence, covering both turbulent and non- 
turbulent flow, is provided by the numerous experiments which have veri¬ 
fied the dependence, for geometrically similar systems, of non-dimensional 
quantities such as force coefficients on Reynolds number only. For if there 
is a quasi-solid layer at a wall, or if slip takes place according to,Navier’s 

t Phil. Trans. 170 (1879), 249-256; Scientific Papers , 2, 703-709. 

j L'Hydrodynamique et la TMorie Cinitique des Gaz (Paris, 1932), chaps, ix and x. 

|| Proc. j Roy. Soc. A, 135 (1932), 668, 669. 

{t Lamb, Hydrodynamics (Cambridge, 1932), pp. 594-616. 

ft Phil. Trans. A, 223 (1922), 289-343. See also Lewis, Proc. Roy. Soc. A, 117 
(1928), 388-407. Taylor’s experiments were with water and glass; Lewis used 
xylene, nitrobenzene, and a mixture of the two, with a range of v from 0-008 to 
0*018 c.g.s. units, and one silver and one lead surface. 
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SUBJECT INDEX 


Accelerated motion, in ideal fluid, 26. 
in viscous fluid, 39, 59-6$, 186, 187. 

Acceleration of fluid element, 96. 

Acoustical phenomena, 189. 

Aerofoil: 

boundary layer of: separation of, 445, 
464, 465, 469-71; thickness of, 410, 
411, 467; transition to turbulence in, 
406, 410, 411, 461, 464-9, 483; tur¬ 
bulent, 490; velocity distribution in, 
411, 412, 466-9. 

circulation around: 34, 36, 455-8; 

growth of, 41, 76, 458-61. 
drag of: 401; at negative incidences, 
452; coefficient of, 35; effect of 
roughness on, 416, 417, 473-8; effect 
of shape on, 412-14; effect of thick¬ 
ness on, 401-3; effect of turbulence 
on, 440, 490; scale effect on, 412-16, 

447- 50; see also Induced drag, 
flaps, effect of, on drag and lift, 452-4. 
flow past: at stall, 69, 77, 469-71; of 

inviscid fluid with and without cir¬ 
culation, 34; of real fluid, 74, 76-8; 
stream-lines of, 4 54r-S. 
form drag of, 403, 406-8, 416, 440, 

448- 50. 

‘hysteresis’ loop in lift-incidence curve 
for stalled flow of, 471, 472. 
Joukowski, generalized type, 401-12, 
489, 490. 

lift of: 442-7; at negative incidences, 
451, 452; calculations for, with 
boundary layer, 489; coefficient of, 
comparison of calculated with mea¬ 
sured, 34, 35, 442; effect of rough¬ 
ness on, 473-8; effect of shape on, 
464-6; fluctuations at stall of, 472; 
maximum, 443, (effect of roughness 
on) 474-8, (effect of turbulence on) 
238, 240, 445-7, 465, 490. 
lift/drag ratio, 450, 451. 
pressure distribution on: 36, 75, 76, 
403-5, 454, 455, 461; comparison 
with theory of inviscid flow, 36, 405; 
effect of shape on, 463. 
roughness, effect of: on drag, 416, 417, 
473-8; on lift, 474-8. 
scale effect: on drag, 4Q6, 412-16, 447- 
50, 452; on lift, 78,442-5,451, (effect 
of shape on) 464^-6. 
separation of boundary layer of, 445, 
464, 465, 469-71. 


skin-friction on: 409, 410, 461; mea¬ 
surement of, 279, 280, 409. 
skin-friction drag of, 403, 406-8, 440, 
448-50, 463. 

slotted: 79, 81, 530, 531; comparison 
with boundary layer control by pres¬ 
sure, 531, 543, 544; lift and drag of, 
542, 543; quantity of air flowing 
through a slot, 543, 544; shadow¬ 
graphs of flow past, 289. 
stagnation point on, flow near, 458. 
stalling of, see Stalling, 
stream-lines of flow past, 454-8. 
tests on: 243, (references to) 441; full- 
scale, 466-9, 473, 474. 
theory: potential, 34, 442, 458, 489, 
490; three-dimensional, 42-6, 441, 
444, 445, 450. 

thickness, effect of, on drag, 401-3. 
transition to turbulence in boundary 
layerof, 406, 410, 411, 461, 464-9, 
483. 

turbulence ‘bubble’ on, 469. 
wake behind, 77, 580, 581. 
with boundary layer control: 535-42; 
air quantities, 538, 539, 542, 544; 
effect of Reynolds number, 535, 539; 
lift and drag of, 538, 539, 541, 542; 
slots, optimum size and position of, 
538, 540; theoretical lift exceeded, 
542. 

Aeroplane model, measurement of forces 
and moments on, 242-5, (maxi¬ 
mum lift compared with full-scale) 
444. 

Air flow, visualization of, see Visualiza¬ 
tion of flow (air). 

Airscrew, shadowgraphs of flow past, 
289, 290. 

Airship shapes, 21, 505 et seq. 

critical Reynolds numbers for boun¬ 
dary layer of, 511, 514, 515, 518, 
519. 

drag of, 75, 507, 509-19, (effect of fine¬ 
ness ratio on) 507-9, 517, 518, (effect 
of roughness on) 524-6, (measure¬ 
ment of) 241, 243, 245, 246, 511, 
514, 517, 518, 519, 522, 523. 
form drag of, 507. 
non-axial flow past, 527, 528. 
pressure distribution over, 24, 25, 523, 
524. 

roughness of, effect of, 524-6. 
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Airship shapes ( cont.): 

skin-friction drag of: 507, 509-19; 
theoretical calculations of, 514-19; 
effect of surface roughness on, 524-6. 
thickness and displacement thickness 
of boundary layer of, 521-3. 
transition to turbulence in boundary 
'layer of: 505-7, 511, 517-20, 522; 
detection of, 520, 521; effect of tur¬ 
bulence on, 505-7, 509-14; effect of 
Reynolds number on, 505, 506, 511, 
514, 518, 519; effect of pressure dis¬ 
tribution on, 523, 524. 
velocity distribution in boundary layer 
of: 519-23; calculated, for laminar 
flow, 521. 

see also Axial symmetry; Body of 
revolution; Stream-line bodies. 

Air speed, measurements of, see Velocity 
measurements. 

Anemometers, calibration of, 247. 
hot wire, see Hot wire anemometers. 

Apparent turbulent stresses, see Rey¬ 
nolds stresses. 

Approximate methods of solution of 
boundary layer equations, 148-81. 

Aspect ratio, defined, 43. 

of cylinders, effect on drag of, 439. 

Atmosphere, pressure of, 11. 

Atmospheric turbulence, 200, 220, 239, 
240, 242, 500. 

‘Austausch’ coefficient, see Viscosity, 
virtual. 

Axial symmetry, boundary layer at body 
with: equations for flow in, 128-31; 
momentum equation of, 133, 134, 
163, 164; motion in, near stagnation 
point, 142, 143. 

see also Airship shapes; Body of revo¬ 
lution ; Stream-functions. 

Back-flow, over rear of cylinder, 63. 
in steady viscous flow through diffuser, 
107. 

Balances, wind tunnel; 242, 243, 245; 
automatically recording, 245; for 
compressed air tunnel, 246. 

Bluff obstacle: fairing of, 403; motion at 
rear of, 59-62; wake behind, 62-5, 
69, 550 et seq., 577-9, 599. 

Body of revolution, wake behind, 588-92, 
599, 600, (temperature distribution) 
669-71. 
rotating, 528. 

see also Airship shapes; Axial sym¬ 
metry. 


Boundaries of wind tunnels, influence 
of, see Wind tunnel interference. 

Boundary conditions, 2, 676-80. 

for boundary layer equations, 122, 
123. 

for calculations of turbulent flows, 209, 
332. 

for heat transfer, 615, 616. 

Boundary layer: 

calculations in absence of separation 
and for stream-line bodies, 126. 
displacement thickness of, see Dis¬ 
placement thickness, 
dissipation of energy in, 122. 
equations: 118, 120, 121; approximate 
methods of solution, 148-81; axial 
symmetry, 129, 130; transforma¬ 
tions for steady motion, 126-8, 139, 
154-6, 165; with heat transfer, 610- 
15. 

exploration of flow in: 254, 255; with 
surface tubes, 277-80. 
flow in, revealed by smoke, 283. 
growth, 55, 56, 59, 60, 163, 181-7. 
measurement of velocity distribution 
in, 277, 278. 

momentum equation of, 131-4, 156- 
64, (with gravity forces) 613. 
momentum thickness of, see Momen¬ 
tum thickness, 
pressure in, 53, 118, 120. 
stress in, 122. 

suction, see Boundary layer control, 
theory, (descriptive) 50 et seq., (mathe¬ 
matical) 116 et seq . 

theory, assumptions of: conditions for 
validity of, 121, 122; confirmed in 
particular examples, 110, 113; theo¬ 
retical arguments for, 55, 56. 
thickness: 51-4, 55, 56, 118, 120, 123, 
129, 410, 411, 467, 499, 521-3, (of 
thermal boundary layer) 612, 613; 
effect of Reynolds number on, 535, 
turbulent flow in, calculations for, 
436-9, 481-9. 
vorticity in, 122. 

wire rings to promote turbulence in, 
241. 

see also Aerofoil; Airship shapes; Axial 
symmetry; Boundary layer control; 
Curved wall; Cylinder, circular; 
Cylinder, elliptic; Cylinder, hollow; 
Elat plate; Inlet length; Plane wall; 
Rotating cylinder; Sphere; Stagna¬ 
tion point; Transition to turbulence; 
Turbulence. 
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Boundary layer control, 78-81, 529-49. 
by pressure, 530, 531, (aerofoils) 536- 
42. 

by suction: 80, 81, 84, 529, 530; aero¬ 
foils, 535-42; air quantities, 533, 
534, 538, 539, 542, 544; diffusers, 
534, 535; pressure gradients, 533, 
534; type of flow, 531-3; velocity 
distribution with, final, 534. 
deflexion of air-stream round cylinder, 
530, 535. 

effective drag coefficient with, 536. 
moving surfaces, 531, 548, 549; see 
also Rotating cylinder; Rotating 
sphere. 

pressure and suction systems com¬ 
pared, 541, 542. 

‘sink’ effect, 532. 

slotted wing, 79, 81, 530, 531, 542-4. 
suction apertures: position of, 529, 
532, 533, 538, 540; size of, 540. 
Townend ring, 544, 545. 
velocity distribution, final, with suc¬ 
tion, 534. 

Bound vorticity, bound vortices, 42, 43. 

Buoyancy, force of, 12. 

Calibration: of anemometers, 247; of 
pitot-static tube, 250, 251, 253; of 
hot wire anemometers, 266. 

Capillarity, 19. 

Cascades, see Guide vanes* 

Cast-off vortices, 40-2, 76, 460. 

Cavitation, 37, 62. 

Channels, diverging and converging: 
solution for steady two-dimen¬ 
sional viscous flow in, 105-10, 
143-5; turbulent flow in, 371-6; 
see also Diffuser, 
open, flow in, 84, 87, 330, 400. 
straight: 

dissipation of energy in, distribution 
of, 395, 396. 

heat transfer in, with constant tem¬ 
perature gradient along walls, 
647-9. 

inlet length of, (laminar) 309, 310, 
(turbulent) 325. 

laminar pressure flow through, 308, 
309, (effect of roughness on) 311. 
resistance coefficient of, (laminar) 
309, (turbulent, smooth surface) 
336-9, (turbulent, rough surface) 
376-80, 400. 

stability or instability of steady 
flow through, 195, 198. 


turbulent pressure flow through, 
192, 193, 194, 340, 341, 344, 345, 
352, 353. 

transition to turbulence in, 319, 325. 
velocity distribution in, (laminar) 
308, 309, (effect of roughness on) 
311, (turbulent, mean) 340 341, 
344, 345, 350, 352, 353. 
velocity fluctuations in, 400. 

water (experimental), see Water chan¬ 
nels. 

see also Curved channels; Constriction 
in channel. 

Chattock manometer, 274-6. 

Chord, mean, of an aerofoil, 43. 

Circular cylinder, see Cylinder. 

Circular pipe, see Pipe. 

Circulation, 26-31. 

calculation of, in inviscid fluid for 
cylinder with section possessing 
salient point, 34. 

growth of, round aerofoil, 458-61. 

in moving circuit: constancy of, in 
inviscid fluid, 30; rate of change 
of, in viscous fluid, 30, 97. 

motion of inviscid fluids with, 31-6. 

production of, 41, 46, 86-9, 76, (round 
rotating cylinder) 81, (by suction) 
84. 

see also Aerofoil; Boundary layer con¬ 
trol; Cylinder, elliptic, lift calcula¬ 
tions ; Flat plate; Rotating cylinder; 
Rotating sphere. 

Closed circuit wind tunnel, see Wind 
tunnel. 

Closed jet wind tunnel, see Wind tunnel. 

Coating, chemical, of surfaces for examin¬ 
ing flow, 281. 

Coefficients, non-dimensional, 13, (for 
heat transfer) 19, 607-9. 

Compensation of hot wire anemometers, 
see Hot wire anemometers. 

Compressed air wind tunnel, see Wind 
tunnel. 

tests in (N.P.L.), (aerofoils) 414, 442-5, 
447, 448, 450-4, 475, 477, (airship 
models) 513, 514, (elliptic cylinder) 
490, (Townend ring) 545. 

Compressibility, 11, 17, 19, 602, 603. 

Conduction of heat, 10, 19, 55, 604-6; 
see also Diffusion; Heat transfer; 
Thermal conductivity. 

Constriction in channel, 88. 

Continuity, equation of, 90, 102, 103, 
104, 114, 192, 602, 611, (in Lagran- 
gian system) 212. 
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Contraction, at inlet to wind tunnel jet, 
237, 238, 240. 

effect of, on turbulence in wind tunnel, 
201-3. 

Convection, of energy, 604-6. 
of heat: 

forced: 601, 674, 675; from a circular 
cylinder, 636, 637; from a cylinder 
near the forward stagnation point, 
631, 632; in a laminar boundary 
layer at a flat plate along the 
stream, 623-7, 634-6. 
free: 601, 675; with a turbulent 
boundary layer, 645; from a cir¬ 
cular cylinder, 643, 644; from a 
vertical plate, 638-43. 
ini potential flow, 609, 610, 673. 
see also Heat transfer; Temperature 
distribution. 

Converging channel, see Channel. 

Converging stream, orientations of solid 
bodies in, 25, 26. 

Correlation coefficients, defined, 194. 
between simultaneous velocity compo¬ 
nents at two different points, 204, 
205, 224, 225, 228, 229, 232, 233, 
396-9. 

between turbulent velocity compo¬ 
nents at a point, 194. 
between velocities of particle at differ¬ 
ent times, 217, 218, (in atmosphere) 
220 . 

in straight circular pipes, 396-9. 
measurement of: by hot wire anemo¬ 
meter, (with cathode-ray oscillo¬ 
graph) 269, 270, (with electrodyna¬ 
mometer) 270, 271; when coefficient 
is nearly unity, 271-3. 
triple, 232, 233. 

Critical Reynolds numbers, see Reynolds 
numbers, critical. 

Curl, 91, 102, 103, 104. 

Curved channels, flow in, 84-7, (laminar 
two-dimensional) 315, 316, (instabi¬ 
lity of) 322, (turbulent) 382-5, 400; 
see also Rotating cylinders, coaxial. 

Curved flow, along a plane wall, 393. 
stability or instability of, 86, 196, 197. 

Curved pipes, flow in, 84-7, (non-turbu- 
lent) 312-14, 330, (transition to 
turbulence) 320, 330, (turbulent) 
314, 315, 390-2, 400. 

Curved stream, orientations of solid 
bodies in, 25, 26. 

Curved wall, boundary layer at, 53, 119, 
120, (turbulent) 72, 73, 483, 488, 


490separation of forward flow at, 
59; see also Wall. 

Cylinder, boundary layer along: approxi¬ 
mate calculations of flow in, 148- 
81; effect of turbulence in, 72, 73; 
near forward stagnation point, 
139, 140, (heat transfer in) 631, 
632. 
circular: 

boundary layer along, (laminar flow, 
theoretical results) 150, 152, 161, 
162, 434, (semi-empirical calcula¬ 
tions for turbulent flow in) 438, 
(velocity distribution in) 429; see 
also separation on; transition to 
turbulence in boundary layer of. 
convection of heat from, (forced) 
636, 637, 675, (free) 643, 644, 
675. 

drag of, 15, 73, 74, 418, 419, 440, 
568, (effect of roughness) 432-4, 
440, (effect of turbulence) 430-2, 
(impulsive motion) 420, 421, 

(supercritical) 74. 

flow changes with Reynolds number, 
417, 418. 

flow past: of ideal fluid, 22-4; of 
inviscid fluid, with circulation, 
31-3; of slightly viscous fluid, 59, 
60; of viscous fluid at small Rey¬ 
nolds numbers, 63, 64, 440, 550, 
551; near wall, 89; photographs 
of, with ultramicroscope, 296. 
form drag of, 424-7. 
frequency of vortices behind, 421, 
568, 570, 571. 

heat transfer from, see convection of 
heat from. 

oscillating lift of, 421. 
pressure distribution over, 24, 150, 
162, 421-4, (impulsive motion) 
419, 420. 

roughness, effect of, on drag of, 
432-4. 

separation on, 61, 152, 161, 185, 187, 
418 et seq., 426, 427, 440. 
skin-friction on, 426, 427. 
skin-friction drag of/ 424-8. 
transition to turbulence in boundary 
layer of, 426, 427, 429, 483. 
turbulence, effect of, on drag of, 
430-2. 

vortex layers from, 62, 423, 424, 
553, 555 et seq. 

wake behind, see Cylinder, wake be¬ 
hind; Wakes. 
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effect of aspect ratio on drag of, 

. 439. 

elliptic: drag of, 414-16,490; flow past, 
67, 74, 440; lift calculations, (for 
laminar boundary layer) 480, 481, 
(for turbulent boundary layer) 
484-6; lift on, 490; pressure dis¬ 
tribution over, 68, 75, 162, 478, 
479; separation on, 162, 172, 178, 
185, 187, 480, 481, 485. 
heat transfer from, 631, 632, 636, 637, 
643, 644, 675. 

hollow: boundary layer at, 130, 138, 
139; drag of, 138. 
rotating, see Rotating cylinder, 
symmetrical: critical drag of, and 
effect of fineness ratio, 414-16, 
440; wake behind, see Cylinder, 
wake behind, 

wake behind, 62-5, 69, 423, 424, 550 
et seq.y (temperature distribution) 
663-5; see also Rods. 

Cylindrical obstacle, bluff, see Bluff ob¬ 
stacle. 

Cylindrical polar coordinates: 103, 104, 
114, 115; equation of eddy heat 
transfer in, 647; equations of turbu¬ 
lent motion in, 193. 

Decay of turbulence, 224-8, 233. 

Density gradient, diffusion in turbulent 
field with, 231, 232. 
effect on stability of, 229-31. 
see also Variable density. 

Diffuser, efficiency of: 535; effect of 
boundary layer control on, 535. 
flow through, 58, 59, (with suction) 80, 
81. 

solution for steady two-dimensional 
flow through, 107, 108. 

Diffusion, 10, 214, 609. 

coefficient of, ill turbulent motion, 206, 
214. 

heat transfer, analogy with, 674. 
in lower atmosphere, 220. 
in turbulent motion, 214, 215, (by dis¬ 
continuous movements) 215, 216, 
(by continuous movements) 217-20, 
(in atmosphere) 220, (with density 
gradient) 231, 232. 
see also Conduction of heat; Heat 
transfer; Vorticity, diffusion of. 

Dimensions, argument from, 12-19. 

Direction of flow, determination of: 263, 
264; with hot wire anemometers, 
267, 268; with ultramicroscope, 295. 
3837.8 H 


Discontinuity, surface of, see Vortex- 
sheets. 

Disks, normal to stream: 526, 527; drag 
coefficient of circular, 65, 76. 
wake behind, 578, 599. 
see also Rotating disk. 

Displacement thickness of boundary 
layer, defined, 123. 
at flat plate, 136. 

at stream-line body of revolution, 522, 
523. 

at transition to turbulence, 483. 
in turbulent flow, 361. 

Dissipation of energy by viscosity, 98, 
99, 603. 

distribution of, in turbulent flow 
through channels, 395, 396. 
in boundary layer, 122, 611, 612. 
in turbulent motion: 220-8, 232, 233; 
relation of, to scale of turbulence, 
221, 225, 226. 

Distributor (for wind tunnel), 235. 

Divergence, 90, 102, 103, 104. 

Diverging channel, see Channel. 

‘Double-roof profile’, 172, 173. 

Double rows of vortices, see Vortex- 
streets. 

Doubly-connected region, circulation in, 
28. 

Drag, 13. 

coefficient: 13, 14, 101; sharp fall in, 
15, 72, 73. 

due to vortex-street, 38, 557-69. 
measurement of, (of aeroplane models) 
242-5, (of stream-line bodies) 245,246. 
of solid bodies in' inviscid fluids in 
presence of concentrated vorticity, 
36-40, (induced drag) 42-6. 
of symmetrical cylinder, effect of shape 
on, 414-16, 440. 

of wires (in wind tunnel tests), 242, 
243, 245, 246. 

see also Aerofoil; Airship shapes; Boun¬ 
dary layer control; Cylinder, circular; 
Cylinder, elliptic; Cylinder, hollow; 
Disks; Flat plate at zero incidence; 
Flat plate normal to or inclined to 
stream; Form drag; Induced drag; 
Pressure distribution; Rotating 
cylinder; Rotating sphere; Skin- 
friction drag; Sphere; Strut. 

Dynamical similarity, 99-101, 607-9. 

Eddy heat transfer, 646, 647. 

‘Effective’ drag coefficient with boun¬ 
dary layer control, 536. 
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Ellipsoids, 527. 

Elliptic cylinder, see Cylinder, elliptic. 

Energy criterion for turbulence, 194-6, 
(with density gradient) 229-32. 

Energy, dissipation of, see Dissipation. 

Energy equation, 603-7. 
for boundary layer: 613-15; at a flat 
plate along the stream, 626, 627. 

Energy spectrum, see Spectrum. 

Entry length, 320, 321. 

Equation of continuity, see Continuity. 

Equation of state, 601. 

Equations of motion, of viscous fluid, 
95-7, 100, 104,105, (with compressi¬ 
bility) 602; see also Boundary layer 
equations; Exact solutions, 
mean, for turbulent flow, 192,193, 210, 
211 . 

Equiangular spiral flow of viscous fluid, 

110 . 

Error law distribution of velocities in 
turbulent motion, 218, 219, 220. 

Errors involved in boundary layer ap¬ 
proximations, 121, 123. 

Exact solutions of equations of motion 
of viscous fluid, 105-13, 117, 140, 
143. 

Expansion in series, solution of boundary 
layer equations by, 148-54, 178. 

Filament lines: 280, 281; revealed by hot 
wire shadows, 289, 290, 292. 

Filter circuits, see Hot wire anemo¬ 
meters. 

Fineness ratio, of stream-line bodies, 
effect on drag of, 507-9, 517, 518. 
of symmetrical cylinder, effect on drag 
of, 414-16. 

Flaps, aerofoil, effect on drag and lift of, 
452. 

Flat plate at zero incidence, drag coeffi¬ 
cient of: 136, 318; for turbulent 
flow, (smooth) 361-7, (rough) 380-2. 
heat transfer from, (laminar flow) 623- 
7, 634-6, 675, (turbulent flow) 371, 
660, 661, 674, 675. 

laminar flow along: (descriptive) 50-3, 
(experimental) 316-18, (effect of 
roughness on) 318, 319; on Oseen 
theory (small Reynolds numbers), 
550; solution of boundary layer 
equations for, 135-9, 157, 158, 167. 
stability or instability of steady boun¬ 
dary layer flow along, 199, 200. 
temperature distribution in turbulent 
boundary layer at, 371, 660, 661. 


transition to turbulence in boundary 
layer at, 71, 137, 199, 200, 325-9, 
330, 488. 

turbulent flow along, (smooth) 361- 
71, (rough) 380-2. 

velocity distribution in turbulent 
boundary layer at, 367-71. 
wake behind, 571-4. 
see also Convection of heat, free; Lami¬ 
na; Plate thermometer; Rotating 
disk. 

Flat plate normal to or inclined to stream; 
drag coefficient of, 37, 401, 403, 423, 
568, 569; flow behind, 553 et seq 
564, 568-71; lift on and circulation 
round, 490; suction at rear of, 37; 
see also Disks. 

Force coefficients, non-dimensional, 13, 
14, 101. 

Force measurements: in water tank, 247; 
in wind tunnels, 242-6; on whirling 
arm, 247. 

Forced convection, see Convection, forced. 

Form drag, 48, 241, 256, 257. 
and position of separation, 65. 
of aerofoil: 406-8, 440; dependence on 
thickness, 408, and on bluffness, 
416; fraction of total drag, 408. 
of circular cylinder,- 424-7. 
of stream-line bodies of revolution, 
507. 

Free convection, see Convection, free. 

Free stream-lines, 36, 37, 49. 

Frequency distribution, of particles in 
theory of discontinuous diffusion, 
216. 

of turbulent velocity, (in wind tunnel) 
218, 219, (in atmosphere) 220. 

Frequency of shedding of vortices, 421, 
568-71. 

Frictional resistance, see Skin-friction 
drag. 

Friction velocity defined, 220. 

Froude number, 18. 

Full-scale, experiments, 443, 444, 466-9, 
473, 474. 

prediction, (from wind tunnel tests) 15, 
17, 74, 78, 239, 443, 444, 466, 467, 
506, (from water tank tests) 19, 367. 

Gas constant, 601, 602., 

Gases, kinetic theory of, 8-11, 17, 203, 
679. 

Gas law, 601. 

General coordinates (orthogonal), 101-3, 
114, 115. 
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Grashoff number, 607. 

Gravity, effect of, on fluid of variable 
density, 229-32, 602, 603, 611. 

Grids, turbulence behind, see Turbulence 
behind grids. 

Guide vanes, 2^7, 238. 

Heat, conduction of, see Conduction; 
Heat transfer. 

convection of, see Convection; Heat 
transfer. 

diffusion of, see Diffusion, 
mechanical equivalent of, 605. 

Heat transfer, 601-75. 

boundary conditions for, 615, 616. 
boundary layer equations with, 610- 
15. 

coefficients for, 19* 608, 650. 
diffusion, analogy with, 674. 
eddy, 646, 647. 

frpm circular cylinder: 636, 637, 675; 

free convection, 643, 644, 675. 
from cylinder near forward stagnation 
point, 631, 632. 

from flat plate, (laminar flow) 623-7, 
634r-6, 675, (turbulent flow) 660, 

661, 674, 675. 
in channels, 647-9. 
in circular pipes: experimental results, 
658-60; laminar flow, 616-23, 674; 
turbulent flow, 648, 649, 652-4, 

674. 

inlet length for, 654. 
mixture length theory of, 648, 649. 
Reynolds’s analogy between, and skin- 
friction : 649-54; extension of, 654- 
7, 674. 

see also Conduction of heat; Convection 
of heat; Diffusion in turbulent mo¬ 
tion ; Temperature distribution. 

Honeycomb, 235, 237. 

Honeycomb wall, 235. 

Hot wire anemometers: 265-74; accur¬ 
acy of, 265, 266; ageing of wires of, 
265; compensation of, for thermal 
lag, 269'; constant- current type, 

265; constant resistance type, 266; 
correlation measurements with, in 
turbulent flow, 269-73; direction 
measurements with, 267, 286; ex¬ 
tension of range of, for high speeds, 

266, 267; filter circuits for, 273, 274; 
measurement with, of energy spec¬ 
trum in turbulent flow, 273, 274; 
need for frequent recalibration of, 

266; response of, to high frequency 
3837.8 II 3 A 2 


speed variations, 269; velocity mea¬ 
surements with, 265—7, (in turbulent 
flow) 239, 268, 269. 

Hot wire shadows, see Visualization of 
flow (air). 

House, flow past model of, 88, 89. 

Hydraulic mean depth for pipes and 
channels, defined, 297. 

Hydrographic measurements, 231, 232. 

Hydrostatic pressure, 12. 

Ideal fluid, 2. 

theory, results of, 21-6, (with circula¬ 
tion) 31-6, (with concentrated vorti- 
city) 36-46. 

Impact pressure, 253. 

Impulsive motion, in viscous fluid, 39, 
59-63, 138, 181-6, 419, 420. 
visualization of flow associated with, 
293, 294, 459-61. 

Inclined open channels, see Open chan¬ 
nels. 

Inclined tube manometer, 277. 

Induced drag, 43, 46, 83, 441, 450. 

Infinitesimal disturbances, 196-200, 230, 
231. 

Inflexion in graph of velocity in boundary 
layer, 125, (influence on stability) 
200 . 

Initial motion of solid body relative 
to fluid, 40, 46, 55, 56, 59, 60, 
181. 

Inlet length, for heat transfer (turbulent 
flow), 654. 

for laminar flow: in channels, 309, 
310; in circular pipes, 21, 54, 299- 
308; in rectangular pipes, 330. 
for turbulent flow: in channels, 325; 
in circular pipes, 323-5, 360, 361. 

Inner and outer approximate solutions 
for boundary layer equations, 164- 
73. 

Instability of steady flow, see Stability or 
instability. 

Interference, effects of attachments, 73, 
242, 243, 245, 246, 494; see also Wind 
tunnel interference. 

Intersecting walls, flow at surface formed 
by two, 330. 

Intrinsic energy, 604^6. 

Inviscid fluid theory, 21-48. 

compared with observation in real 
fluids, 48, 49. 

Irrotational motion, defined, 27. 
persistence of, in inviscid fluid, 46. 
see also Ideal fluid theory. 
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Isotropic turbulence, 200,201,219,221-4, 
228, 229, 232, 233, 239, 254, 328,501*. 
502. 

dissipation of, 222-5. 

Isotropy, 94, 95. 

Jet, flow near mouth of, 599. 

in diffuser, 58. 

laminar motion in: 117; two-dimen¬ 
sional, 145-7; with axial symmetry, 
130, 147, 148. 

temperature distribution in heated 
(turbulent motion), 673. 

turbulent motion in: 208; two-dimen¬ 
sional, 592-4; with axial symmetry 
595-7. 

Joukowski aerofoils, generalized type, 
401-12, 489, 490. 

Karman-Pohlhausen approximate theory 
of boundary layers, 156-64, 171, 
177. 

Kinematic viscosity, 4-7, 11, 12. 

Kinematography of air flow, 286, 290-2; 
see also Visualization of flow. 

Kinetic energy end-correction, 300. 

Kinetic pressure, defined, 23. 

measurement of, by pitot-static tubes, 
248, 251. 

Kutta-Joukowski formula, 32, 456. 

Lag, thermal, see Thermal lag. 

Lamina, infinite, impulsive motion of, 
138. 

oscillating infinite, 187, 188. 

see also Disks; Elat plate; Rotating 
disk. 

Laminar sub-layer, 331, 332, 377, 473, 
651, 654-7, 679. 

Lateral force, measurement of, 245. 

Lift, 13. 

calculation of, with boundary layers, 
478-89. 

coefficient, 13, 14, 35, 101. 

due to circulation, 31, 32, 46, 456. 

of aeroplane model, measurement of, 
242-5, (comparison with full-scale) 
444. 

see also Aerofoil; Cylinder, elliptic; 
Kutta-Joukowski formula; Oscillat¬ 
ing lift; Rotating cylinder; Rotat¬ 
ing sphere. 

Lift/drag ratio of aerofoil, 450, 451. 

Linear pressure gradient, boundary layer 
flow against, 171, 173-5. 


Logarithmic formula, for velocity in tur¬ 
bulent motion, 209, 331-6, 376, 377, 
400, 656, *657. 

for resistance coefficient in pipes and 
channels, (smooth) 336-9, (rough) 
377-80. 

Logarithmic spiral flow, see Equiangular 
spiral flow. 

Magnus effect, 83; see also Rotating cylin¬ 
der ; Rotating sphere. 

Manometer: 

Chattock, 274-6. 
inclined tube, 277. 
large-range micromanometer, 276. 
multitube, 277. 

of high sensitivity, 251, 275, 276. 

Mean values in turbulent motion, 191, 
646. 

Mechanical equivalent of heat, 605. 

Mixing of streams (turbulent), 597, 598, 
600, (temperature distribution) 672, 
673. 

Mixture length, experimental deter¬ 
mination of, for circular pipes, 
356-8. 

hypotheses for, 208, 209. 
theories of turbulent motion, 205-14, 
(heat transfer) 648, 649; see also 
Momentum transfer theory; Vorti- 
city transfer theory. 

Modified vorticity transfer theory, see 
Vorticity transfer theory. 

Momentum equation of boundary layer, 
131-4, 156-64, 613. 

Momentum method of drag measure¬ 
ment, see Pitot-traverse method. 

Momentum thickness of boundary layer, 
133, 156, 157, 361, (at transition to 
turbulence) 469, 482, 483. 

Momentum transfer theory, 206-8, 209, 
213, 230-2, 331-6, 340-4, 367-71, 
377, 382, 383, 385,386, 582-9, 592-9, 
646, 650 et seq., 661-73. 

Motion, at great distances from obstacle 
in stream, 126. 
equations of, see Equations, 
symmetrical about an axis, equations 
for stream-function for, 114, 115; 
see also Axial symmetry. 
see also Accelerated motion; Impulsive 
motion; Initial motion. 

Moving surfaces, see Boundary layer 
control; Rotating cylinder; Rotat¬ 
ing sphere. 

Multitube manometer, 277. 
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Non-dimensional, coefficients and para¬ 
meters, 14-19, 101, 607-9. 
form of boundary layer theory, 120-2. 

Non-parallel plane walls, solution for 
steady two-dimensional viscous flow 
between, 105-10, (on boundary layer 
theory) 143-5; see also Channels, 
diverging and converging; Diffuser. 

Non-turbulent wind tunnel, 242. 

Normal pressure, see Pressure. 

Nusselt number, 607. 

Open channels, 84, 87, 330, 400. 

Open circuit wind tunnel, see Wind tun¬ 
nel. 

Open jet wind tunnel, see Wind tunnel. 

Optical methods for examining flow, see 
Visualization of flow. 

Orthogonal coordinates, 101-3,114, 115. 

Oscillating lift, 421, 562. 

Oseen’s theory: 65, 116, 418, 492, 574-7; 
‘asymptotic’ theory, 49. 

Outer and inner approximate solutions of 
boundary layer equations, 164-73. 

Parallel planes, laminar pressure flow be¬ 
tween, 308, 309, 311. 
stability or instability of steady pres¬ 
sure or shearing flow between, 195, 
196, 198, 200. 

turbulent pressure flow between, 192, 
193, 194, 340, 341, 344, 345,352, 353. 
see also Channels, straight.. 

Particle paths: 280, 281; revealed, (by 
hot wire shadows) 290, (by ultra¬ 
microscope) 295, 296. 

Pdclet number, 607. 

Perfect fluid, see Ideal fluid. 

Periodic motion, 187-90. 

Photographic examination, of air flow, 
see Smoke; Hot wire anemometers; 
Kinematography; Schlieren method; 
Visualization of flow (air), 
of water flow, 293, 294; see also Ultra¬ 
microscope. 

Pipes, convergent and divergent, 330, 
400; see also Diffuser, 
curved, see Curved pipes, 
straight circular, correlation coefficient 
(longitudinal) in, 396-9. 
flow through, under periodic pres¬ 
sure gradient, 189, 190. 
heat transfer: for laminar flow in, 
616-23, 674; for turbulent flow 
in, 648, 649, 652-4, 674, (experi¬ 
mental results) 658-60, 674. 


inlet length of, (laminar) 21, 54, 
299-308, (turbulent) 323-5, 360, 
361, (for heat transfer) 654. 
resistance coefficient of, (laminar) 
21, 298, (turbulent, smooth sur¬ 
face) 336-41, (turbulent, rough 
surface) 376-80. 

shadowgraphs of flow in, 291, 292. 
stability or instability of steady flow 
through (smooth entry conditions), 
320. 

transition to turbulence in, 69-71, 
194, 195, 319-21, 323-5. 
velocity distribution in: for lami¬ 
nar flow, 19-21, 298, 299, (effect 
of roughness on) 311; mean, for 
turbulent flow, 70, 220, 336, 339^* 
47, 354-6, (near rough surface) 
376, 377. 

velocity fluctuations in, 200, 221, 
393-5, 400. 

straight non-circular: laminar flow 
through, 330; turbulent flow 
through, 87, 358-60, (heat trans¬ 
fer) 674. 

Pitching moment, measurement of, 243. 

Pitot-static tube, 248-54. 
characteristics of, 251-3. 
effect on, of Compressibility, 250 
effect on, of inclination to wind direc¬ 
tion, 251. 

effect on, of turbulence, 250, 253, 254. 
effect of stem on readings of, 252. 
N.P.L. standard type: 248-51; calibra¬ 
tion of, 250, 251; factor for, 248, 
250, (at low speeds) 251. 
position of static holes in, 252, 253. 
Prandtl type: 248,250; factor for, 250. 
pressure-velocity relation, 248. 
round-nosed type: 248, 250, 251; fac¬ 
tor for, 251. , 

Pitot-traverse method of measuring pro¬ 
file drag, 238, 257-63. 
advantages of, 258. 

Betz’s transformation of integrals for, 
258, 259. 

effect of inclination of wake on, 261. 
Jones’s transformation for, 260-2. 

Pitot tube, see Pitot-static tube; Surface 
tubes; Total-head tube. 

Plane wall, boundary layer at, 117, 118. 
turbulent flow along, 209, (smooth) 
331-6, 350, (rough) 376, 377. 
see also Plat plate; Lamina; Wall. 

Plate, see Disk; Flat plate; Rotating disk. 

Plate thermometer, 627-31. 
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Pohlhausen approximate theory of boun¬ 
dary layers, see Karm&n-Pohlhausen 
approximate theory. 

Poise, 4. 

Polar coordinates: cylindrical, 103, 104, 
114, 115; spherical, 104, 105, 115. 

Polygon of infinitesimal sides, graphs of 
velocity outside boundary layer re¬ 
placed by, 175-8. 

Polynomial representations of velocity in 
boundary layer, 157. 

Potential motion, seelrrotational motion. 

Prandtl number: 607; variation with 
temperature of, for water/658. 

PrandtTs formula for shearing stress in 
turbulent flow, 207. 

Pressure, 12, 95, 99, 100. 

approximately constant across section 
of boundary layer, 53, 118, 120, 129, 
162. 

forces due to, on solid body, 256, 257; 

see also Form drag, 
gradient: flow in boundary layer 
against, 56etseq., 123,124, (methods 
of calculation) 164 et seq. y (linear 
gradient) 171,173-5, (with boundary 
layer control) 533, 534; see also 
turbulent fluctuations of. 
measurement of, at a solid surface, 88, 
241, 255, 256, 277. 

non-dimensional, coefficients, 13, 101. 
turbulent fluctuations of, 209, 328, 
393-5, 501, 502. 

see also Aerofoil; Airship shapes; 
Cylinder, circular ; Cylinder, elliptic; 
Kinetic pressure; Prolate spheroid; 
Sphere; Total head. 

Pressure direction-meter: 263, 264; ac¬ 
curacy of, 264. 

Pressure plotting, see Pressure, measure¬ 
ment of. 

Principal axes, of rate-of-strain, 92. 
of stress, 94. 

Principal planes of stress, 94. 

Profile drag, measurement of, see Pitot- 
traverse method. 

Prolate spheroid, 523, 528. 

Rate-of-strain, components: 90-2, 102, 
103, 104; relation of, with stress 
components, 94, 95, 103. 
principal axes of, 92. 
quadric, 92. 

Resistance coefficient, for pipes and chan¬ 
nels, defined, 297, 298; see also 
Channels; Drag; Pipes. 


Return flow ducts: 235, 237, 238; expan¬ 
sion of, 235, 237* 

Return flow wind tunnel, see Wind tunnel. 

Reynolds numbers: 13-17,100; for pipes 
and channels (defined), 297; for 
stream-line bodies of revolution 
(defined), 505. 

critical, for circular cylinder: 73, 419, 
430-2. 

for flat plates, 71, 199, 200, 326-8, 
330. 

for flow between rotating cylinders, 
388-90. 

for pipes and channels, 70, 71, 194, 
195, 319-21* 323-5. 
for pressure flow in curved channel, 
322. 

for pressure or shearing flow between 
parallel planes, 195. 
for sphere, 73, 239, 240, 493-503. 
for stream-line bodies of revolution, 
511, 514, 515, 518, 519. 
for symmetrical cylinder, effect of 
fineness ratio on, 415; 416, 440. 
see also Reynolds number, effect of 
variation of; Scale effect; Stabi¬ 
lity or instability; Transition to 
turbulence. 

effect of variation of: on aerofoil 
characteristics, 240; on boundary 
layer thickness, 535; on drag of 
stream-line bodies, 241; on pitot- 
static tube, 250, 251; on wind 
tunnel measurements, 239, 240, 
241; see also Scale effect, 
of turbulence, 226, 227. 
small, flow at, 63-5, 116,418, 440, 491- 
3, 550-3. 

Reynolds’s analogy between heat trans¬ 
fer and skin-friction: 649-54; exten¬ 
sion of, 654-7, 674. 

Reynolds’s energy criterion for turbu¬ 
lence, 194r-6. 

Reynolds’s experiments on pipe-floyr, 69. 

Reynolds stresses, 192. 

Ring, see Cylinder, hollow,. 

Rivers, flow in, 84, 85. 
meandering of, 85. 

Rods, wake behind row of parallel, 586-8, 
(temperature distribution) 665-9. 

Rolling moment, measurement of, 245. 

Rotating cylinder: 36, 79, 81-3, 289, 531, 
545-9; drag of, 545, 546-8; flow 
past, 36, 79, 81— -St ; growth of boun¬ 
dary layer of, 163, 186; lift of, 82, 
83, 545, 546, (in aeroplane wing) 
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548; shadowgraphs of flow past, 
289; torque required for rotation of, 
548. 

Rotating cylinders, coaxial, flow between, 
196, 197, 322, 323, 385-90. 
temperature distribution between, 661- 
3. 

Rotating disk in viscous fluid, 110-13. 
moment on, 113, (experimental and 
turbulent) 367. 

Rotating fluid, in fixed container, 84, 85. 
in rotating container, 56. 
motion of a solid body in, 46-8. 
Rotating sphere: 83; drag and lift on, 
503-5; flow past, 505. 

Rotation in wind tunnel air-stream, 237. 
Roughness, 17, 78. 

effect of, on drag and lift of aerofoil, 
416, 417, 473-8. 

on drag of circular cylinder, 432-4, 
440. 

on drag of sphere, 503. 
on drag of stream-line bodies of 
revolution, 524-6. 

on flow along flat plate, (laminar) 
318, 319, (turbulent) 380-2, 400. 
on flow in pipes and channels, (lami¬ 
nar) 311, (turbulent) 376-80, 400. 
Row of parallel rods, wake behind, 586-8, 
(temperature distribution) 665-9. 

Salt, diffusion of, 231, 232. 

Scale, of turbulence, 204, 205,.218, 225, 
226, 233. 

of eddies responsible for dissipation in 
turbulent motion, 224-7, 232, 233. 
Scale effect, 15, 19, 65, 73, 74, 78, 124, 
438. 

on drag, form drag, lift, pressure distri¬ 
butions, resistance coefficients, skin- 
friction, etc., see Aerofoil; Airship 
shapes; Cylinder; Elat plate; Sphere. 
see also Full-scale; Reynolds numbers; 
Separation; Transition to turbu¬ 
lence. 

Schlieren method, 69, 290-2, 645. 

Screen for creating turbulence, see Tur¬ 
bulence. 

Secondary flow, in curved pipes and 
rivers at bends, 84, v 85, 312-15. 
in turbulent flow through straight 
pipes and channels, 87, 358-60. 
Separation, and form drag, 65. 
conditions for, 66. 
effect of turbulence on, 72, 73. 
of back-flow, 63. 


of forward flow at solid surface, 40, 57 
etseq., 124, (turbulent) 437, 438, 487, 
488. 

in motion started from rest, 60-2, 182, 
184, 185, 187. 

prevention or delay of, 78-81, 529 et seq. 
revealed by streamers, 281. 
see also Aerofoil; Cylinder, circular; 
Cylinder, elliptic; Sphere; Stalling. 

Shadow method of visualizing flow, see 
Visualization of flow (air). 

Shadowgraphs of flow: in pipe, 291, 292 ; 
past aerofoil, 289; past airscrew, 
289, 290; past rotating cylinder, 289. 
see also Visualization of flow (air). 

Shearing motion, see Density gradient; 
Parallel planes. 

Shearing stress, effect of, on optical 
properties of fluid, 282. 
in boundary layer, 53, 122. 
in turbulent flow, Prandtl’s hypothesis 
for, 206, 207, 331, 342. 

Newton’s formula for, 3. 

Ship model experiments, 18, 19, 366, 367. 

Similarity, dynamical, 99-101, 607-9. 
geometrical, conditions for, 17. 

Similarity theory of turbulence, 208, 209, 
347-56. . 

‘ Sink ’ effect with boundary layer control, 
532. 

Skin-friction, 1, 2; see also Skin-friction 
drag. 

calculation of, see Boundary layer 
equations; Boundary layer, turbu¬ 
lent flow in. 

of aerofoil: 409, 410, 461; measure¬ 
ment of, 279, 280, 409. 
of circular cylinder, 426, 427. 
of sphere, 496-8. 

Reynolds’s analogy between heat 
transfer and: 649-54; extension of, 
654-7, 674, 

Skin-friction drag, (laminar) 52, 53, 65, 
(turbulent) 72. 

of aerofoil: 403, 406-8, 440, 463; com¬ 
parison with flat plate, 407; depen¬ 
dence on thickness, 408; fraction of 
total drag, 408. 
of circular cylinder; 424-8. 
of stream-line bodies of revolution: 
507, 509-19; comparison with flat 
plate, 505, 506, 509-14; effect of 
surface roughness on, 524-6. 

Slotted wing, 79, 81,289, 530, 531, 542-4. 

Smoke, ammonium chloride, 282, 288. 
kinematography, 286. 
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Smoke ( cont .): 

photography: high speeds, 287, 28.8; 
low speeds, 285-7; with sparks, 287, 
288. 

stannic tetrachloride, 282, 283. 
titanium tetraclploride, 282, 2£3, 284, 
286. 

tunnel: 283-5; limitations of, 285; 

optical system for, 285. 
use of, for examination of air flow, 
282-9. 

Solidification of small portion of fluid, 
initial motion after, 92, 93. 

Sound, velocity of, in air, 11. 

Spacing ratio of vortices, see Vortex- 
streets. 

Spark shadows, see Visualization of flow 
(air). 

Specific heats, ratio of, for air, 10. 

Spectrum of turbulent motion*. 233; 
measurement of, 273, 274. 

Speed variations in turbulent flow, see 
Turbulent velocity components. 

Sphere, drag of: 15, 16; at low Reynolds 
numbers, 491-3; critical Reynolds 
numbers for, 73, 493-503; effect of 
interference flow on, 494; effect of 
rotation on, 503-5; effect of rough¬ 
ness on, 503; effect of turbulence on, 
494^-6, 499-503; in atmosphere, 239, 
240, 495, 496, 500; measurement of, 
491, 493-6; supercritical, 74. 
dropping tests on, 491, 492, 496, 526. 
instability of flow past, 494. 
interference from supports of, 73, 494. 
laminar boundary layer of, 498, 499. 
motion of, parallel to wall, in ideal 
fluid, 26. 

pressure distribution over, 24, 25, 496- 

8 . 

references to other works on, 527. 
rotating: 83; drag and lift on, 503-5; 
flow past, 505. 

separation on: 497, 499; effect of tur¬ 
bulence on, 73; in motion started 
impulsively from rest, 62, 186. 
skin-friction of, 496-8. 
transition to turbulence in boundary 
layer of, 483, 497, 498, 502. 
used as a turbulence indicator, 239,, 
240, 499-503, 527. 

Spherical polar coordinates, 103,105,115. 

Spheroid, see Prolate spheroid. 

Spiral flow, 110. 

Stability or instability, of converging or 
diverging flow, 110. 


of curved flow, 86. 

of flow between rotating cylinders, 86, 

196, 197, 322, 323, 388-90. 

of flow in boundary layer along flat 
plate, 199, 200, 327, 330. 
of flow in pipes, 321. 
of pressure flow and of shearing flow 
between parallel planes, 195, 196, 
198, 200. 

of pressure flow in a curved channel, 

197, 322. 

of steady motion, 116, 194-200, (effect 
of density gradient on) 229-31. 
of two-dimensional laminar flow, 197- 
200 . 

of vortex-streets, 38, 563-6. 
see also Reynolds numbers, critical; 
Transition to turbulence. 

Stagnation point, defined, 23. 
on aerofoil, flow near, 458. 
on body of revolution, boundary layer 
near, 142, 143. 

on cylinder, boundary layer near, 139, 
140, (heat transfer in) 631, 632. 

Stalling of aerofoils: 36, 77, 78, 442, 
469-72; revealed by streamers, 281. 

Static holes: 248, 253, 254; position of, 
in static-pressure tube, 252, 253. 

Static pressure, measurement of; 248, 
255, 256; in turbulent flow, 253, 
254. 

Static-pressure tube: 248, 252; effect of 
turbulence on, 253, 254; position of 
static holes in, 252, 253. 

Statistical theories of turbulence, 203 et 
seq. 

Step-by-step methods of calculation of 
boundary layer flow, 153-6. 

Stokes’s theory of flow at small Reynolds 
numbers, 65, 116, 491-3, 550. 

Strain, rate-of-, see Rate-of-strain. 

Stream-functions, equations for, 114,115. 

Streamers for examining flow, 281. 

Stream-line bodies, 65, 74-6, 77, 78, 238, 
241, 243, 245, 246, 505; see also 
Aerofoil; Airship shapes; Body of 
revolution. 

Stream-lines, defined, 22, 280, 281. 
free, 36, 37, 49; see also Vortex-sheets, 
revealed by hot wire shadows, 289, 
290. 

see also Aerofoil, flow past; Cylinder, 
circular, flow past; Cylinder, elliptic, 
flow past; Vortex-streets. 

Streams, turbulent mixing of, 597-9, 
(temperature distribution) 672, 673. 
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Stress, 1. 

components, 93, 94. 
non-dimensional, coefficients, 13, 101. 
quadric, 94. 

relation of, with rate-of-strain, 94, 95, 
103. 

see also Pressure; Shearing stress; 
Skin-friction; Skin-friction drag. 

Strut, drag of, 415, 440. 
pressure distribution on, 440. 
skin-friction, drag of, 416. 

Suction of boundary layers, see Boundary 
layer control. 

Surface: free, 18; of separation of two 
fluids, 18. 

Surface friction, see Skin-friction. 

Surface of revolution, see Airship shapes; 
Axial symmetry; Body of revolu¬ 
tion. 

Surface roughness, see Roughness. 

Surface tension, see Capillarity. 

Surface tractions, rate at which work is 
done by, 98, 99, 603, 604. 

Surface tubes, 277-80. 

calibration of, 278, 279, 280. 
effective centre of, 278, 280. 
used to measure distribution of skin- 
friction on aerofoil, 279, 280; see also 
Skin-friction. 

Swirl speed (of whirling arm), 250, 253. 

Symmetrical cylinder, critical drag of, 
414-16. 

turbulent wake behind, 581-6, (tem¬ 
perature distribution) 663-5. 

Tanks, water, 246, 247, 250. 

Temperature, absolute, 601. 
at edge of boundary layer, 616. 
mean, for laminar flow in circular pipe, 
618, 623. 

of body in moving fluid, 612, 627-31, 
675. 

see also Convection of heat; Heat trans¬ 
fer ; Temperature distribution. 

Temperature distribution, behind heated 
wire in wind tunnel, 215, 219. 
behind row of heated parallel rods, 
665-7. 

between rotating cylinders, 661-3. 
in boundary layer along heated flat 
plate: laminar flow, 623-7, (free 
convection) 638-43; turbulent flow, 
371, 660, 661. 

in boundary layer of heated cylinder, 
(near forward stagnation point) 631, 
632, (free convection) 643, 644. 


in boundary layer of plate thermo¬ 
meter, 627-30. 

in circular pipes; laminar flow, 616-23 ; 
turbulent flow, 652, 653. 

in heated jets, 673. 

in turbulent mixing of streams, 672, 
673. 

in wake behind heated body of revolu¬ 
tion, 669-71. 

in wake behind heated cylinder, 663-5, 
667-9. 

Thermal conductivity, 10, 19, 601, 604# 

Thermal lag, compensation of hot wire 
anemometers for, 269. 

Thermometer, reading of, in moving 
fluid, 627-31, 675. , 

Thermometric conductivity, 19, 601, 
607. 

Thickness of boundary layer, see Boun¬ 
dary layer; Displacement thickness; 
Momentum thickness. 

Total head defined, 23. 

Total-head tube: 248, 252, 253; effect of 
inclination to wind direction, 251, 
263. 

small, 254, 255. 

see also Surface tube. 

Towing of models, 246-8. 

Townend ring, 544, 545. 

Trailing vortices, trailing vortex-sheets, 
42, 43, 46, 83, 444, 450, 458, 459, 
580, 581. 

rolling up of, 44, 45, 581. 

Transfer theories of turbulent motion, 
205 et seq.; see also Mixture length 
theories; Momentum transfer 
theory; Vorticity transfer theory. 

Transformation of axes, (rate-of-strain 
components) 91, 92, (stress compo¬ 
nents) 94. 

Transient motion revealed* by optical 
methods, 289. 

Transition to turbulence, in boundary 
layers, 71-4, 78, 241, 325-9, 330, 
482,483, (for free convection of heat) 
644, 645. 

in free vortex-layers, 423, 424, 556. 

see also Aerofoil; Airship shapes; 
Channels, straight; Curved chan¬ 
nels ; Curved pipes; Cylinder, circu¬ 
lar; Elat plate at zero incidence; 
Pipes, straight circular; Reynolds 
numbers, critical; Rotating cylin¬ 
ders, coaxial, flow between; Sphere; 
Stability or instability. 

Tube, see Cylinder, hollow; Pipe. 
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Turbulence, 116, 191-233. 
behind grids, 204, 205, 219, 222, 224-9, 
233, 239, 240, 241, 328, 501-3. ' 
‘bubble 1 of, 469. 
effect of contraction on, 201-3. 
effect of, on pitot-static tube, 250, 253, 
254. 

in boundary layers: 71-4, 125, 137, 

325- 9, 330, 361-76, 380-2, 406, 
410-14, 426, 427, 429^31, 436-8, 
440, 445, 449, 450, 461, 464-9, 
481-9, 490, 495, 497, 505-24, 534, 
539, 644, 645, 660, 661. 

artificial introduction of, 73, 241, 
432-4; see also Roughness. 

influence on separation, 72, 73, 78, 
414, 418, 426, 427, 438, 464, 465, 
483, 487, 488, 490. 

influence on stalling, 78, 445, 464, 
465, 484^-6, 490. 

in free vortex-layers: 423, 424, 556; 

artificial introduction of, 424. 
in main stream, influence of: 

on critical drag coefficients and 
Reynolds numbers, 15, 73, 239, 
240, 415, 416, 419, 430-2, 495, 
499-503. 

on maximum lift and stalling inci¬ 
dence, 78, 238, 240, 445-7, 465, 
490. 

on pressure distributions, 422, 423, 
498. 

on transition to turbulence in boun¬ 
dary layers and frictional resis¬ 
tance, 71, 137, 238, 239, 241, 242, 

326- 8, 330, 336, 426, 427, 465, 
490, 602, 505, 506, 507, 509-14. 

in sea, 231, 232. 

intensity of, methods or specifying, 
239, 499-503. 

Reynolds numbers of, 226, 227. 
sphere measurements of, and numbers 
for, 239, 240, 499-503. 
spread of, 600; see also Jets; Mixing of 
streams; Wakes, 
uniform, 217, 223, 226. 
see also Aerofoil; Airship shapes; 
Atmospheric Turbulence; Boun¬ 
dary layer; Channels; Correlation 
coefficients; Curved channels; 
Curved pipes; Curved wall; Cy¬ 
linder; Dissipation; Elat plate; 
Heat transfer; Isotropic turbu¬ 
lence ; Jets; Logarithmic formula; 
Mixing of streams; Mixture length 
theories; Momentum transfer 


theory; Pipes; Pressure, turbu¬ 
lent fluctuations of; Reynolds 
numbers, critical; Reynolds stres¬ 
ses; Rotating cylinders, coaxial; 
Rotating disk; Roughness; Simi¬ 
larity theory; Spectrum; Sphere; 
Transition to turbulence; Turbu¬ 
lent velocity components; Vorti- 
city transfer theory; Wall; Wakes; 
Wind tunnel turbulence. 

Turbulent velocity components, defined, 
191. 

as measure of intensity of turbulence, 
500, 501. 

in mixing of streams, 599. 

in natural wind, 200, 220, 239, 240. 

in pipes and channels, 200, 221, 393-5, 
400. 

in wake, 585. 

in wind tunnel, 200-3, 217-19, 239, 
240. 

measurement of: by hot wire anemo¬ 
meter, 239, 268, 269; by spark 
shadow kinematography, 292; by 
ultramicroscope, 294^-6. 

see also Correlation coefficients; Decay 
of turbulence. 

U-tube, see Manometer. 

Ultramicroscope, flow past circular cylin¬ 
der observed with,* 296. 

measurement of direction of flow with, 

295. 

measurement of turbulence with; 295, 

296. 

measurement of velocity with, 295, 
296. 

photography with, 296. 

Variable density, effect of gravity on a 
fluid of, 602, 603, 611; see also Den¬ 
sity gradient. 

Variable density tunnel, see Wind tunnel. 

tests in (U.S.A.), (aerofoils) 414, 441, 
474, (airship models) 510-12, 518, 
(spheres) 15, 16, 494, 495. 

Variable motion, see Accelerated motion; 
Impulsive motion; Periodic motion. 

Vector notation, 90, (vector product) 102. 

Velocity fluctuations, see Turbulent velo¬ 
city components. 

Velocity measurements: by electrical 
methods (hot wire), 265-7; by kine- 
matography, in air, 290; by pressure 
instruments, 248-55; by spark 
shadow kinematography, 290-2; by 
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surface tubes, 278-80; in boundary 
layers, 254, 255, 277-80; in turbu¬ 
lent flow, 253, 254, 268, 269, 290-2, 
294-6; in water by optical methods, 
293, 294; with ultramicroscope, 295, 
296. 

Viscosity, 1, 95. 

effect of temperature and pressure on, 
4-8, 9, 10. 

measure of, 2-8; see also Kinematic 
viscosity. 

measurement of, 2, 3, 20, 303. 
of air, 7, 8. 

of gases on kinetic theory, 8-10. 
of liquids, 11. 
of water, 4-6. 

small, regions of importance of, 56. 
virtual, in turbulent flow, 206, 207, 
232. 

Viscous layer, 332, 336, 395, 651, 656, 
657. 

Visualization of flow, (air): 280-92; by 
change of refractive index, 288, 289; 
by chemical coating of surfaces, 281 ; 
by double refraction, 282; by hot 
wire shadows, 289, 290; by Schlieren 
method, 290-2; by smoke, 282-8; 
by spark shadows (hot spots), 290- 
2; by suspension of particles, 290; 
by wool tufts or streamers, 281. 
shadowgraphs, 289-92. 
transient motion, 289. 

Visualization of flow (water): by ultra- 
- microscope, 294-6; in water chan¬ 
nels and tanks, 292-4. 

Vortex-layers, structure of, 554-6. 
visualization of, with smoke, 287, 553. 
see also Vortex-sheets and vortex- 
layers. 

Vortex-lines defined, 27. 

Vortex-loops, 579. 

Vortex-pair, 39, 76. 
behind cylinder, 39, 62, 63, 418, 551-3, 
(instability of), 39, 62, 418, 552, 553. 

Vortex-rings, 578, 579. 

Vortex-sheets and vortex-layers, 28, 29, 
30, 37, 40, 41, 46, 57, 62, 287, 423, 
424, 552-6, 579. 

instability of, 30, 31, 423, 424, 556. 
in three-dimensional motion, 579; see 
also Trailing vortices, 
persistence of, in inviscid fluid, 30. 
rolling up of, 30, 38, 40, 41, 45, 62. 
see also Trailing vortices. 

Vortex-streets, 37, 38, 49, 63, 69, 418, 
* 421, 556-71, 599. 


drag associated with, 38, 557-69. 
effect of boundaries on, 38, 566, 
567. 

frequency in, 421, 558, 563, 564, 566, 
568-71. 

paths of vortices in, 564, 568. 
spacing ratio of, 38, 557, 563-70. 
stability of, 38, 563-6, 568. 
stream-lines for, 39. 
velocity of, 558. 

Vortex theory of aerofoils, see Aerofoil 
theory, three-dimensional. 

Vortex-tubes defined, 27. 

Vortices, 29. 

behind solid bodies, see Vortex-loops; 
Vortex-pair; Vortex-rings; Vortex- 
streets. 

coalescence of, 63. 

concentrated line, 29, (persistence of, 
in inviscid fluid) 30. 
diffusion of, 569. . 
double row of, see Vortex-streets, 
frequency of discharge of, 421, 568-71. 
see also Bound vortices; Cast-off vor¬ 
tices ; Trailing vortices; Vortex- 
loops; Vortex-pair; Vortex-rings; 
Vortex-streets. 

Vorticity, 26-31, 90-3. 
components: 91, 102, 103, 104, 115; 
Cauchy’s equations for, 211; equa¬ 
tions for rate of change of, in viscous 
fluid, 98. 

concentrated, motion of inviscid fluids 
with, 36-46. 

convection of, in inviscid fluid (Helm¬ 
holtz’s theorems), 30. 
development of, in wake, 552. 
diffusion of: in confined space, 56; in 
viscous fluid, 31, 98, 569, (as argu¬ 
ment for boundary layer) 55; see 
also Boundary layer growth, 
discharge of, 66, 69, 459, 478, 554, 555, 
563, 564. 

in boundary layers, 53, 122, 129. 
in free vortex-layers, 554, 555. 
turbulent, formula for, 213. 
vector equation for rate of change of, 
114. 

see also Bound vorticity; Rotating 
fluid; Trailing vorticity; Vortex- 
sheets and vortex-layers. 

Vorticity transfer theory: 

generalized, 210-13, 585, 586, 589. 
modified, 213, 214, 344-7, 367-71, 383, 
385, 585-7, 590-2, 594, 596-9, 661- 
73, 



702 


SUBJECT INDEX 


Vorticity transfer theory ( cont .): 

two-dimensional, 209, 210, 344, 345. 
367—71, 383, 385, 585-7, 594, 598, 
599, 661-9, 672. 

with symmetrical turbulence, 346, 
589-91, 596, 597, 669-71, 673. 


Wakes, 61-5, 69, 117, 125, 130, 423, 424, 
550 et seq. 

at small Reynolds numbers, 63-5, 550- 
3. 

behind aerofriL2«iLUyifl^>81; see also 
Trailing vcpfcices. 


behind bluff ] 
62-5, 69, 
599; see 


_eles 

:3UJ4, 


5 

behind body ^dJr^^jLu 


d cylinders, 
50 let seq., 577-9, 


599, 600. 
behind flat tik 


bion, 588-92, 


the stream, 
!>68-71 -j along 

wind tunnel. 


J ilUef: C?oi 

a:mi 

/5J1-4. 
awire in 

zjlo, ziy. 

steady flow in, at large distances, 571—7. 
three-dimensional, behind bluff ob¬ 
stacles, 577-9, 599; see also behind 
aerofoil; turbulent, behind body of 
revolution. 

turbulent, 208: behind body of revolu¬ 
tion, 588-92, 600, (temperature dis¬ 
tribution) 669-71; behind cylinder, 
581-6, (temperature distribution) 
663-5; behind row of parallel rods, 
586-8, (temperature distribution) 
665-9. 


Wall, heat transfer from, for turbulent 
flow, 654r-7, 674. 

turbulent velocity distribution near, 
209, (smooth) 331-6, 350, 400, 656, 
657, (rough) 376, 377. 
see also Curved wall; Plane wall. 

Walls of tunnel, effect of, see Wind tunnel 
interference. 

Water channels, used for visualization of 
flow, 292-4. 

Water flow, visualization of, see Visualiza¬ 
tion of flow (water). 

Water tanks, 246, 247, 250; see also 
Visualization of flow (water). 


Wave-making resistance, 18, 26. 

Wave motion, influence of rigid boundary 
on, 188, 189. 

Whirling arm; 246-8, 250, 253; swirl 
speed of, 250, 253. 

Wind direction, measurement of; by hot 
wires, 267, 268; by pressure instru¬ 
ments, 263, 264. 

Wind tunnel: 234-47; closed circuit, 234, 
235, 237; closed jet, 234, 237; com¬ 
pressed air (variable density), 15, 
17, 234, 237, 238, 240, 242, 246; 
Eiffel type, 235; Gottingen type, 
237; non-turbulent, 242; N.P.L. 
type, 235, 239; open circuit, 234, 
235; open jet, 234, 237, 238; return 
flow, see closed circuit; variable 
density, see compressed air. 
balances, 242, 243-6. 
contraction of jet in, 201-3, 237, 238, 
240. 

distributor for, 235. 
force measurements in, 242-6. 
guide vanes for, 237, 238. 
honeycomb for, 235, 237. 
honeycomb wall for, 235. 
interference; of model supports, 73, 

242, 243, 245, 246, 494; of tunnel 
walls, 17, 44, 428, 441, 466, (on vor¬ 
tex-streets) 566, 567. 

prediction of full-scale results from, 15, 
17, 74, 78, 239, 443, 444, 466, 467, 
506. 

return flow ducts for, 235, 237, 
238. 

rotation in air-stream of, 237. 
turbulence in: 18, 200-3, 238-42, 247; 
augmentation of, 240, 241; degree 
desirable, 241, 242; see also Turbu¬ 
lence in main stream, influence .of. 
velocity and pressure measurements 
in, 255-64. 

wire suspension system for models in, 

243. 

Wire drag (in wind tunnel tests), 242, 
243, 245, 246. 

Wool tufts, see Streamers. 

Yawing moment, measurement of, 245. 
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